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SUMMARY 


fhe concept of heterogeneous surface impedance is introduced. 

This is defined as an impedance sheet whose surface impedance varies 
yom point to point in an arbitrary manner. The approach is found 
o yield useful results in a variety of physical situations, and a few 
.pplications are illustrated by numerical examples. 
_ Physical heterogeneous impedance sheets are extremely common. 
‘ypical examples are provided by resonators which are built up of 
several pieces of metals of various conductivities, resonators imperfectly 
issembled (e.g. by having small gaps between various parts), effects of 
mperfect machining or annealing, etc. 

The formulae developed relate the Q-factor and the resonant 
requency of a cavity to its dimensions and the Fourier components 
of the surface impedance function, which, in general, may be aniso- 
topic. The analysis is kept as general-as possible, and the formulae 
‘eveloped do not exclude any of the practical cases. 

In the case of circumferential heterogeneity it is shown that all 
Jnn,t- and Hyn,n,i-modes (other than Eo- and Ho-modes) are unstable 
inless the 2mth harmonic of the heterogeneous surface impedance is 
‘bsent. It is further concluded that such cavities are characterized by 
_double-humped resonance curve, but so far as the Eo- and Ho-modes 
‘re concerned, the cavity may be regarded as homogeneous with 
urface impedance equal to the mean value of the surface-impedance 
inction. 

_ With the exception of a few isolated cases (discussed in detail) an 
xially heterogeneous cavity, when supporting any Em,n,1 or Hm,n,i- 
iode, may be regarded as a homogeneous one whose axial anisotropic 
omponent is the sum of the mean value of the surface-impedance 
anction and one-half of its /th harmonic, and whose circumferential 
omponent is given by the difference between the mean value of the 
urface-impedance function and one-half of its /th harmonic. 

_ It is shown that, in general, a unique value of the surface impedance 
annot be ascribed to an unbounded periodic sheet, but if its period is 
ufficiently small (in comparison with the wavelength), the hetero- 
‘eneous sheet behaves as if it were homogeneous of surface impedance 
qual to the mean value of the surface-impedance function. 


LIST OF PRINCIPAL SYMBOLS 
Lo. &) = Permeability and permittivity of free space, 
respectively. 


©>rrespondence on Monographs is invited for consideration with a view to 
‘um ication. 
1». Karbowiak is with Standard Telecommunication Laboratories, Ltd. 
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Zo = a me = Free-space impedance. 
0 


Z, = R, + jX, = Surface impedance normalized with respect 
to Zo: 
Z,, Zz = Anisotropic components of surface impe- 
dance. 
Z, = Equivalent uniform surface impedance. 
f{(p, z) = Surface-impedance function of the hetero- 
geneous surface. 
CY, SO, C, SS = Fourier coefficients of the surface-impe- 
dance function. 
ky = 27/Ay) = Wave number of a perfect cavity. 
fo = c/Ay = Resonant frequency of a perfect cavity. 
8, = 71]/L = Axial propagation coefficient. 
linn = Cut-off coefficient. 
k = ky + 6k = Wave number of an imperfect cavity. 
h = ho + 5h = Cut-off coefficient of an imperfect cavity. 
v = Perturbation parameter (essentially small). 
bh = vAY 4 2AM... 
dk = vk) = yp?k@, . . 
m = Radial-mode index. 
n = Circumferential-mode index. 
1 = Axial-mode index. 
L = Length of the cavity. 
s = Radius of the cavity. 


t = Bm[hs. 
w=kfh. 
A = A, + jA, = Ak/ko = Aflfo = Complex fractional 
change in the resonant frequency 
[eqn. (17)]. 


s, = Coupling coefficients of various modes. 
7 = Coupling coefficient between ,H and .H 
modes or ,E and .E modes. 


, 
Ch > Sp > Cn > 


The quantity Z) (= 377 ohms) is absorbed in the symbol H 
(magnetic-field vector), and consequently all impedances and 
coupling coefficients are normalized with respect to that quantity. 
It is therefore immaterial which system of units is used, since all 
quantities, unless otherwise specified, are normalized; e.g. distance 


[1] 1 
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is measured in the same units in which it is chosen to measure 
wavelength. 
The time factor exp (jwt) is implied throughout. 


(1) INTRODUCTION 


Acoustical resonant cavities were studied by Lord Rayleigh! 
as far back as the end of the last century, and his expressions for 
the resonant frequency of a rectangular box resonator (with 
perfectly conducting walls) apply with little modification to 
microwave cavities. Since then, more thorough analytical 
treatments of resonant electromagnetic cavities have appeared,” 3 
and descriptions have been given on how to calculate the Q-factor 
of a cavity made of a good conductor.* > © 

The effect of coupling devices on the performance of micro- 
wave cavities has been investigated theoretically by Bethe? and 
Condon.’ 

As far as the experimental work is concerned, most of our 
knowledge is derived from various designs of reference cavities, 
echo boxes and cavity wavemeters,” !° 1,12 but invariably the 
cavities investigated were (or were assumed to be) homogeneous 
and isotropic. 

The study of anisotropic cavities presents no difficulty if the 
surface-impedance approach! is adopted, and furthermore, the 
performance of cavities whose walls are made of any homo- 
geneous impedance surfaces (not necessarily homogeneous con- 
ductor) is easily predictable using this approach. 

If, as with a circular cylindrical cavity, the cavity end-walls 
have an impedance which is different from that of the curved 
walls, then, in a strict sense, the cavity is (physically) no longer 
homogeneous. Formulae for such cavities have been obtained 
elsewhere,'!? and will not be discussed in the paper. 

In contrast, the purpose of the paper is to analyse cavities 
whose walls are not representable by homogeneous impedance 
sheets but are themselves heterogeneous, and only such cavities 
will be termed heterogeneous. 


(2) STATEMENT AND APPROACH TO THE PROBLEMS 
(2.1) General 


The type of problem it is proposed to tackle is to find, for 
example, the resonant frequency and the Q-factor of a cavity 
made up of two or more pieces of different materials that are 
assembled, possibly in an imperfect manner, e.g. by leaving small 
gaps between the various parts. Another example would be a 
cavity the inner surface of which (owing to a machining process) 
acquired a hardened skin which varied in its physical properties 
from one part of the cavity to another. 

The analysis is based on the assumption that the surface 
impedance of all cavity walls is small. Consequently the Q-factor 
of such a cavity is high, and the resonant frequency is close to 
that of a perfect cavity. 


(2.2) Surface-Impedance Concept: its Interpretation and Uses 


Fig. 1 illustrates a fragment of the cavity wall; 7 is the outward- 
drawn normal to the surface, ¢ is the circumferential co-ordinate, 
and z is the axial co-ordinate. The surface impedance! Z,, 
which is a characteristic property of the guide wall S, is measured 
in the direction of the normal fi and is defined by the ratio of the 

tangential components (to the surface S) of the electric field 
vector E, and the magnetic field vector, H,. 


= (1) 


If this quantity is unaffected by the orientation of the E- 
vector, and if, in addition, it is independent of the value of the 


Thus Z,= 


IMPEDANCE 


' 


Fig. 1.—Fragment{of the cavity wall. : 


co-ordinates, this single complex quantity is sufficient to describ 
the guide surface; such a surface is termed homogeneous ani 
isotropic, a plain metal surface being an example. 

A guide surface may be homogeneous, in that it is not | 
function of the guide co-ordinates, and yet the surface impedance 
as given by eqn. (1) may be dependent on the orientation of th 
E, vector; such a surface is called ‘anisotropic’.'4 An anisotropi 
surface impedance, Z,, is no longer scalar, but its component 
form, with respect to the ¢, z co-ordinate system, a2 x 2 mate 
This matrix can conveniently be reduced to a diagonal matrix & 
some other co-ordinate system 7, €. The axes 7 and & ar 
referred to as the principal axes of the anisotropic surface an 
the impedance components Z, and Z;, defined by 


are termed the principal impedance components of the surfac 
impedance Z,. The two complex numbers Z, and Z,; ar 
sufficient for adequate description of a homogeneous ani 
anisotropic surface. . 

If the surface impedance Z,, defined by eqn. (1), is not constan 
but is a function of the surface co-ordinates, evidently Z, can b 
regarded as heterogeneous in ¢ or z, or ¢ and z co-ordinates 
Evidently, an adequate description of the quantity Z, calls fo 
the use of functions and we may put 


Z,= 1.2) = J 


where f(, z) is a function of ¢@ and z, characteristic of th 
surface. Eqn. (3) defines an isotropic heterogeneous surface. | 
For the general case the concept of the anisotropic hetero 
geneous surface has yet to be introduced. The surface impedane 
of such a surface has two principal components, defined by* 


E- 

bee => LAGE ) = 7. 
S 

E, 


S 


(4 


The performance of cavities with homogeneous walls (eithe 
isotropic or anisotropic) is now readily predictable,!3 and her 
it is desired to study the properties of cavities whose walls ar 
heterogeneous, i.e. whose surface impedance is not constan 
but can vary in an arbitrary manner over the surface of th 


* The angle of anisotropy (the angle between the z and € co-ordinates) is assume 
to be constant. 
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cavity. This variation can either be isotropic, as described by 
eqn. (3), or anisotropic, as described by eqn. (4). 


(2.3) Analytical Approach 


Consider a cylindrical cavity as shown in Fig. 2, in which parts 
A and B are made of different metals, say copper and brass. 


Fig. 2.—A heterogeneous cavity. 


Hyidently, one of the cavity end-plates has a surface impedance 
equal to the copper intrinsic impedance, Z4, and the other equal 
te the brass intrinsic impedance Zz: their effect on the resonant 
fequency and Q-factor may be calculated in the conventional 
manner.'? The curved wall of the cavity is, however, hetero- 
veneous, and its surface impedance is given by 


Z,= 2,0<z<a) 
== hyd Kp Ib), 


_- The function Z, = f(z) can be expanded in an infinite series of 
orthogonal functions. For example, f(z) can be expanded in 
the interval 0 < z < L in a cosine series or in its Fourier series 
(the choice is a matter of convenience only). In the latter 
representation we evidently have 


i, = f(z) 
L— 2 {hy = Jd, 
=Z-+Z,-—" + ¥ ear LA 


7A 


(5) 


sin 2 n=) cos eu 
aos Th 


(6) 


For a second example, consider a cylindrical cavity as shown 
in Fig. 3. Here, owing to an imperfect construction, small gaps 
lire present where the end-plates meet the body of the cavity. 

The impedance of a narrow circumferential gap depends on 
dhe polarization of the wave. Thus, for a narrow groove, whose 
ilepth, I, is small in comparison with the wavelength, the input 
smpedance is given by (see Appendix 8.1): 


Pen ee (2-+ 1) Rn Redes 2-0) 
do t 
or the E-vector normal to the edges of the groove, and 


t 2 
Zp = jy + Rn eee ers. | (8) 
or the E-vector parallel to the edges of the groove, where / is 
v depth of the groove, ¢ is its width and R,, is the intrinsic 
esistance of the metal in which the groove is cut. 

& us now return to the problem of the cavity depicted in 
vig. 3. Here, evidently, Z, is not a function of ¢, but is aniso- 
b onic and heterogeneous in the co-ordinate z. Furthermore, 

ne principal axes of the surface 7, & coincide with the ¢ and 
: ©)-ordinates respectively. Two simple examples of functions 


WILLE 


MLL 


ZZ 


N 
\; 
\WYIZLLLLL 


Fig. 3.—An imperfectly assembled cavity. 


Zs 


qt 


= i) 


Fig. 4.—A possible surface impedance function of the cavity shown 
in Fig. 3. 


N 


qt 


Fig. 5.—A possible surface impedance function of the cavity shown 
in Fig. 3. 


appropriate to the case considered are shown in Figs. 4 and 5. 


Here again Z, can be expanded in its Fourier series. Thus, in 
the case of a rectangular gap (Fig. 4), we have 
Vig == Jos = f(z) 
2m 27n 
= 2, + Zu(q + = > 5 sin ngn cos) Poe ea) 


while Z, is given by eqn. (9) with Zz in place of Zz. 

In the case of a triangular gap (Fig. 5) we have the same 
expressions for Z, and Z,, but with the expression in brackets in 
eqn. (9) replaced by 


q eae 2 : . 9 NTg 27n 
5 +3 | 2 sinuna -- aay" sin n7rq — 2 sin a) cos “7° 
(10) 


Having learned how to translate various physical imperfections 
in a cavity into mathematical language we can now proceed with 
the analysis of a general case. 
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Accordingly it is assumed that the nature of the cavity imper- 
fection is fully described by eqn. (4). 

Let M,,,,, be the mode appropriate to a perfect cavity and 
let its resonant frequency be fo. The following relation holds: 


ke = ht, , + BF (11) 


where, if the mode considered is an £,,,,- or an H,,,,-mode, 
hin 1S its Cut-off coefficient and* 


B, = al[L 


(12) 


is the axial coefficient. 

In the case of an axially heterogeneous cavity the originally 
pure mode, M,,, ,7 = Wo will become contaminated by a denumer- 
able infinity of other modes appropriate to the region considered. 
Thus the field will become 


b= Yo tr SHP+ PE YO +... 


C A sa 


(13) 


where v is essentially a small perturbation parameter propor- 


tional to the surface impedance; 
Zi = i(Z) = VE) (14) 


The summation in eqn. (13) extends over all the discrete values 
of B given by 


i.e. 


(q=0,1,2,...5 g#D) (15) 


The resonant frequency of the so perturbed mode is given by 
k=ky t+ 6k =ky + vk) + vk +... (16) 


where kp is the wave number corresponding to the resonant 
frequency, fo, of the pure mode, and k is a similar quantity of 
the perturbed mode. The resonant frequency and the Q-factor 
of the contaminated mode can be calculated from eqn. (16) as 
follows: 

The fractional change in resonant frequency is given by 


2 Ny BE JAD: 


ee (17) 


where A, is the real fractional change in resonant frequency of 
the resonator and! 
1 
20 
In the case of a circumferentially heterogeneous cavity the 
summation in eqn. (13) extends over all the discrete values of m, 


the circumferential index of the mode. The calculation is other- 
wise the same as for an axially heterogeneous cavity. 


(18) 


(3) FIRST-ORDER THEORY OF THE HETEROGENEOUS 
CAVITY 


(3.1) The Purpose of the First-Order Analysis 


The first-order solution includes all terms up to and including 
the first power of the perturbation quantity v. This solution, 
which is relatively easy to obtain and is sufficient for quantitative 
computation in most practical cases, will be the first aim. 


(3.2) E-modes 


Imagine a parallel-plate waveguide, of length L, short-circuited 
at both ends, as shown in Fig. 6. The plates are infinite in 
extent in the direction of the y co-ordinate and they are separated 


* It has been assumed that the end-plates are perfect; otherwise allowance must 
be made for the imperfection in the manner indicated in Reference 13 (see also numerical 
examples in Section 3.5). 


z=O0 


y 
Fig. 6.—Parallel-plate resonator. 


by a distance a; the field is assumed to be independent of the} 

y co-ordinate. | 

When the resonator is perfect, the field of an Ep-wave in it is} 
derived from! 

E, = sin hox cos Bz 

k (19) 

H y So) i | 


where the axial propagation coefficient, B, is given by 
Bp = WT 
ae 


the cut-off coefficient, h, is given by 


cos higx cos Bz 


and the wave number, ko, from which the resonant frequency is 
derived, is given by 
ke = hp + BP ; | 

Let us replace the perfectly conducting surface S, at x = a, by) 

a sheet of surface impedance, Z,, which is isotropic and given by) 


Z, = vu{(z) = v > (C,cos p,z + S, sin p,z) (23) 
r=0 “ 


In this expression C,, S, are amplitude coefficients, v is thi) 
perturbation parameter (essentially small) and 
if 


Oe 
P; Ls 


The boundary condition to be satisfied at x = a is evidently!3 


E, 


HT. y rao 
Where E, and H, are now given by 


Z,= 


E, = sin hx cos Bz + v 3} ce) sin hyx cos B,z 
u 


+ 7 ) ec? sin. A, x1COS. 6,2 ee 
u 


; k k 
the i 7 098 hx cos Bz + v >; On cos h,x cos B,,z 
u v 
k ' 
7 9S hyx cos Bz +... 
a" : 


+> c® 


In these equations the term m = 1 is excluded from the sun. 
mations and the propagation coefficients are 


h=ho+8h=ho +rh + PA +... | Qi 
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k = ko + 0k = ko + vk? + y?k@ +... 
k? = h? + B? = h2 4+ p2 . (28) 


Eqns. (26) and (23) are now substituted in eqn. (25) and sin ha 
is expanded in the Taylor’s series about the point Aja. Subse- 
quently the terms in the first power of v are extracted, resulting 
in an equation which, when multiplied through by cos Byz and 
integrated over the period L, leads to 


and 


1k B 
Sean a gal 
J is Bot 5 (29) 
where 
Bo = vCy = Average value of the surface impedance 
B, = vC, = Amplitude of the /th harmonic of the ¢ (30) 


surface impedance function 


For a cavity whose WEES are homogeneous and OND the 
quantity 5h is given by!3 
He ko 
7. 
Iq ho 

Comparing this with eqn. (29) it is seen that, to the first order 
of quantities, a heterogeneous cavity behaves as if it had a 
uniform surface impedance, given by 


Oh = . (29a) 


B 

Ze => Bo ae = 

Thus, so far as the performance of the cavity is concerned, the 

sieady term and the first-harmonic components are the only two 

that matter. The only manifestation of the heterogeneous nature 

of the surface is the presence of the B,/2 term in the expression 
for the equivalent homogeneous surface impedance Z,. 

Using a similar method it can be shown that the coefficients c, 

are given by 


(31) 


J 


= Cri 
ae (J= 3,5, 7,...) 


6 =5 ——[Ca_nn + Castel, (32) 
_ Thus to the first order of approximation, the Ep,,,.;-mode 
oecomes contaminated by a denumerable infinity of Eo,,,/- 


modes, where / is odd. 


(3.3) Plane H-modes 


Since the method of approach for cavities excited in Hp-modes 
is similar to that for E-modes, the details of analysis will be 
iomitted. 

_ It can be shown that the quantity dh is given by 
| 


ho Z 


1 
~ AG feel 3 
dh = [vh] ie ae (33) 
B 
where Z,= By) — Be: (34) 


urther, the Ho, ,,. ;-mode becomes contaminated by a denumer- 


able infinity of Ho,,,,-modes, where / is an odd number. The 
Poupling coefficients are 

ii J — 
sp = 2ko Sin - age AS iN = Ca +12] (where [= 35 5; Te ~) (35) 


(3.4) Application to Circular Cylindrical Resonators 


f, in Sections 3.2 and 3.3, the surface impedance, Z,, is 
vo sotropic it is easy to see that, as far as the performance of 
4-vaves is concerned, it is the Z, component that should be used 


3 


Zp = 2°28 x 10-4 


and the circumferential component, Z,, neglected. The roles of 
Z, and Zs; components are, however, interchanged so far as the 
propagation of Ho-waves is concerned (cf. reference 13). 

; Imagine a circular cylindrical resonator whose curved surface 
is anisotropic and axially heterogeneous. Here, to the first 
order of quantities, the effective anisotropic components are* 


eS > Be 4 BF Be 
Bo (36) 
and Le => BY — = | 


For E,, »,,- and H,,,,-modes these quantities will become 


Be 
Z,= R, + iX, = BP + > 


(1+ 0) (37) 


(0) 


£3 = Ry PG = = Bo 


Zp = BD (J = 0) (38) 


These formulae can now be used in the expressions for the 
Q-factor of a cavity.!3_ Thus, for E,,, , modes, 
1 1 
10 OR 
1 1 {AlBe R 
= eal: ; = 0)A, 
20 ko S 1h, 


while, for H,,, , ;-modes, 
2 
TEAR GER anCilies 
[GY] CY Ea} 


where Z, = R; +jX;, denotes the surface impedance of the 
resonator end-plates. 

The quantity A, [see eqn. (17)] which gives the fractional real 
shift of the resonant frequency, is given for E- and H-waves by 
eqns. (39) or (40) and (41), respectively, but with the imaginary 
parts of the component impedances instead of the real parts. 


ie a * Ri) (1+ 0) (39) 


and (40) 


(3.5) Numerical Examples 


Numerous examples of practical significance could be cited, 
but to illustrate the method, two distinct examples will be 
considered. 


(3.5.1) An Isotropic Heterogeneous Cavity. 

As a numerical example, consider a cylindrical cavity made 
up of two pieces as shown in Fig. 2. 

Suppose that the length of the cavity is 0:45cm and its 
diameter 06cm. Let part A be made of copper (g, = 5:8 X 
10’? mhos/m) and part B be made of brass (o, = o,/4°4); the 
length of the copper part is 0-15cm (= a). 

Had the cavity been perfect its resonant frequency, when 
excited in the H,,-mode, would have been 44:4Gc/s. 

The imperfect cavity has surface impedances Z, = (1 + /) 
1-44 x 10-4 and Z, = (1 +7),3-10 x 10-*. 

Using eqns. ©) and (36) we find that “A = 2-71 x 10-*, 
Inserting these values in eqn. (41) we get 


Oup = 3730 


* The bracketed superscripts (z) and (¢) have been used to differentiate between 
the anisotropic components. 
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Had the cavity been made of pure copper or brass throughout, 
the Q-factors would have been, respectively, 


0, = 6050 
Op = 2890 


The resonant frequency of the cavity is, in all cases, lower 
than that for a perfect cavity by 


Aup = 6:0Me/s 
A= 3°7 Mes 
Ap = 7:7 Mes 
respectively. 


(3.5.2) An Anisotropic Heterogeneous Cavity. 

Consider a cavity as illustrated in Fig. 3 with L = 4:2cm and 
s = 3-5cm. Suppose that the cavity has been assembled in an 
imperfect manner by leaving small circumferential gaps between 
the end-plates and the body of the cavity, and that subsequent 
measurements have shown that the gaps are approximately 
rectangular with a width, t, of 0-0025cm and a depth, /, of 
0:05cm. It is required to investigate the performance of the 
cavity close to the resonant frequency of the Ho;;-mode. 

A perfect cavity of the above measurements has a resonant 
frequency of 6340 Mc/s in the Hg;-mode, and this is degenerate 
with the E,;-mode. A cavity of the above measurements made 
of solid copper without the gaps would have two distinct resonant 
frequencies, one due to the Ho,-mode and the other due to the 


E,;-mode. The respective resonant frequencies would be less 
than 6340 Mc/s by 

An = 89kc/s 

Ag = 198kce/s 
having Q-factors, respectively, 

Oy = 35500 

Qz = 15900 


When the cavity is assembled in an imperfect manner as shown 
in Fig. 3, the impedance of the slots so formed is, for the two 
polarizations, given by eqns. (7) and (8), and with the numerical 
values given above we have Zp, = (2:4 + j67:0) x 1073 and 
Zr = (0:348 + 710-6) x 10-4. Consequently, using eqns. (9) 
and (36) we find that Z; = 0-544 x 10-41 +f), Z, = (0:596 
297215) 5107 1: 

In other words, as a result of imperfect assembly, the effective 
value of Z, has remained unchanged but Z, has increased 
by 5-22 x 10-® + 1-61 x 10-*. Thus Qy as well as the 
resonant frequency of the Hg,-mode remains unchanged, but 
Q, and the resonant frequency of the E,,-wave suffer a notice- 
able change. The new values are as follows: 


On = 15100 
Ag = 439 ke/s 


so that now the cavity has two distinct resonant frequencies 
separated by 350kc/s. The response of the cavity for the three 
cases, (a) a perfect cavity, (b) a copper cavity assembled without 
fault, and (c) a copper cavity assembled imperfectly, are illus- 
trated in Fig. 7. 
(4) HIGHER-ORDER EFFECTS 

If the analysis of Section 3 is continued with the retention of 
terms of the second order in », the effective surface impedances 
for E- and H-modes are found to be 
aho 


4 a, [Bun + BusreP 


nc oS 


cot h,a 


Z, = Bt 5 + j (42) 


for E-waves and 


a 


Fig. 7.—Response of a cavity with degenerate modes. 


Ze — (Bo — 


for H-waves. 
If the coefficients, B, are sufficiently small, we observe fron| 
eqn. (42) or (43) that the expressions for Z, as given by eqn. (31 
or (34) is sufficiently accurate, provided, of course, that h,a i 
not equal (or approximately equal) to a real multiple of a/ 
Evidently, whenever h,a is equal (or approximately equal) to . 
multiple of 7, eqn. (31) or (34) does not hold and eqn. (42) of 
(43) has to be used. However, these cases are rare, particularl 
since all higher values of h, are usually imaginary. 
Referring to eqns. (32) and (35) we note that the case of h,| 
equal approximately to a real multiple of 7 corresponds to on} 
of the coupling coefficients being very large. The results ca? 
thus be summarized as follows: 
For most practical cases, ic. when none of the values o 
h,a are equal, or approximately equal, to a real multiple of z 
the formulae derived in Section 3 are applicable, and her 
there is a small coupling between the wanted mode and : 
denumerable infinity of the Eo,,-modes or H,,,,-modes. I 
the few cases when one or more of the values of ha are equa 
or approximately equal, to a real multiple of 7 there is, corre 
sponding to each such value of h,a, an Eo, ,,-mode that is couple. 
to an appreciable extent, and this brings about an appreciabl} 
change in the effective surface impedance, as given by eqn. co 
This surface impedance is calculable using eqn. (42) or (43). 


h, 
=) me lige a tanh, ryan wo — Bu+npel? 


CAVITY 
(5.1) General 
The results of the simple first-order analysis presented ij 
Section 3 are, as shown, directly applicable to cavities of circa 
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cross-section. The surface-impedance approach therefore makes 
the complete solution of the field problem unnecessary, which 
) has the great advantage that the relatively uninitiated can follow 

and apply the method with little effort. Unfortunately, in a few 
isolated cases the results obtained by the first-order theory are, 
as noted, inaccurate. Therefore, for successful application of 
the first-order analysis, it is necessary, at least, to be able to 
locate these cases. In general, these pitfalls can be noted easily, 
but to deal with them quantitatively we must resort to a more 
thorough analysis, and this is the purpose of the subsequent 
| Sections. 

A right circular cylindrical cavity, of length L, for which the 
Em, n, >mode has the following field components running parallel 
to the curved surface of the resonator!3 will be considered. 


E, = Jin(Mgr) cos md cos Bz 


| 
{ 


: 
| 
E, = Bim, (A,r) sin md sin B)z 

a ae 2. (44) 


Koy, 
Ay = — Fp SnAnt) cos m¢ cos Bz 
_ The H,,,,,-mode has the following components: 


A, = jJ(h,r) sin md sin B)z 


E 


I 


= Fen lat) sin md sin Bz (45) 


I 


Hy FO, Ug) cos md cos fz 
n 


In every case the separation constants are, with a perfect 
waveguide, connected by 
kg Tey +B} = ea B2 . 2. . (46) 


where ho is the cut-off coefficient of a perfect waveguide and 


| 


| aaa! 


With an imperfect waveguide the boundary conditions to be 
‘satisfied on the curved surface are 


E,) ’ 
A, = Z, = vig(z) = v > [C® cos p,z + S® sin p,z] 
4z|S r 


‘and . (48) 


= Z, = vifz) = v >) [C® cos pz +S” sin-p,z] 
S ‘t8 


Here the separation constants are connected by 
Rhee pee fe + 62 .... (49) 
where 
Vin = Ny + Sh = Mg + VA® + VHD +... © (50) 


and k is the wave number, from which the resonant frequency 
of the cavity may be calculated, as explained in Section 2.3. 


(5.2) Axially Heterogeneous Cavity 
(52.1) E-modes. 

‘n the case of an E,,,,,-mode—originally a pure mode in a 
perfect cavity with field components given by eqn. (44)—the 
perturbed field will contain, as a rule, a denumerable infinity 
of H- as well as E-modes. Consequently the relevant field 
“ponents inside a heterogeneous resonator excited in the 
©. .n,rmode will be 


E, = J,(/nr) cos md cos Bz 
+ v>¥ GI nAyr) cos mp cos B,z +... 


Eo Li mA,r) sin md sin B)z 


4 (Ou) 
Byam . 
+vd> oc, pop imlt) sin m@ sin Bz +... 
u 0) 
ko, : i 
-v> Sup Inbhet) sin md sin B,z +... 
Ko , 
Ay = — Fp Sinltnt) cos m¢ cos Bz 
° ko , 
—jv> Cuz, Imbhr) cos md cos B,z +... 
u v . (52) 


+ jv »» sii Im(Ayr) cos md cos Bz 
H, = jv > 5,3 (h,r) sin md sin Bz 


Substitution of eqns. (51) and (52) into the boundary con- 
dition [eqn. (48)] leads to a set of simultaneous equations which 
can be solved in the manner somewhat similar to that explained 
in Section 3. For the first-order solution we get 


(z) 
Z,= Bp +f = z, , ee ena) 


which, of course, is in confirmation of the first-order analysis 
[see eqn. (36)]. 

The E,,,,,-mode is coupled to the H,,,,-mode and the 
Hn,-mode coupling coefficient, s,, is given by 


= Pym 
VS] aera: . . . . . . (54) 
The E,,,,, -mode is also coupled to a denumerable infinity of 


other E- and H-modes, and the coupling coefficients are given by 
Tie) 
2 Sin(Ays) 


_ J Bym Sings) 
2s hyko Jj(hys) 


Cy 


[Cin + Carnn] - . G5) 


Si 


[Cn + Crp] - 66) 


where uw is odd if / is odd and even if / is even. All other 
coupling coefficients are zero. 

If the terms in v* are retained and we proceed with the analysis 
to that order of quantities, we arrive at the following expression 
for oA: 


(Z) 
6h ~ vhAY + yp? = e es + P| 


n 


1 [ko Sntlys) Byam? 1 : : 
~ a5 4 2 Fics) © = POS lear 
n vm U y 
(57) 


It thus transpires that the simple first-order theory, as developed 
in Section 3, is adequate, unless one or more of the A, coefficients 


given by 
hen 62), SE Dm. ney eee Oe) 


(where u is odd if 7 is odd and even if / is even) is such that 
h,s is equal, or very nearly equal, to one of the roots of the 
mth-order Bessel function, including zero. One of the terms 
of the infinite summation of eqn. (57) then becomes signi- 


ficant and must therefore be considered; further, the excited 
Emnn, rmode becomes tightly coupled [coupling coefficient is 
given by eqns. (55) or (56)] to one of the other modes unless the 
two Fourier coefficients, C{2_ pj. and C{, pj. are zero. 


(5.2.2) H-modes. 

The case of H-modes is a little more complicated. Here, 
proceeding as with E-modes, we get, analogously to eqns. (51) 
and (52), infinite series expansions for each of the field com- 
ponents. These expansions, when subjected to the boundary 
conditions of eqn. (48), lead eventually to the following expression 
for the first-order value of 5h: 


ni =H ae + @-@] -» 


where = 1c?) — eee 
60 
Ppre eo oe 
gee, 0 a 


These equations are, of course, in confirmation of the first-order 
theory. 

All coupling coefficients, c; and s;, are determined as indicated 
in the last Section and are of the order of the surface impedance 
or higher, while the second-order perturbation term in d6/ can 
be shown to be of the form 


—1 
ph) = v hy as - ae | Sloe GQn ] 
eA. ko - 5 (u—D/2 (u+-1/2 


Jin(hys) 
Ua 


Ee Inklrs) 2 ui mle) 44 .|\ 


7, 
sree ae Grae ie Base 1/2 oe Ci +n2] 


ee). aS) 

Here again, u is even when 7 is even and odd when 7 is odd, 
but uA 1. 

Thus, including second-order quantities, 5h is given by the 
sum of eqns. (59) and (61). 

For a small value of surface impedance, we note that, with the 
exception of the singular points of eqn. (61), dh is given to an 
adequate degree of accuracy by eqn. (59); in other words, the 
first-order solution is satisfactory provided that none of the 
hys is a root of J,,(h,s) = 0 or Jj,(h,s). In these exceptional 
cases there is a large coupling between the excited H,,,,,-mode 
and some other mode (whose coupling coefficient becomes large), 
with a consequent appreciable change in the resonant con- 
ditions. In such cases d/ must be calculated from 


8h = vk? + p2p2 


where vh") and v*h?) are, respectively, given by eqns. (59) 
and (61). But we observe further from eqn. (61) that, if to each 
such singular value (h,s) there is a zero value of coefficients 
Cu—nj2 and Cy +nj2, the first-order theory is still applicable. 


(61) 


(5.3) Circumferentially Heterogeneous Cavity 


When dealing with circumferentially heterogeneous cavities 
we must, in order not to lose generality, include in the expressions 
for the field components [eqns. (44) and (45)] the cos md as 
well as the sin mf dependence. In other respects the analysis 
is analogous to that for axially heterogeneous cavity, and there- 
fore details of the analysis will be omitted. 

However, it must be stressed that the surface-impedance 
components Z, and Z, are now functions not of z but of 4, 


and are periodic of period 27. In Section 5.3.1 and 5.3.2 we 
therefore take 


Zy = vil) =v D [CP cos ah + S7 sin 4] | 
q 

Z, = vf,(¢) = vO [CY cos gd + $2 sin qd] 
q 
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where q takes all positive integral values. 


(5.3.1) E-modes. 


It can be shown that, to the first order of quantities, the 
coupling coefficient, 7, between* sEm,n,l and (Ej ,,-modes is 
given by the solution of the pre 


Te Paes = res ens wy desl Gam 


where 7 se SO (COIs 5 rr 
Si a. 
sa tN" Se ae 
and ai Ce (65) 


All the remaining coupling coefficients are of the order of the) 
Z, quantity or smaller. 
The two solutions for 7, 


.--4+("M@s]-- 4 


can evidently be put into the form 


7 = tan {3 arc tan [7]} 
= tan ® = tan} O® 


where @@ =-arc'tan'r? 22 ee 


Each value of 7 is associated with a different value of vh™. 
and therefore a different value of the propagation coefficient, 
Evidently the two values of vh“ are given by 


(Z) Z) 
Sh & oh = — {| op ee =| Ee eel Sn 


We conclude, therefore, that all E,,,,;-modes are unstabl 
in waveguides whose surface impedance is circumferentially 
heterogeneous, unless m=0. The above results have the 
obvious significance that a wave in a circular waveguide variey 
with the co-ordinate ¢ in the following manner: 


Ke) 


Cm COS MP + Sp, sin md 


If s,, = 0 we deal with an .E-mode and if c,, = 0 we dea 
with an ,E-mode. In a perfect waveguide there is no con 
nection between c,, and 5,, coefficients, and .E and ,E waves cai) 
be present in any proportion, as determined, for example, by thi 
launching condition. In the present case, however, c,, and 5, 
must be combined in a definite proportion [given by eqn. (67)] 
which is determined solely by the magnitude of the 2mth har!| 
monic component of the surface impedance [eqn. (64)]. Clearly. 
as a result of this phenomenon the cavity exhibits two resonance’ 
peaks, corresponding to the two values of dh given by eqn. (69) } 

The expressions for the second-order approximations tend t) 
be rather lengthy, and to save space it is not proposed to quot) 
them; they contain singularities at points given by IJ(h,s) = t\ 
and Ji(h,s) = 0. | 

; 


(5.3.2) H-modes. 


To the first order of quantities the resonant conditions o- 
H-modes are also given by the solution of a quadratic, as “a 


* 5E denotes a mode whose Ez, component is proportional to sin mé and .B dona 
one whose functional dependence is cos md. 


) 
-E-modes, but the expressions are slightly more complicated. 
They are as follows: 


ms? (Oh, 
1) tl ir 


; + ]j Se 2) 1/2 

creme Coy ak e {les = ea } (70) 
and T= “= = tan [4 arc tan 7] . (71) 
| Se, 
where CO) ees Ce, (72) 
and Co Ope Cw 
. SO, = 7S2 — SY (73) 

Ce = BCe ale Ce 

_ where — Bm (74) 


The interpretation of these results is similar to those given in 
connection with E-waves in Section 5.3.1. In the first place, it 
\ will be observed, from eqn. (70), that there is always a unique 
(sojution for Ho-waves (m = 0). Secondly, if m+ 0 the cavity 
has two distinct resonant frequencies calculable from eqn. (70), 
‘provided that the coefficients C,, and S,,, are finite. In such 
eases .H and ,H-modes cannot exist separately in a pure form 
{but must be combined in a definite proportion 7, given by 
n. (71); this depends solely on the ratio 7 = SY/CY,, 
which, of course, is independent of the absolute value of any 
oefficients of the series expansion even if they are extremely 
small. It must, however, be stressed that it is the presence of 
ithe S©, coefficient that is responsible for the tight coupling 
tween the ,H- and ,H-modes, and if S$), = 0, the cavity will 
support ,.H- and ,H-modes, corresponding to two different 
esonant frequencies [eqn. (70)], which are not coupled together. 
The second-order approximations possess singular points 
igiven by J,(h,5) = 0 and J,(h,s) = 0, but the expressions are 
rather lengthy and will not be given. 


(6) DISCUSSION OF RESULTS 
(6.1) Collection of Formulae, their Discussion and Conclusions 


As we have seen, the two anisotropic components (Z, and Z,) 
of a heterogeneous cavity (length L) can be expressed in terms of 
heir respective Fourier series by 


Zoi (2) =v >) [CY cos pz +S? sin p,z] 


: (48) 
Zp = vig(z) = v > [C cos p,z + S® sin p,z] 
2ar 
iwhere erin oa 
‘or an axially heterogeneous cavity, and 
Z, = f(b) = v O [CP cos gh + S? sin g¢] 
id . (62) 


Zs = vi g(P) = v Y [CH cos gd + S sin qh] 
q 
(ge 0p 1 Deas) 


i/o acircumferentially heterogeneous cavity. 
An axially heterogeneous cavity, when excited in any of the 
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Hin OF Enm,,-modes, behaves as if it were homogeneous and 
had a surface impedance given by 


Z, = VCP + WCP 
Z, = cw — pow f Y*% - 
and Z, = vC~? (J = 0) . (60a) 


There is always a small coupling to a denumerable infinity 
of other modes, but in practice this may be neglected, since the 
coupling coefficients are small (of the order of Z, or smaller). 

There is, however, an exception to the above rule. If there 
are one or more values of A, such that Ays is (or is close to) a 
root of the mth-order Bessel function or its derivative, then at 
each such point there is a tight coupling between the excited 
mode and the mode to which 4, belongs. Eqns. (60) are not then 
applicable, and to evaluate the resonant conditions eqns. (57) 
or (61) must be used. 

For example, if a cavity whose length was 1-26 times its 
radius were excited in the Epx9-mode, there would be a tight 
coupling between this mode and the Eo;2-mode, and, of course, 
the simple first-order theory could not account for the behaviour 
of the cavity; in order to evaluate the resonant frequency and 
the Q-factor, eqn. (57) would have to be used. 

For a circumferentially heterogeneous cavity it has been 
established that, with the exception of Eo- and Ho-modes, all 
modes are unstable. With Eo- and Ho-modes the heterogeneity 
is of no consequence; it is the mean value of the surface impe- 
dance that determines the behaviour of the cavity [Cf in the case 
of Ep-waves and C in the case of Ho-waves]. However, as a 
result of their instability, all higher-order modes exhibit two 
distinct resonant frequencies corresponding to two different 
coupling coefficients between the .H,,- and ,H,,- or .E,,- and 
sEm-Waves, as the case may be. This coupling coefficient depends 
solely on the relative magnitudes of the S,, and C,,, coefficients 
of the surface-impedance function, and in the absence of these 
coefficients, the cavity behaves as if it were homogeneous of 
surface impedance equal to the mean value of the surface- 
impedance function (Co-coefficient). 

So far as the effect of circumferential heterogeneity is con- 
cerned the higher-order approximations, though calculable, 
need not be considered. This follows from examination of 
the results obtained in Section 5.3. Thus, with E-waves, we 
observe that the case g = m is excluded from the infinite sum- 
mations; but (4,5) is a root of the mth-order Bessel function, 
and this cannot simultaneously be a root of the gth-order Bessel: 
function or its derivative. 

These properties can best be understood with the help of the 
mode chart!5 shown in Fig. 8. It will be seen that the mode lines 
are parallel whenever the modes concerned have the same axial 
index; otherwise they intersect, and the points of intersection 
are the singular points referred to above. 

Thus, with axial heterogeneity, the summations occurring in 
eqns. (57) and (61) extend over the axial index, and conse- 
quently the singular points of these equations are given as the 
intersections of the mode line belonging to the investigated 
mode with the mode lines of modes whose axial index differs 
from the investigated mode by multiples of 2. 

However, with circumferential heterogeneity the summations 
occurring in the second-order equations extend over the circum- 
ferential index while the axial index is held constant, and under 
such conditions all mode lines, as mentioned above, are parallel 
and consequently there are no singular points. 

The question of degenerate modes must be investigated. 
Two mode lines then coincide, and there might appear to be a 
pitfall. But the degenerate modes are the Ho,- and E,,-modes. 
The inspection of eqns. (57) and (61) reveals, however, that the’ 
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Fig. 8.—Mode chart for a right circular cavity. 


axial heterogeneity does not bring a coupling between them. 
Similarly it can be shown that the circumferential heterogeneity 
can never be responsible for the coupling between these modes. 


(6.3) The Surface Impedance of a Periodic Surface 


With homogeneous and isotropic surfaces a knowledge of 
the surface impedance is all that is required (apart from the 
dimensions of the cavities) for the determination of the resonant 
frequency of the cavity and its Q-factor. 

With homogeneous and anisotropic surfaces it is not possible 
to predict the behaviour of a cavity unless the orientation of the 
surface with respect to the cavity co-ordinates is specified. 

In an analogous manner, with heterogeneous surfaces it is, 
in general, not possible to predict the behaviour of a cavity unless 
it is specified which particular fragment of the surface is used as 
the wall of the cavity. This will be immediately obvious from 
the following consideration. 

Imagine an impedance sheet whose surface-impedance function, 
f(z), is expandable in a Fourier series. If this impedance sheet 
is employed as the curved surface of a resonator of length /, 
then, unless the length of the cavity is commensurable with the 
period of the surface impedance function, the mean value of 
f(z) over the period / (Cp-coefficient) will depend on the choice 
of the origin; similar remarks apply to the C)-coefficient. It 
therefore transpires that the effect of the impedance sheet on the 
performance of a cavity depends (among other factors) on which 
particular fragment of the surface is chosen, and hence the 
name ‘heterogeneous surface impedance’ is used. 


Fig. 9.—Fragment of a periodic surface in relation to the co-ordinate 
system. 


Suppose that a certain impedance sheet with surface-impedance 
function cos (277/p)z is used as the curved surface of a resonator, 
of length /. Evidently, we may expand this function in a Fourier 
series, which, with the co-ordinate system shown in Fig. 9, reads 


Z,=ug)= [1 + cos an(S a r)| = })(C,cos p,z +S, sin p,zZ) 


_. 2ar 
Py ae ik. 

Suppose the excited mode is an E,,,,,-mode: the effective 
surface impedance is given by eqn. (60) as follows: 


Ving a vCo = LC, 


where (75) 


(76) 
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1 ge IE 
Gr— 1+ i 
0 + = sin wy sin (= +27) 


JE, Tht 
cos a(S - 2V) sin Hie ?) 


Co tcaoeee, 
‘Te 
12 
hence the effective surface impedance is given by the substitution 
_of eqn. (77) into (76). 
It will be observed that if L and P are commensurable, 
| Coa 


1 
ol on 


. Cc; =0 GLP 21) 
) C; = cos 27V Gf L/P. = I) 


so that, even in this case, the effective surface impedance is a 
function of V (provided that L/P =/). In other words, the 
surface impedance depends on the origin chosen, i.e. the ee 
fragment of the surface. 

The effective surface impedance, given by eqn. (76), with the 
_ values of Cy and C; given by eqn. (77), is plotted in Figs. 10(a) 


2:0 


i Z, 1-0 ss ——— 
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Fig. 10.—Z, as a function of L/p. 


(a) ——————._ Z;; function (L = 1). 
——— — Asin x)/x. 
—-—-— (sin x)/x. 

(b) For / = 2. 


sand 10(5) as a function of L/P for / = 1 and / = 2, respectively. 
It will be observed that, if L/P is commensurable and greater 
than /, the effective surface impedance acquires a unique value v. 
FT all other cases there is no unique value that could be ascribed 
ie a heterogeneous surface unless L/P/ — 00: evidently, for large 
«values of L/PI, the effective surface impedance tends to the mean 
<velue of the surface-impedance function, and then the surface 
jieses its heterogeneous nature and may be regarded as homo- 
<gaeous of surface impedance equal to the mean value of the 
18) rface-impedance function. 


It transpires from eqns. (77) that, if L/P = 10, the fluctuation 
of the effective surface impedance about the mean of the surface- 
impedance function amounts to only about 3%. 

It may therefore be concluded that, in general, if the period 
of a surface is small in comparison with the wavelength in the 
resonator (say, a factor of 10 or more), such a surface may be 
regarded as homogeneous of surface impedance equal to the mean 
surface-impedance function; otherwise it must be regarded as 
heterogeneous, and its effective surface impedance will be a func- 
tion of the particular geometrical relation of the resonator to the 
surface. For example, if we attempted to calculate the surface 
impedance of a heterogeneous resonator from its conditions of 
resonance, for slightly different resonator lengths, then, as a result 
of the above phenomenon, the experimental points would appear 
to have a large scatter, which would increase with the decrease 
of the ratio L/P, while, for large values of L/P/ there would 
be no noticeable scatter of experimental points (in qualitative 
agreement with Fig. 10). There is experimental evidence!® in 
support of the theory, although at the time the authors explained 
this scatter of experimental points by a different argument. 
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(9) APPENDICES 
(9.1) Impedance of a Slot in a Metal Surface 
(9.1.1) E-vector normal to the Edges of the Slot. 


For a sufficiently narrow slot the wave inside it will be prin- 
cipally in the TEM-mode, and for a slot whose depth, /, is small 
in comparison with the wavelength the input impedance, Z,,, 
in the absence of losses, is given by 


LZoZ ~ JkolZo (78) 
while for an imperfect slot it is 
ZZ = jhiZy . (79) 
where = ky + oh (80) 
Zo = Zo + 6Z 
But Z, the characteristic impedance in the slot, is given by 
4) = az, (81) 


Using the surface impedance approach 6h can be shown to be 
given by 


1 1 
[9h = Zp = =(Ryy + IX) - (82) 


where Z,, is the surface impedance of the metal of which the slot 
is made and ¢ is the width of the slot. 

With these substitutions eqn. (79) yields 

l 

23 = ikol + 2Rm (83) 

However, to allow for the loss in the bottom of the slot, we 

must add R,, to the above, so that we finally obtain 
(84). 


RE Ry (28 fe 1) Ee pay 


(9.1.2) E-vector parallel to the Edges of the Slot. 


For a sufficiently narrow slot the wave inside it will be prin-| 
cipally in the Hp; mode, the evanescent direction being the’ 
depth of the slot. Since we have assumed that the depth of the’ 
slot is much larger than its width, its input impedance will be. 
equal to that of a waveguide below cut-off, which, in turn, is 
equal to the characteristic impedance of the waveguide. If y is 
the propagation coefficient in the evanescent direction then. 
evidently | 


| 
A | 
Zy= 72 (85) 
Y 
since y = a + j8 and here « > 8. 
Therefore Zu = ioe ko (86). 
(og lod 
and substituting for « and f, we get 
UPAR we Pe 
y= Ly = Jy Sra (87) 
0) 7 
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. SUMMARY 
The electric field set up when a live conductor in the form of a rod 
| passes through the centre of an earthed ring of circular section is 
_ approximately calculated by replacing the rod by an hour-glass-shaped 
conductor of the same minimum radius. The resulting field is found 
in terms of toroidal functions, numerical Tables of which are given. 
To find how closely the calculated results approach the true values for 
_arod and ring, a systematic electrolytic-tank study is undertaken, and 
charts of the differences between theory and experiment are given. 
it is found that the theoretical attack is successful in predicting the 
smallest figure to which the voltage gradient on the electrodes can be 
reduced, but that the conductor radii which will enable that figure to 
be realized are somewhat different in practice from those suggested by 
the theory. 


(1) INTRODUCTION 
The electric field between electrodes comprising a rod and a 
_eoncentric ring of circular section (Fig. 1) is not exactly calculable 
_by any known method, but it has an application in the design of 


| Fig. 1.—Rod-and-ring electrode system. 
bushings, which may be regarded as practical embodiments of 
this ideal arrangement. The problem is discussed by Schwaiger! 
‘in terms of experimentally determined breakdown voltages, 
mostly obtained by measuring the sparkover voltage between a 
pair of crossed rods. On the theoretical side the allied problem 
_of a wire passed through a circular hole in a plate was attacked by 
Bolliger? by a method which would furnish an approximate 
solution to the problem under discussion, namely by regarding 
the electrodes as two members of the system of hyperboloids 
formed by rotating a set of confocal hyperbolas about their 
conjugate axis. 

The theoretical part of the paper also proceeds by attacking an 
allied problem—that of the field between electrodes which are 
tores of the system formed when a set of coaxial circles is rotated 
about its radical axis (Fig. 2). Thus the ring electrode Tg is 
correctly represented, but the rod T, is replaced by an hour-glass- 
shaped solid, T;, having the same radius on the central plane. 
the toroidal functions necessary for the solution of this problem 
were first discussed by Neumann? and were fully investigated by 
Hicks;4-5 but the authors have been able to trace only one 
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Fig. 2.—Equivalent system with toroidal electrodes. 


numerical Table of these functions, namely that published by 
Fouquet® in 1937. Since Fouquet’s Table does not cover a 
sufficient range for the present purpose, an extended Table has 
been computed and included in the paper. The values have been 
used to calculate the potential gradients on the electrodes at the 
points of nearest approach. The question of the error introduced 
in replacing the rod by an hour-glass is investigated with the aid 
of an electrolytic tank, and conclusions are drawn about the 
most efficient radii for the conductors. 


(2) TOROIDAL FUNCTIONS 
It is unnecessary to give more than a brief outline of the theory 
of toroidal functions, since the details are given in Hicks’s papers. 
If the cylindrical polar co-ordinates of a point are p (radial), 
z (axial), and X (aximuth angle), and if these are related to another 
set of co-ordinates, u, v and w, by the equations 


a sinh u 


p cosh u — cos Vv 
asin Vv ee a hea ue PL) 
ee 
cosh u — cosv 
SS 


then u, v and w are known as the toroidal co-ordinates of the 
point. In any radial plane the lines wu = constant are coaxial 
circles having limiting points at a distance a from the axis, while 
v» = constant are the orthogonal system of coaxial circles inter- 
secting at the limiting points of the former system (Fig. 3). 
Thus the surfaces wu = constant are anchor-rings or tores, while 
v = constant are spheres having their centres on the axis of the 
tores. When a point is displaced so that its co-ordinates change 
by small amounts, du, dv and dw, its linear displacements in 
the three co-ordinate directions may be shown to be 


aou 

os, = 

cosh u — cos Vv 
2 aov 2) 

S — = 
” cosh u — cos v ( 

x a sinh udw 
alg pestuecremee hide 


cosh u — cos Vv 


[13] 
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Fig. 3.—Toroidal co-ordinates. 


The potential, ¢, of an electrostatic field always satisfies the 
differential equation known as Laplace’s equation, which, for a 
3-dimensional field, contains, in general, three independent 
variables. In the paper, however, we are concerned solely with 
problems having cylindrical symmetry, so that the variable w 
becomes irrelevant. Expressed in terms of the two remaining 
toroidal co-ordinates u and v, Laplace’s equation becomes 


r) sinh u 2) se Ry) ( sinh u dp 
<A Sa u—cosv du ov \cosh u — cosv ov 


)=0 (3) 


The substitution 


d= yn/(coshu—cosv). . . . . 4) 
reduces eqn. (3) to 
db 0? oe ee 
Ae Oa ae eae arts) 


This equation is solved by assuming 4 = UV, where U is a 
function of u only and V is a function of v only. By this sub- 
stitution, eqn. (5) is transformed into 


1 (d?U dU 1 
Gage tothe + GU) + 


1 d2V_ 


V dv? 4 


and since the first term cannot contain v and the second cannot 
contain u, both must be constants, which are written +n? and 
—n* respectively. Thus the separate differential equations for 
U and V are 


@U dU on 
gz + cous. — (x —7)U=0 BG 
ay 
and yee oF nV =—a() c 2 $ 5 : (7) 


The independent solutions of eqn. (7) are cos nv and sin nv, and 
it is known from the theory of Fourier series that a sum of terms 
in which n takes all integral values from zero to infinity will be 
capable of describing any distribution of charge on the surface 
of a tore. By direct substitution it may be proved that the 
following are solutions of eqn. (6): 


functions: the relations between 


TT | 
1 do | 

—— ST 8 
Pal) +] (cosh u — sinh u cos 6)"* 1/2 ( ) 
0 

i dd 
ee ee 
Ants) i (cosh u + sinh u cosh @)"+ 1/2 0) 


0 | 
p,(u) and q,(u) are known as toroidal functions.* 


The toroidal functions can be expressed in terms of elliptic 
integrals, the necessary formulae being given by Hicks. Using 
these, the following Tables of values for the first four functions, 


Table 1 
TOROIDAL FUNCTIONS (First KIND) 

u Po(u) piu) p2(u) p3(u) 
0-0 1-000 1-000 1-000 1-000 . 
0-1 0:9994 1-002 1-009 1-022 
0:2 0:9975 1-008 1-038 1-089 
0-3 0-994 4 1-017 1-086 1-206 
0:4 0-990 1 1-030 1-155 1-379 
0-5 0:9846 1-047 1:246 1-620 
0-6 0:9780 1-068 1-362 1-942 
0-7 0:9702 1-092 1-504 2-366 
0:8 0:9614 1-120 1-678 2:918 
0-9 0:9516 1-153 1-885 3-631 
1-0 0-9409 1-189 2°132 4-551 
1-1 0:9292 1-229 2:424 §-733 { 
1-2 0:9168 1°273 2°767 T2952 
1:3 0-903 5 1-321 3-169 9-202 
1-4 0:8897 1:°373 3-640 (1) 1-170 
15 0-8752 1-429 4-190 1-49] 
1-6 0-860 1 1-489 4-832 1-903 
1-7 0:8446 1°554 5-580 2-432 
1-8 0:8286 1-624 6°452 3-110 
1:9 00-8123 1-698 7:466 3-981 
2:0 0:7957 i99/9/9/ 8-646 5-098 
2:1 0-778 8 1-860 (1) 1-002 6:532 
Die, 0:-7617 1-949 1-162 8-373 
2°3 0:7444 2-043 1-347 (2) 1-074 
2:4 0:7271 2-142 1-563 1°377 
2°5 0:7097 2:247 1:814 1-766 
2:6 0-692 3 2:358 2-105 2:266 
257 0:6750 2:476 2-444 2-908 | 
2°8 0:6577 2-599 2:838 3°732 
2:9 0:6405 2:730 3-296 4-790 
3-0 00-6234 2-867 3-828 6:148 
31 0: 6064 3-012 4-446 7:892 
3:2 0:5897 3-164 5-164 (3) 1-013 
3°3 0-573 1 3-324 5-998 1-300 
3-4 0:5568 3-493 6-967 1-670 
S105) 0:5407 3-671 8-093 2-144 
3-6 0-5248 3-858 9-402 2-753 
830 7/ 0:-5092 4-054 (2) 1-092 3-534 
3°8 0:4939 4-261 1-269 4-537 
3-9 0:4788 4-479 1-474 5-826 
4-0 0-464 1 4-708 1-713 7:480 


of each kind have been worked out. There are differences 
between these figures and those contained in Fouquet’s table, 
in which there are undoubtedly a number of errors. 
Hicks proves a number of theorems relating to toroidal 
functions, two of which will be mentioned here. The derivatives 
of p,(u) and q,(u) are shown to be given by | 
dp, _(2n + 1) 
du 2 sinh u (Da — cosh Dp 


dq, Qn+1) ae 


a sinh w (ant! — cosh wv. q,) 


* p(w) and qn(u) are particular cose of the class of the functions known as Legendre 

: Pn and qy and the corresponding Legendre functions 
ure Pn(u) = Pn— 1/2( ju) and Gnu) = Qn—1/2¢ ju). Hicks borrows the customary symbols 
or Legendre functions to designate the toroidal functions, writing P,(u) for mpp(u) 


and Q,(u) for qn(u); but this may lead i 
ee x Sie’ Ge y lead to confusion, and we have preferred to employ 
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Table 2 


TOROIDAL FUNCTIONS (SECOND KIND) 


u ol) qitu) q2(u) 


0-0 © co co 

0-1 4-380 2-389 1-742 1-367 
0-2 3-681 iho 7iV 1-102 (—1) 7-714 
0:3 3-267 1-329 (—1) 7-640 4-802 
0-4 2-969 1-069 Se 12 35120 
0:5 2°735 (—1) 8-768 4-067 2:076 
0:6 2-540 7-283 3-043 1-407 
0-7 208 S78) 6-101 2-300 (—2) 9-567 
0:8 2-226 5-143 1-750 6°582 
0-9 2-095 4-354 1-338 4-549 
1-0 1-975 3-700 1-027 3-158 
Heil 1-866 3-152 (—2) 7-907 2-200 
lord 1-765 2-690 6-102 1-536 
£3 1-672 2-300 ATA ALN) 
1-4 1:585 1-969 3-651 (—3) 7°514 
1-5 1-503 1-687 2-830 5-268 
1:6 1-426 1-447 PA ()5) 3-697 
leg) 1-354 1-242 1-704 2-596 
1-8 1-286 1-067 1-324 1-825 
1-9 1-222 (—2) 9-164 1-029 1-283 
2-0 1-161 7°875 (—3) 7-999 (—4) 9-024 
2-1 1-104 6-769 6:221 6°350 
992 1-049 5-821 4-839 4-469 
2-3 (—1) 9-973 5-006 3-765 3-147 
2°4 9-482 4-305 2-930 2:216 
71) 9-016 3-703 2-281 1-560 
2:6 8-574 3-186 HS 7/7F) 1-099 
AOU 8-154 2-741 1-382 (—5) 7-741 
2°8 7:754 DIB d9 1-076 5-453 
72K) To) 2-030 (—4) 8-377 3-841 
3:0 7:°014 1-747 6-523 2-706 
Bil 6:671 1-503 5-079 1-907 
3307) 6-346 1-294 B55 1-343 
3)03) 6-036 i1A3 3-080 (—6) 9-466 
3°4 5-741 (—3) 9-581 2-398 6:670 
35 5-460 8-246 1-868 4-700 
3-6 5-194 7-097 1-454 Shoah? 
seu 4:94] 6:108 AS 3, Ae aise) 
3-8 4-700 5-257 (—5) 8-820 1-644 
3°9 4-470 4-524 6-869 So 
4:0 4-252 3-894 5-349 (—7) 8-165 


_ The numbers in parentheses indicate the power of 10 by which tabulated values are 
to be multiplied, e.g. q3(3-0) = 0-000 027 06. 


while another integral form for q,(w) is 


a cos nOdé 
An(es) - 4/2 | »/(cosh u — cos 6) 


0 


(11) 


(3) SOLUTION OF THE PROBLEM OF COAXIAL TORES 
The general solution of eqn. (5), which is the product of the 
solutions of eqns. (6) and (7), may thus be written 
foe) 
Y= Xi lane) + Byda)] cose + ,) - - (12) 
where a,, b,, and «, are arbitrary constants. When the central 
plane is 2 plane of symmetry (as here), «, = 0; therefore, using 


eqn. (4), the potential of the field between charged coaxial 
tores Tj, T; is given by 


_¢ = V/(cosh u — cos v) 2 fab ne) + b,g,(u)] cos nv (13) 
he constants a, and b, must be so chosen as to make ¢=0 
eu Ty (where u = uo) and & = VonT; (where u = u,); thus 


oy [2,Pn(4o) + Ondn(Uo)] Cos nv = 


n=0 


es 4,D (Uo) ae bpGn(Uo) =0 (14) 


V 


fe @) 
and Zs [4,.D,(u;) + byq,(u,)] cos nv= 4/ (cosh u, — 00s ¥) 


from which, by the usual method of evaluating Fourier 
coefficients, 


2V cos nudv 
4/(cosh u,; — cos v) 
0 


= aNie Vaq,(u) 
T 


AD (Uy) at 6, dn(ty) = yea 


(15) 


from eqn. (11). The factor 2/7 becomes 1/7 when n = 0. 
From egns. (14) and (15) we obtain the values of the coefficients as 


Pe 2/2 8 nGn(Uo) An(Uy) 
f T Pr(Uy)Gn(Uo) oa PU) 9,4) (16) 
i a 2/2 8 ,,Dn(Uo)dn(44) 
‘ T — PCy) Gn(Uo) — Pr(Mo) An (ey) 
where 6, = 1 when n> 1, but 8) = 5. 


We are chiefly interested in the potential gradients on the 
surfaces of the two conductors; since uv is constant on each of 
these surfaces, the direction of the field is the direction of varia- 


tion of u. The gradient is —d¢/ds,, where ds, is given by 
eqn (2); thus 
Bee (eee op (17) 
Sy a 


The points of especial interest are Xj and X, (see Fig. 2), where 
the two conductors are closest together, and where the co-ordi- 
nates (u, v) are (Ug, 7) and (u;, 77), Uo being greater than uw, if uy, 
denotes the central conductor. At any point on the planev = 7, 


G 1 + cosh u\ dd 
fies ( a ae 


(18) 


Evaluating this with the help of the identities (10) gives 


2 FX —1)"{(@a cosh u +4) [a,p,(u) + b,4,(u)] 
— (n+ 4) [a Pps 1@) + bdr. > 
(19) 


VOLTAGE GRADIENT 


ie) 0-05 010 015 020 025 0-40 


T>/R 
Fig. 4.—Voltage gradient on tore (calculated). 
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Fig. 9.—Approximate correction chart for voltage gradient on 
central conductor. 


Fig. 6.—Voltage gradient on tore (measured). 
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Fig. 10.—Curves for equal gradient condition. 
(a), (a’) Relation between ro/R and r;/R for equal voltage gradients. 
(b), (b’) Value of the gradient on either electrode when relation (a) or (a’) is satisfied. 


Fig. 7.—Voltage gradient on central conductor (measured). (2), & . Ly coronal fusions 
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On the earthed conductor, w = up and eqn. (19) reduces to 


V2 cosh? 2 a 
By = — Y= > ¥ (1) + DLP Ho) + dng 10] 
sinh “Aly n=0 (20) 
2 
while on the live conductor, u = u, and eqn. (19) becomes 
cosh? “1 
2 ay Be 24/2 
. E, ee a » ( 1" fee Vin cosh uy ah $)6,0,(up) 
fe sinh! "-° . 
2 —(n+4)[4a,Pq+4(4) + ine) 
(21) 


‘The potential gradients given by eqns. (20) and (21) are plotted 
‘in Figs. 4 and 5. Instead of using up and uw, as independent 
-yariables, the dimension ratios ro/R and r,/R (see Fig. 1) have 
been employed. The relations between ro, r;, R and a, up, u, are 


a = /(R* — 72) 


Ug = arc sech (ro/R) 


u, = 2 arc tanh (22) 


MY 
N/R) 


(4) ELECTROLYTIC-TANK INVESTIGATION 


To ascertain how closely the field between coaxial tores 
‘approximates to that between a coaxial rod and ring, the latter 
twas investigated in a wedge-shaped electrolytic tank. Copper 
ielectrodes coated with Aquadag were used, with tap-water as 
ithe electrolyte; from a preliminary test with electrodes repre- 
isenting concentric cylinders it was concluded that the curve of 
(potential variation could be drawn with an accuracy of 1%. 
‘The radial variation in potential in the mid-plane was plotted 
or different combinations of electrode radii, and the voltage 
‘gradients on the electrodes were deduced; the results are set 
forth in Figs. 6 and 7. Fig. 6, showing the voltage gradient on 
ithe ring, is to be compared with Fig. 4, and Fig. 7, showing 
‘that on the central conductor, with Fig. 5. 


(5) CONCLUSIONS 


| The relationship between the two sets of curves is summed up 
in Figs. 8 and 9, in which the ratio between measured and cal- 
culated voltage gradient is plotted. On the tore, the ratio 
approaches unity for large values of ro (i.e. for thick rings); but, 
in general, the measured value is less than the calculated one. 
‘On the central conductor the reverse is true, the measured value 
exceeding the calculated one, and again the ratio approaches 
unity for large values of ro. These tendencies can be deduced 


from a general consideration of the field, the hour-glass shape 
of the central conductor tending to produce a reduced gradient 
on itself and an increased gradient on the surrounding ring, as 
compared with a central conductor of cylindrical shape. It may 
therefore be said that the general correctness of the measurements 
is confirmed by the calculations, which are thus shown to have 
practical value as an independent check, quite apart from their 
theoretical interest as a new application of field theory. 

For any given value of r,/R there must be a value of r/R 
which will make the maximum voltage gradients on the two 
electrodes equal. This relation is given by curves (a) and (a’) in 
Fig. 10, curve (a) referring to the measured values of voltage 
gradient and curve (a’) to the calculated values. The consider- 
able discrepancy between these two curves is due to the fact 
that the measured gradients on the two electrodes diverge from 
the calculated ones in opposite directions. 

The relation given by these curves represents an optimum 
design condition. Assuming it to be satisfied, the voltage 
gradient on either electrode is given by curves (6) (measured) or 
(b’) (calculated). Either curve shows a minimum attainable 
gradient of about 2-3V/R; theory suggests that this will occur 
when rp = 0-165R and r; = 0-20R, while measurement corrects 
these values to rp = 0-10R and r; = 0-27R. So long as the 
relation between rg and r, is correctly maintained, their values 
can depart quite a long way from those cited without greatly 
increasing the voltage gradient. 
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A SPECTROMETER METHOD FOR MEASURING THE ELECTRICAL CONSTANTS OF' 
LOSSY MATERIALS 


By J. S. SEELEY, Ph.D., B.Sc.(Eng.), Graduate. 


(The paper was first received 13th February, and in revised form 24th April, 1957. 
July, 1957.) ; 


SUMMARY 


The analysis of the propagation of a plane wave at oblique incidence 
through a strip of lossy material is stated, the behaviour of the lossy 
material being completely represented by the use of a complex refractive 
index and a complex reflection coefficient. A measurement technique 
is described whereby these constants can be measured from a strip of 
material used in a 1 cm parallel-plate spectrometer. The analysis and 
measurement technique are checked by the application of the spectro- 
meter method and the established waveguide method to the measure- 
ment of two ordinary lossy dielectrics. The spectrometer method may 
be used for the measurement of any homogeneous material, and is 
especially suitable for the examination of anisotropic artificial 
dielectrics. The accuracy of the method is discussed for the measure- 
ment of the electrical constants of medium-loss materials with refractive 
indices between 0-5 and 2-0. 


LIST OF PRINCIPAL SYMBOLS 


A = e¢~%4 = Attenuation factor after transmission through 
strip of thickness d. 
k = a/B = Index of absorption. 
n = n(l — jk) = Complex refractive index. 
n = Real part of refractive index. 
r = re J* = Complex reflection coefficient of intensity for a 
single interface. 
r = Modulus of reflection coefficient. 
R, T = Power reflection and transmission coefficients 
of a strip of material. 
y = « + j8 = Complex propagation coefficient. 
& = Loss angle. 
€ = e,1 — j tan 6) = Complex permittivity. 
€, = Relative permittivity. 
Ap = Free-space operating wavelength. 
A, = Corresponding waveguide wavelength. 
o= “ne /(n* — sin? ys) = Effective electrical thick- 
0 
ness of strip at oblique incidence. 
X = Phase angle of reflection coefficient. 
ys = Angle of incidence. 


(1) INTRODUCTION 


The power transmitted through a strip of lossless dielectric 
is a function of the angle of incidence when the strip is illuminated 
obliquely by a plane wave. Destructive interference between the 
reflections from the parallel interfaces allows all the incident 
power to be transmitted at a particular angle of incidence. The 
position of this angle of incidence can be accurately determined, 
because the associated zero of reflected power is sharply defined. 
The refractive index of the material can be calculated from the 
values of this angle of incidence, the free-space wavelength and 
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the thickness of the strip, when ambiguity has been resolved) 
by making measurements on at least two strips of different! 
thicknesses. 

Measurements of this kind have been carried out by Culshaw!) 
on polystyrene and Perspex using a free-space microwave spectro-) 
meter. The loss tangent of Perspex (~0-010) was calculated 
by Culshaw from the small decrease in amplitude of transmitted’ 
power at the position for minimum reflection. Sollom*-? has! 
reported similar measurements on polystyrene, using a parallel-' 
plate spectrometer. The accuracy of relative power measure- 
ments in a microwave spectrometer is increased by enclosing the | 
transmitting region between parallel plates. 

Experiments in the parallel-plate spectrometer with a strip of 
an artificial dielectric have yielded maximum transmission coeffi- | 
cients less than unity, and finite, though small, values of minimum. 
reflection coefficient. The angles of incidence for maximum 
transmission were larger than those for minimum reflection, so: 
that a simple calculation of the refractive index is not possible. 
The analysis given in Section 2 shows that these extra effects are 
produced by attenuation in the strip. A technique has been: 
developed to determine all the electrical constants of a lossy: 
material from measurements made on a strip. 


(2) PROPAGATION AT OBLIQUE INCIDENCE THROUGH A 
LOSSY MATERIAL 


Consider the propagation of a plane wave through an infinitely 
wide strip of lossy material B, as shown in Fig. 1. If the medium’ 


n(1-jk) 


BEAM AXIS 


Fig. 1.—Refraction through a lossy strip. 


A is free space, B may be specified in terms of a complex refractive 

index m, and a complex reflection coefficient r, where 

Wd jk). <= 
rew* sr 

The refractive index is used as a basic constant, as in optics, 


because optical-type measurements are to be made. This will 
be convenient in measurements on artificial dielectrics. A mag- 


I 


n 


— 
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netic effect is associated with the conducting elements making 
up the artificial-dielectric array, implying that n  4/e. This 
follows Brown and Willis Jackson,4 who have discussed the use 
of a refractive index and an impedance to describe the behaviour 
of an artificial medium giving, 


Woes ze ee. es 5 (3) 
To apply the analysis to conventional dielectrics, some equations 
will be expressed in terms of m as 4/e,,/(1 —jtan5). The 
reflection coefficient, r, will be used as a basic constant instead of 
an impedance, Z, which can be obtained from the equation 


ZZ 
UES ae ae Oa) 


(2.1) Propagation through a Lossy Strip 


The effective propagation coefficient through a strip of lossy 
material in the direction perpendicular to its parallel interfaces 
is given by 
7 27 : 
rey Cree Se emt ey es) 


“The expansion of eqn. (5) into the form y = « + jf is a standard 
derivation. If n*k < (n? — sin? #), 


_ Sees 5 Et nk . 
ier. YD) a =aarg t/) cc 


‘where n and k are assumed to be constant with variation in 
sangle of incidence. The approximation represented by eqn. (6) 
is valid for medium-loss materials, where k + 0:1, provided 
‘that the angle of incidence does not exceed 60°. For an ordinary 
‘medium-loss dielectric, where uw, = 1, 


27 ; e, tan 6 ; 
va HV — sin? i) ls +] Se) 


e, — sin? x) 
_ A refractive index ny, occurring at the angle of incidence #, 
“must be defined when the approximation (6) is not valid. 
Stratton? and Mahan§® have given expressions for ny. Two classes 
of material exhibit values of ny sensibly greater than n: the first 
‘comprises conducting or semi-conducting materials, where 
k > 0-1; the second comprises materials where n < 1 at angles 
of incidence in the immediate vicinity of the critical angle where 
(n? — sin? s) tends to zero. These cases will not be further 
considered in the paper. 

The effective electrical thickness of a strip, whose actual thick- 
ness is d, is given by 


d= pd= ren? Sit) eee be eO) 
0 


Birks? and others® have extended the basic treatment given by 
Stratton> to obtain equations for the power transmission and 
reflection coefficients of a strip in terms of ¢, re-/*, and A, 
namely 
r2[(1 — A?)? + 44? sin? 4] 


a 9 
fe (1 — r2A?)? + 4A?r? sin? (6 + X) ©) 
Bin sayy? deeae 
jes A?{d = r’) sca ou X] (10) 
( — r?A2? + 4A? sin? (6 + X) 
; 27d nk 
ne: 6 = 11 
where A=€e exp | Nc ae | (1) 


= qns. (9) and (10) show that R and T are cyclical functions of dp. 
F or a strip of fixed thickness, ¢ can be conveniently controlled 
® varying the angle of incidence. 


For lossless materials, 4 = 1 and X = 0, and for this case 
R=0 and T=1 when ¢ = mz (corresponding to the half- 
wavelength thickness at normal incidence). R and T will have 
maximum and minimum values respectively when 6 = ma + 7/2 
(corresponding to the quarter-wavelength thickness at normal 
incidence), given by 

4r? 
R= Gap? andT=1—R 

For lossy materials, d< 1 and X¥+0. The minimum value 
of R, R, and the maximum value of T, 7, occur at ¢, and ¢3 
respectively, which are slightly removed from m7; the maximum 
value of R, R, and the minimum value of T, 7, occur at > 
and ¢,4 respectively, which are slightly removed from m7 + 7/2. 
The displacements from the 7 and 7/2 positions of ¢ can be 
illustrated by a phase diagram, as shown in Fig. 2. The values 


(12) 
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P4(min T) 


p; (min R) 


$ 3 (max T) 


Fig. 2.—Phase-angle diagram. 


of ,-¢4 are derived in Section 9.1, expressions for @ and 7 
being given in eqns. (30) and (31). 
An expression for 7/R is obtained by dividing eqn. (10) by 
eqn. (9), giving 
TA (=r?) + 4Psin2 X] 
Rr — A?)? + 4A? sin? J] 


(13) 


T/R is a function of sin? ¢ only (sin? X can be assumed to be 
constant for 5° changes in ws), so that 7/R will have a maximum 
value when ¢ = m7 and a minimum value when ¢ = ma + 7/2. 
The refractive index can therefore be calculated from eqn. (8), 
provided that ambiguity in the value of m has been resolved, by 
determining the angle of incidence at which a minimum or 
maximum value of 7/R occurs. 

Exact expressions for the minimum and maximum values of 
Rand T are found by substituting the values $,-d, in eqns. (9) 
and (10): these expressions are given in eqns. (36)-(39). A 
simultaneous solution to extract values of A, r and X from the 
minimum and maximum values of R and T and the values $;-4 
is not possible, because eqns. (36)-(39) and (34) and (35) are 
interlinked. An additional complication is that the values of 
A and r in the expression for R are not exactly equal to those in 
the expression for 7, because of the different angles of incidence 
at which R and 7 occur. Similarly, the values of A and r in 
the expression for R are not equal to those in the expression 
for T. The displacement of the minima and maxima from the 
exact 7 or 7/2 angular positions will not exceed 3° for medium- 
loss materials, provided that the angle of incidence does not 
exceed 60°. The changes in the values of A and r for increments 
of 3° in angle of incidence are less than the inherent errors dis- 
cussed in Section 5. Therefore it can be assumed that, in deter- 
mining A and r from eqns. (36)-(39), the values occur at the 
angles of incidence given by ¢; ~ $3 ~ m7, $2 ~ $4 =~ m7 
se Zi 
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An iterative process has to be used to extract the values of A,r 
and X from eqns. (34)-(39). It has been found in practice that 
sufficiently accurate results are obtained for medium-loss 
materials by assuming that X, 9 and + = 0 in eqns. (36)-(39). 
Aand rare therefore obtained from the solutions of the following 
equations provided that A « 0-6, X + 10° andr + 0-7: 


At o = d = mn, pa (14) 
At paste mace = Oe ba eLS) 
At d = $3 =~ m7, jim aes (16) 
Mo aban 5 ne Oy a7) 


Figs. 3 and 4 provide a graphical solution for the simultaneous 
equations, (14) and (16), (15) and (17), and can be used to obtain 


Fig. 3.—/ R and /7 as functions of A and r. 


values of A and r from pairs of values of \/R and 4/7, and of 
Rand /T. Fig. 4 is the most accurate chart to use for this 
purpose, because of the wide range of orthogonal intersection 
of the 1/R and 4/T curves. The use of Fig. 3 will result in 
larger errors in r, because of the shape of the chart and also 
because 4/ R is small and will be liable to errors in measurement. 
The 4/7 curves have a gradual slope, so that the values of A 
can be obtained almost directly from the values of 1/7. Then, 
since A = e—%4 
_ (ad)(n* — sin? #) 
nd 

The values of A and r can be substituted in eqns. (34) and (35) 

to determine the phase angle, X. If x, yy, bs and 4 are 


respectively the angles of incidence at which R, R, T and T 
occur (see Fig. 2), 
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Fig. 4.—/R and / T as functions of A and r. 

and 
2nd : : 
ae [(n? — sin? ys)? — (n? — sin? p,)"/?] 

0 


r>(1 + A4) 
ees 


Expressions for the reflection coefficient at the interface of a} 
lossy material are given in the form re—/” in eqns. (42) and (43). 


(3) MEASUREMENT TECHNIQUES 


To apply the analysis given in Section 2 to the determination 
of the electrical constants of a lossy material, it will be necessary 
to measure the relative powers reflected from and transmitted 
through a strip at various angles of incidence. The refrac- 
tive index must be known before k and X can be calculated, 
and it can be determined from eqn. (8) once the ambiguity in 
the effective electrical thickness of the strip has been resolved. 
It will be difficult to resolve this ambiguity for dispersive materials, 
so the refractive index is best obtained from some alternative 
unambiguous method. Deviation measurements with a prism. 
and an application of Snell’s law, as described by Sollom,?»3 
can be used for this purpose. 


(3.1) Diffraction Effects in the Spectrometer 


The | cm parallel-plate spectrometer used to make the measure- 
ments discussed in the paper has been fully described elsewhere.?*3 
The diameter of the spectrometer table is equal to the Rayleigh 
distance, so that specimens placed at the centre are in: the 
Fresnel region of diffraction where the radiated field pattern has 
local disturbances in amplitude and phase. 

Culshaw! deliberately operated a free-space spectrometer in 
both the Fresnel and Fraunhofer regions, and found that the’ 
diffraction and stray reflection effects occurring in.the Fresnel 
region did not affect the accuracy of direction measurements. 
Amplitude measurements of the power transmitted through and 
reflected from a strip, as well as measurements of direction, are 
needed to apply the analysis given in Section 2. The work of 
Woonton*!! and of Bates and Elliott!? shows that the central 


. 
portion of the radiation pattern is substantially unaltered for 
‘some distance inside the Fresnel region, indicating that a com- 
‘parative method of power measurement would overcome any 
(possible diffraction effects. If a calibrating strip of known 
sreflecting properties is used, any diffraction effects will be 
jeliminated, because they are common to both the unknown strip 
‘and the calibrating strip. This technique is described in Sec- 
‘tion 3.3. The analysis in Section 2 assumes that the incident 
qwaves are plane at all refracting boundaries, and also that no 
‘limitations are imposed by the finite widths of strips. Sollom’s 
experimental work has justified the use of these assumptions for 
the 1cm parallel-plate spectrometer, working at normal incidence, 
wprovided that specimens are placed at the centre of the table, and 
tare at least twice the width of the aperture of the transmitting 
erial (corners and edges which might produce diffraction effects 
n be ‘masked’ with tapered absorbing wedges). A rigorous 
“examination of the application of the present method could be 
provided by an analysis using the concept of an angular spectrum 
yof plane waves, developed by Booker and Clemmow.!? : 


(3.2) Prism Measurements 


Consider the deviation, D, which is produced by a lossless 
prism, of refracting angle p, aligned for normal incidence as 
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Fig. 5.—Refraction through a prism. 


shown in Fig. 5. Snell’s law applied to the refraction at the 


‘hypotenuse gives 
: _ sings _ sin(p + D) 
sin p sin p 


(21) 


|D is negative if n < 1 and positive if nm > 1. If the prism 
‘material is lossy, Snell's law at the refracting boundary must be 
yexpressed in terms of a complex refractive index, i.e. 


et) 


: (22) 
sin p 


‘The significance of this equation has been discussed by Stratton.° 
‘Planes of constant phase no longer coincide with planes of 
‘constant amplitude after refraction (waves of this type are called 
‘hybrid’ or ‘inhomogeneous’ plane waves). The direction of the 
refracted beam (given by the normal to the planes of constant 
iphase) is still determined by n for medium-loss substances, but 
‘there is an amplitude taper across the width of the beam owing 
‘te the different path lengths travelled through the lossy medium. 
Fan. (21) can be used to determine n. The direction of the 
‘efracted beam is obtained by plotting the receiver response 
0 er 10° of arc, and defining the direction as the centre of area 
}o' the response curve. 
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(3.3) Strip Measurements 


Measurements of transmitted and reflected power are made by 
moving the receiving aerial through the appropriate arcs (Fig. 6). 


REFLECTION 
POSITION 


Fig. 6.—Positioning of the strip in the spectrometer. 


The power coupled into or out of an aerial depends on its penetra- 
tion into the parallel-plate gap. Sollom has shown that each 
aerial can be adjusted independently for maximum power transfer 
by varying this penetration. Thus, if the transmitting aerial is set 
for maximum power transfer into the empty spectrometer, the 
alterations in the path length through the strip produced by 
changes in the angle of incidence can be compensated by adjust- 
ing the receiving aerial for maximum signal. Relative power 
measurements at different angular positions are limited in 
accuracy by alterations in plate spacing and aerial penetrations 
around the circumference of the spectrometer. It has been found 
that these measurements can be made with sufficient accuracy to 
obtain results from the analysis given in Section 2 by taking 
great care in the angular alignment of the two aerials and con- 
tinuously adjusting the penetration of the receiving aerial. When 
the receiving aerial has been adjusted for maximum signal, the 
peak value of the received response is used as a basis for com- 
parison. Power-transmission coefficients are directly measured 
as the ratio of the power transmitted through the strip to that 
transmitted through the empty spectrometer. A polystyrene strip 
is used for calibration purposes in reflection measurements; this 
material satisfies the conditions for lossless transmission, and has 
a reflection coefficient comparable to those of most lossy materials. 
The power-reflection coefficient will have a maximum value for 
the 7/2 position [see eqn. (12)] given by 4r?/(1 + r)*, where r is 
the reflection coefficient of a single interface at the appropriate 
angle of incidence. For the parallel-plate spectrometer, r is the 
Fresnel perpendicular reflection coefficient, as expressed in 
eqn. (43). Curves for calibration with polystyrene (€, = 2-56) 
have been drawn of r and Riossiess (See Figs. 7 and 8). Values of 
maximum power reflected from the polystyrene strip can be 
standardized from Riossjess Computed from Figs. 7 and 8. This 
calibration can be applied to the maximum and minimum power 
reflected from the lossy strip, measured under the same trans- 
mitting conditions, to give values of Rand R for the strip. 


(4) EXPERIMENTAL RESULTS 
The technique which has just been described provides the 
most convenient method of measuring the behaviour of dispersive 
artificial dielectrics, for which the reflection coefficient is not a 
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Fig. 7.—Intensity reflection coefficient of a free-space/polystyrene 
interface (€, = 2-56), at oblique incidence. 
4/(2:56 — sin? ¥) — cosy 
re Vv (2°56 — sin? v) + cos 
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Fig. 8.—Graphs of the function Rjossiess (power reflection coefficient) 
of a lossless strip. 


Riossless = 4r2/(1 + r2)?, where r is the reflection coefficient of a single interface 
at any angle of incidence. 


simple function of the refractive index, and where the refractive 
index, reflection coefficient and attenuation are frequency depen- 
dent. Resonant-cavity and waveguide techniques are well 
established for the unique determination of ¢, and tan 6 for 
ordinary dielectrics, so that a check can be made of the spectro- 
meter method by determining the electrical constants of a lossy 
dielectric in the spectrometer and by one of the established 
methods. 

The waveguide method was chosen as the alternative, because 
of its simplicity and the availability of waveguide components. 
This method, which is fully described elsewhere, !4.15 is based on 
a measurement of , the complex propagation coefficient. An 
approximate value of €, is needed before an accurate measurement 
can be made, and this was obtained in the present instance from 
input impedance measurements made on an arbitrary length of 
sample with short-circuit and open-circuit terminations. A 
quarter-wavelength sample was then prepared for an accurate 
short-circuit measurement to obtain the value of the function 
(tanh y/)/y/, where / is the length of the sample and is desirably 
a quarter-wavelength. Values of €, and tan6 are extracted 
from this function by use of suitable hyperbolic charts. 

The best check of the spectrometer method is provided by a 
material with a large ratio of tan d/e,, and with a value of €, 
not greater than 4-0 (if €, > 4 the rate of change of ¢ with sin 
will be too slow to permit the measurement of the maxima and 


minima of reflection and transmission). Two materials wert| 
examined, namely fabric Bakelite laminate (Tufnol) and fibre i 
board (a red-coloured plastic used in insulation boards). Th 
internal dimensions of the lcm waveguide were 0-420 ijt 
x 0-170in, and the quarter-wavelength samples of the materials\) 
examined were approximately 0-060in long. The samples wert!) 
hand-finished to the necessary tolerance, +0-0005 in. Strip:|, 
were machined from the same sheets of material for use in the 
spectrometer, 10in long and 0-192in thick (spectrometer-plate \ 
spacing plus 0:005in for uniform contact), and approximatel) 
two wavelengths in depth to ensure adequate attenuation. Eacl 
material was examined at three wavelengths, rz in the waveguide. 
corresponding to Ag in the spectrometer. The parallel su 
of the strips were covered with tinfoil to ensure electrical contac 
with the spectrometer plates. It was found that additiona\” 
weight had to be applied to press the top plate down on to the 
strip to obtain consistent reflection measurements. , 
The arrangement of the strip in the spectrometer is shown it 
Fig. 6. The angle of incidence used in calculations is that ol) 
the transmitter position. Typical maximum and minim 
reflected responses for the fibre-board strip and the maximum); 
response for the calibrating polystyrene strip are given in Fig. 9 
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Fig. 9.—Maximum and minimum reflected responses from a lossy strip, 
and calibrating maximum reflected response from lossless strip. 
Fibre-board response, 
—--- Calibrating polystyrene response. 
Ao = 1°227cm. 
Fibre-board: 1:43cm thick, <¢, = 3-04, tan § = 0-13, electrical length is 2A at 29°, 
1-75 at 73°. 


Polystyrene: 2:67cm thick, e, = 2:56, tan 8 < 0-001, electrical length is 3-25 at 
36°5°, 3A at 53°. 


The minimum polystyrene response, at 7% = 53°, was more than 
40 dB below the maximum response. The corresponding trans- 
mitted responses, with the calibrating responses through the empty 
spectrometer, are shown in Fig. 10. The minimum reflected 
response has a slight double-hump effect, which was even more 
noticeable in the polystyrene minimum response (more than 20 dB 
lower). This feature can be explained as a diffraction effect as 
follows: the reflection coefficient of the strip is changing rapidly 
with angle of incidence at the minimum reflection position (the 
lower the attenuation of the strip the more rapid this change 
will be), and the wide aperture of the receiving aerial gathers 
contributions over a 10° arc of incidence angles; the reduced 
sensitivity of the aerial at angles on the response ‘skirt’ may be 
offset by rapid changes in reflection coefficient to produce a flat. 
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(Fig, 10.—Maximum and minimum transmitted responses from lossy 
and lossless strips, and calibrating empty spectrometer responses. 
Fibre-board response. 
—-— Polystyrene response. 
£ —-—-—— Calibrating empty response. 
' The angle at each response is the position of the transmitter, used as a reference, 
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Pic, 11.—Calculated and measured values of power reflection and 


transmission coefficients of a lossy strip at oblique incidence. 


—--—- Calculated values. 
Ao = 1-227cm; d = 1:43cm; er = 3:04; tan 3 = 0-13. 


or even double-humped, response curve when the aerial is in the 
minimum reflection position. 

é Complete curves of R and T for the fibre-board strip are shown 
in Fig. 11. Plots of 7/R near the 7 and 7/2 positions are given 
in Fig. 12, showing the location of the exact values of ¢, leading 
to calculation of e,. 
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Fig. 12.—Plot of the function 7/R to find the positions for exact values 
of ¢ (values from Fig. 11). 


The complete experimental! results are shown in Table 1. The 
angles of incidence at which R and R occur, ys, and ws, are 
given in row (a), and those at which 7 and T occur, 5; and 4, 
in row (b). The thicknesses of the two strips have been chosen 
so that 6/27 = 2-0 at small, and 1-75 at large, angles of inci- 


Table 1A 


RESULTS FOR FABRIC BAKELITE 


1°255cm 


(Gis) 


(a) v1, WD) 
(d) 3, by 


(f) tan 6* 


(ieee e 
(A) Calculated r 
Li hie Bis 
(J) Calculated % 


* Results obtained from waveguide measurements with a sample 0-165cm long, at 
the guide wavelengths corresponding to the values of Ap used in the spectrometer. 


d = 1-28cm for the spectrometer method. 


Table 1B 


RESULTS FOR FIBRE-BOARD 


do 1-206 cm 1-227 cm 1-255 


69° 
We 


IBS) 
Dil 


pe 
Ty 


32° 
37-5° 


AROS) 


(a) dh, WD) 
Zils 


(b) 3, bq 


(e)nepaee 
(d) «* 
(e) tan 0 
(f) tan 0* 


3-08 
0-138 
8 


3:07 3:06 | 3-06 
3-06 
0-12 


0-105 


3-04 
Re 


Sieilil 
0-132 
0-11 


0-28 
0-34 
G29% 
6°65° 


(2) sree. ae 
(A) Calculated r 


(GO) 26 Se a 
(j) Calculated % 


* Results obtained from waveguide measurements with a sample 0-179 cm long, at 
the guide wavelengths corresponding to the values of Ao used in the spectrometer. 


d = 1-43cm for the spectrometer method. 
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dence. The values of e,, tan 6, r and X measured in the spectro- 
meter are given in rows (c), (e), (g) and (i), respectively, and the 
values of €, and tan 6 obtained from the waveguide measurements 
are given in rows (d) and (f). Values of r and X calculated from 
eqns. (43) with the waveguide values of «, and tan 6 are given 
in rows (A) and (j), and are to be compared with the values 
measured in the spectrometer [rows (g) and (i)]. Graphs showing 
the values of d, r and X for the fibre-board strip are given in 
Fig. 13. 


VX) 


CALCULATED 


IR TOLERANCE 


| R TOLERANCE 


CALCULATED 


] TOLERANCE 


Fig. 13.—Theoretical characteristics of lossy strip. 
d = 1-43cm; tan 8 = 0:13; e, = 3-04. 
x. R measurements. 
o. R measurements, 


The differences between the spectrometer and waveguide 
measurements of €, are not greater than 2%. The measurements 
of tan 6 in the spectrometer tend to be lower than those in 
waveguide, the greatest difference being 15° when tan 6 ~ 0-04. 
The values of r obtained in the spectrometer are in good agree- 
ment with the calculated values, with the exception of those 
resulting from R measurements, which seem to be low (a large 
error is expected from R measurements). All the measured 
values of X are in good agreement with the calculated values. 


(5) EXPERIMENTAL ACCURACIES 
(5.1) Waveguide Measurements 


The waveguide impedance measurements were made in terms 
of the standing-wave ratio (s.w.r.) and minimum position. The 
small values of s.w.r. obtained with the short-circuit termination 
were measured by the Roberts-Von Hippel method. On the 
assumption that the error in the measurement of position is 
+0-002cm, then, from the analysis of Roberts,!5 the error in é, 
will not exceed +1:5% at rz = 1-5cm, for values of €, between 
2:0 and 4:0. For low-loss materials (tan 6 ~ 0-01), the error 
in tand will be +25°%, while for medium-loss materials 
(tan 6 ~ 0-10), it will be +10%, and will vary proportionally 
between these values. 


(5.2) Spectrometer Method | 

Errors in the measurement of comparative power level ar 
inherent in the spectrometer, and the accuracy of the metho) 
will depend on the order of accuracy of the measurement of thi | 
power coefficients. Theoretical curves of R and T for the fibre | 
board strip have been prepared from the values of ¢, and tan us 
measured at Ay = 1-227cm; these are shown in Fig. 11, togethe) 
with the measured values of R and 7. Examination of thé _ 
curves justifies the adopted calibration procedure, and shows tha, 
Rand T can be measured to within +0:02. These errors can bi) 
applied to the worst cases of interpretation of A and r fron) 
Figs. 3 and 4 for both medium- and low-loss materials. If the’ 
reflection coefficient is about 0-5, for medium-loss material}; 
T «0-09 at large angles of incidence and R + 0-30. Thusj! 
with 


T=0-09 + 0:02 and R=0-30 + 0:02, tand ~ 0-10 
+7% andr =0-48 + 0-015. Similarly, 7« 0-20 and R « 0-10) 
Applying limits of +0-02 to these values gives tan 6 ~ 0:10 + 5% 
and r = 0:42 + 0:05. For low-loss materials at large angles 07 
incidence, T + 0-45 and 7+ 0-65, R ~ 0-50 and R ~ 0-03) 
Applying the limits of +0-02 to these pairs of values gives, foi . 
T/R measurements, tan 5 ~ 0-01 + 20% and r = 0-45 + 0-02) 
for T/R measurements, tand ~ 0:01 + 20% andr =0-40 + 0-07 

Finally, considering eqns. (19) and (20), the differences betweer> 
ys, and x3, and between yf, and 4, can be read to within +1° 
or better if the angles are close together; thus, for small differences 
(i.e. X + 5°) the tolerance on calculations of X is + 0-5°, anc) 
for larger differences (X + 10°) the tolerance is +1-0°. 7 


Table 2 


ACCURACIES OF THE SPECTROMETER METHOD 


Electrical constant Tolerance 


kor }tan 6 


Limit of measurement |} 
+202 


— oO 
+7% 


+0-02 (from R) 
+0-06 (from R) 
Greater than values 

given above 


+2% (strip) | 
+1% (prism) 


For values of k between 0-1 and 0-01 the accuracy will vary) 
between +7% and +20%. The difficulties of locating and 
giving values to maxima and minima on graphs of T and R are’ 
reduced with materials whose refractive index is near unity (such 
as artificial dielectrics), or materials which have low losses. In 
these cases the maxima and minima are more sharply defined. 
The accuracies claimed for the spectrometer method in Table 2 
are seen to be justified by the results shown in Table 1 and Fig. 
13, in view of the agreement of «, and tan 6 with the waveguide 
values and the agreement of r and X with the calculated values. 


(6) CONCLUSIONS | 


The properties of all materials, including artificial dielectrics, 
can be specified by a complex refractive index and a complex 
reflection coefficient, which can be measured by inserting a strip 
of the material in a microwave spectrometer; possible ambiguities 
in the real refractive index can be resolved by using two strips 
of different thicknesses or by a separate measurement using a 
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prism. It is not suggested that the spectrometer method is a 
substitute for the established waveguide methods at wave- 
lengths above lcm. The disadvantages of the method are that 
large homogeneous samples are required, and a parallel-plate 
spectrometer must be used to ensure the required accuracy of 
relative power measurements. The accuracies obtainable with 
the spectrometer method at 1cm wavelengths are indicated in 
Table 2. It is reasonable to suggest that these should be main- 
tained at wavelengths below 1 cm, where the accuracies obtainable 
with waveguide methods fall away. The spectrometer method 
will therefore be of value at these wavelengths. 

_ A most valuable feature of the method described is that it can 
be used for anisotropic materials in which the properties 
depend on the direction of propagation. 
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(9) APPENDICES 
(9.1) The Exact Values of cp;-cpy, R, R, ii and T 
The expression for R has been given in eqn. (9). Maximum 
and minimum reflections will occur when d(R)/dd = 0. R is of 
the form (M + sin? ¢)/[N + sin? (¢ + X)], where 
a ze A)? al rs r2A2)2 
442 4A2y2 

d(R)/db =0 when (2N + 1)sin2 ¢ — (2M + 1)sin2 (6 + X) 
+2sin2X =0. This expression can be arranged as a quadratic 
equation in tan ¢. X will not be greater than 10° for medium- 


and NV = (23) 


loss materials, so that sinX ~ X and cosX ~ 1. The roots of 
the equation are therefore obtained as 
M 
tan oF — N=) : (24) 
1(N — M) 
Ca Sey an Q 
and tan $y X (MD (25) 
Suppose that R has a minimum value at 
d=, =m7+0 (26) 
and a maximum value at 
$=¢=mat ott (27) 
8 and 7 will be small, so therefore 
M 
* iyenes oes 2 
6 ~ tan @ = AD) (28) 
and since tan dy ~ — I/tanz, 
(M + 1) 
~ Sor aatientlipas 2 9 
7 ~ tant XM) (29) 


Substituting the values of M and N from eqns. (23) in eqns. (28) 


and (29) gives 


as r2(1 — A?) 
: XG — r2)(1 — r2A4) (30) 
2 
a= eats 2) (31) 


(1 — r2)(1 — r2A4) 
Similarly, maximum and minimum transmissions willoccur when 
d(T)|db =0. Tis of the form (K sin? X)/ [L + sin? (p + oh 
and d(T)|db = = 0 when — (K + sin? X)2sin(¢ + X) cos (@ + 
= 0, ie. either sin (f + X) or cos (¢ + X) = 0. 
So T has a maximum value at 


do; +X 


and a minimum value at 


(32) 


srl ii) 


(33) 


Eqns. (26)-(33) can be combined to give 


r(1 A?2)2 
| se 


bd =0+X= x1 tq 
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r(1 + A4) 
a—raa — va &> 


The relative positions of ¢;-¢4 are indicated in the phase 
diagram, Fig. 2. 

The exact minimum and maximum values of R and T are 
determined by substituting the values of ¢,-¢4 in eqns. (9) 
and (10), giving 


py — par txen i+ 


At d = Py: 5) . 
5 PG — 43 + 44? sin? 6] (36) 
(1 — r2A2)2+4 A2r? sin? (6 + X) 
At i) a $y: ) a) 
pa Pld — 47 +44 = sin?) (37) 
(= r?A2)? + 44771 — sin? ( + X)] 
At d = $3: A 22 4r 2 sin2 ] 
— atm) mate oI, 
le al os r2A2)2 oe 
At f = $4: 
Ps = At = r2)? + 4r? sin2 x] (39) 


(1 — r2A2)2 4- 4A?r2 


(9.2) The Reflection Coefficient at the Interface of a Lossy 
Material 


The reflection coefficient will be considered for the case of 
perpendicular polarization only (where the direction of the electric 
vector is perpendicular to the plane of incidence), because the 


<aunnsnanibcamanenanaeaaeegmannammnaanal 


parallel-plate spectrometer is designed to work with thi 


polarization. aI 
Stratton5 gives the following expression for the refiectio) 
coefficient at the interface of a dielectric material: 


ee 4/(n* — sin? yb) — cos ys 
1 V(r? — sin? f) + cos xs 
For a lossless dielectric, nm = n, giving 


_ V/(r? — sin? fb) — cos 
f ~ a/(n2 — sin? fs) + cos 


For a medium-loss material, m = n(1 — jk), where k + 0-1 


giving f 
ea 

= yb) + cos 

2n?k : 

where X = arc tan Cc = DV? — sin? | decom 


i.e. r = ré—J%, where r is evaluated as though the material wert 
lossless. This form of expression has been used for the reflec) 
tion coefficient in the analysis given in Sections 2 and 9.1. Fo 


ordinary dielectric material, 


_ Ve, — sin? fs) — cos 


r= Eth 
/(e, — sin? ys) + cos % 
fi: e, tan 6 f 
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SUMMARY 


The normal procedure of impulse-testing insulation involves the 
average of a series of similar tests and the determination of the per- 
centage breakdown at a given impulse ratio. The basis of this pro- 
cedure involves the properties of a series of Bernoulli trials, the out- 
come of each trial being either breakdown or non-breakdown of the 
insulation tested. These properties, which are of a statistical nature, 
are analysed, and the results expected for various types of insulation 
and impulse waveshape are given and compared with existing experi- 
mental data where possible. The probable outcome of a series of N 
impulse trials is shown to have a binomial distribution, and estimates 
‘of the errors involved are given. The effect of sample variation which 
applies particularly to tests on solid insulation is also treated briefly. 

The paper provides a statistical background against which the 
results of impulse voltage experiments may be judged. 


LIST OF PRINCIPAL SYMBOLS 


I = Rate of appearance of electrons, etc., in the insulation. 
N = Number of impulse trials in a given test. 
n= Number of trials resulting in breakdown in time 
t—¢-+ ot. 
_ P(@) = Probability that breakdown occurs within time ¢. 
' p = Probability of breakdown for a trial at impulse voltage 
Vz. 
p = Mean or expectation of p. 
Sy = Number of breakdowns in N trials. 
t,, t2 = Times corresponding to V = Vo. 
V = Impulse voltage. 
Vy) = Threshold voltage, below which A = 0. 
W = Probability that an electron, etc., causes a breakdown. 
A = IW = Mean rate of occurrence of breakdown initiating 
events. 
o = Standard deviation of p = (Variance p)!/2. 


(1) INTRODUCTION 

The procedures adopted to determine the electric strength of 
breulating material, either alone or in assembled equipment, 
when subjected to impulse voltages are unlike those of most 
electrical measurements. The techniques have to allow for the 
fact that the impulse voltage is of a transient nature and that 
frequently a measurement cannot be repeated under identical 
conditions because of a change or even a failure of the test 
object. The impulse strength has to be decided on a statistical 
basis from the breakdown results of a given series of impulse 
applications either on a single test object or on a series of objects 
which are as uniform as possible, the reliability of the final 
estimate of the strength depending on the number of tests per- 
fermed. The mathematical basis and the significance of the 
properties of this method of testing are not widely appreciated. 
te object of the paper is to outline the statistical nature of 
in-pulse testing so that practical results may be judged against a 


“correspondence on Monographs is invited for consideration with a view to 
pt lication. 
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statistical background. The separation of the statistical effects 
from the more physical processes of the actual breakdown dis- 
charge is important in the interpretation of such experiments. 
The analysis given uses a model which involves certain assump- 
tions regarding the breakdown process. At present, this model 
appears to be definitely applicable to gas breakdown, and is 
also the likely model for impulse breakdown of pure liquids. 
Whether such a model is also applicable to certain forms of 
solid breakdown is not certain and must await further experi- 
mental evidence. 


(2) THE NATURE OF IMPULSE TESTS 


The aspects of impulse breakdown measurements which are 
important for the present discussion are as follows: 

(a) The outcome of a particular impulse voltage application 
to a test object has two possibilities, namely breakdown or non- 
breakdown, which might be termed success and failure, respec- 
tively. The probability of success, i.e. breakdown, is dependent 
on the duration and magnitude of the impulse voltage and also 
on the nature of the test object. Tests or trials of this sort 
which have two mutually exclusive outcomes of success and 
failure are termed Bernoulli trials, provided that they are inde- 
pendent.! A considerable portion of the theory of probability 
is concerned with trials of this sort and with the formulation of 
the statistical laws which are obeyed. We expect, therefore, 
that a series of impulse measurements will conform with the 
statistics of Bernoulli trials. 

(6) A reliable impulse measurement can be obtained only 
from a series of similar impulse voltage applications, ie. a 
series of trials or sampling operations. Such a measurement is 
different from those with direct or alternating voltages because 
the impulse voltage, of short duration, acts as a sampling probe, 
whereas continuous voltages provide monitoring of the test 
object over long periods. Theoretically, however, this difference 
disappears since direct voltage can be considered as an impulse 
of infinitely long duration. If a given impulse trial is to result 
in success, the breakdown must occur within the duration of the 
impulse, which may commonly be less than 100 microsec. Success 
will depend on the breakdown time-lag, therefore, and it is 
possible to apply an impulse at a voltage considerably above the 
direct or alternating voltage level without breakdown. 

(c) Since an impulse measurement requires a series of similar 
trials for reliable interpretation, the effect of previous trials on 
a particular trial is important. Although this cannot be dis- 
cussed generally, two main categories of breakdown may be 
distinguished, namely breakdown in insulants which are self- 
healing (gases and liquids) and in insulants which are damaged 
irrevocably (solid insulation). Insulants in the first category 
are frequently easy to test, and a series of Bernoulli trials can 
often be obtained, as, for instance, for a spark-gap in air. On 
the other hand, a test of a porcelain insulator in which puncture 
occurs is in the second category, since further tests must be made 
on a fresh insulator. This introduces the variation between 
insulation samples and reduces the overall accuracy of any 
estimate of impulse breakdown strength. 


[27] 
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(3) THE BREAKDOWN MECHANISM 


The breakdown time-lag, which is the time between application 
of an impulse voltage and the collapse of voltage across the test 
object, can be divided into two intervals—a period up to the 
appearance of an initiating event which begins the breakdown 
process and then a further formative period during which the 
breakdown develops. The initiating event, which may be the 
appearance of an electron in a favourable position in the insula- 
tion, may be assumed to occur randomly in time and to be 
subject to statistical fluctuations, so that this period is referred 
to as the statistical lag. It is the randomness of this time-lag 
that causes impulse testing to depend on probability theory. 
Although the initiating events occur randomly, they will have a 
mean rate of occurrence A which might be assessed in a hypo- 
thetical experiment by counting over long periods of time. 

The formative time-lag depends on the nature of the break- 
down process, and its duration may change considerably with 
test conditions. In general, it will decrease with over-voltage 
and may be subject to fluctuations also.? It is clear that a 
breakdown cannot occur earlier than the formative time, but in 
certain cases, and especially for gases at large over-voltages, it is 
possible to ignore the formative lag in comparison with the 
statistical lag, as in the analysis of the next section. A further 
discussion on the formative lag is given in Section 7. 


(4) THEORETICAL BASIS 


(4.1) Step-Function Voltages 


Suppose that a test object is subjected to a step-function 
voltage, namely a voltage which, applied instantaneously at 
time ¢ = 0, remains constant for t > 0, having a magnitude V. 
Provided that V is greater than a certain threshold value Vp 
(Fig. 1) breakdown will occur. Assuming that A is of the same 


VOLTAGE , V 
oo 


TIME 


Fig. 1.—Test impulse voltages. 


(@) Step-function voltage. 
(b) Impulse V = E(e—%t — -— 2h), 


form for each of a series of N trials, N being large, the probability 
P(t) that a breakdown should occur within a time ¢ can be 
determined as follows. The number of trials, n, that result in 
breakdown in the interval t — ¢ + 6r is, by definition, 


n= N[P(t + 8¢) — PO] 
which, in the limit, becomes 
TN DOr oe att ee ent 
n= N[ lS POPOars Oa. a, = ea) 


whence, from eqns. (1) and (2), we find after integration that 


Also we have 


Payee es | - Joa since PO) =0 . (3) 


Combining eqns. (2) and (3), 7 may be expressed in the form 


t 
n = NAexp E | nat | d. «. oi ai 
0 


} 
Provided that A= 0 a trial must always result in breakdowi) 
since P(t) + 1 as t-> 00. The above equations have frequenth) 
been applied to measurements with approximate step-functiol) 
voltages for which A may be considered to be independent Oo} 
time (see references cited by Saxe and Lewis*). Importan: 
deductions concerning the nature of A can be made in such cases; 
since it is not difficult to show from eqn. (4) that the mean tim) 
lag for a large number of measurements is equal to A adi 
that the standard deviation (Appendix 14.2) is also equal to A~!) 
Such estimates can then be related to mechanisms of clea 
emission in the spark-gap under test.45»© However, the presen} 
paper is not primarily concerned with this aspect of impuls: 
breakdown, and full accounts can be found in the literature cited 


(4.2) Finite Impulse Voltages 
The usual test impulse voltage can be written as 


V = Efexp (—at) — exp (—Bd)] with Bs « 


V now varies with t, and it is not possible to assume that A i! 
constant as above, since generally A will be a function of V. A: 
discussed in Section 5, A will be zero up to a threshold voltag 
V, and will then increase as V increases above this value. Thu 
referring to Fig. 1, we may deduce from eqn. (3) that the proba 
bility of a breakdown for a particular impulse test, i.e. th 
probability p of success in a trial with impulse voltage V i 
given by 


= 1 — exp | i oat | ceteat) “teas (5: 


; 
in which ¢, and f, correspond to the condition V = Vo. 18 
result already has practical significance since it states the expectec’ 
number of breakdowns in a large number of tests. It is, foi 
instance, the spark-over ratio for a sphere spark-gap in ail 
tested with the given impulse. Eqn. (5) will be discussed more 
fully in Section 6. 


(5) THE INITIATING EVENT 


The parameter A has been defined as the mean rate of occur-| 
rence of breakdown initiating events. This definition visualizes! 
an ideal experiment in which breakdown initiation can be 
recorded without the necessity for any further stages in the break. 
down process; the test object recovering instantaneously after 
such an event. In practice, a continuous recording of these 
events is impossible because of the attendant breakdown, and ¢ 
series of impulse trials as in Section 4 must be employed. The 
nature of this parameter, which is voltage dependent, wil. 
obviously depend greatly on the insulation under test, and car 
only be determined when the mechanism of breakdown is fully 
understood. i 

Only gases have been studied extensively, several investigator: 
having discussed? the nature of X. In an early treatment 
von Laue’ considered that A consisted of the product of thr 
factors: I, the number of primary electrons per unit time producec 
in the gas volume under stress between the electrodes, w, thi 
probability that an electron appeared in a region suitable foi 
spark initiation and wy», the probability that the initiation did 
in fact, occur. The factors, w, and wy», are really an artificia 
division, and we may consider that A equals J W, in which W 
the probability that an electron causes breakdown. Both J anc 
W may vary with voltage V and possibly with time also. The 
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magnitude of J will be related to the degree of irradiation, 
whether natural or artificial, and when the field is sufficient, it 
will be augmented by electron emission from the cathode, thereby 
‘becoming dependent on V. On the other hand, W will be zero 
ibelow the threshold Vo and will then increase with increasing V, 
finally becoming unity. It has been possible’? to calculate W 
and to give the voltage characteristic for some ideal cases. Such 
ia characteristic is shown qualitatively in Fig. 2. If J remains 


O° Vo Vv 


Fig. 2.—Typical variation of W with voltage V. 
This is also the shape of the A curve when J remains constant. 


‘constant, this Figure, to a different scale, also gives the form of A 
and would be applicable, for instance, to a sphere spark-gap in 
jair at atmospheric pressure (Section 6). For highly compressed 
eeses!? and for small electrode spacings* 5»° the cathode field 
iis great enough (greater than 5 x 10* volts/cm) to cause electron 
emission. This component of J, which will supplement that due 
fie natural causes, may be expected to increase exponentially 
with the voltage V, producing the characteristic shown in Fig. 3. 
‘Both types of characteristic will be discussed in Section 6. 


\[=W(1,+15)] 


Vv Vv 


Fig. 3.—Variation of A with V when J is field-dependent. 


I=, + Ib, where J; is field-dependent and J) is due to external irradiation. 


When the field becomes very non-uniform as in a point-plane 
or rod-gap arrangement, the limits of W are likely to be extended 
over a very much greater voltage range, and probably W will 
approach unity only asymptotically. There would be a corre- 
sponding effect on A, but the general shape of the characteristics 
(Figs. 2 and 3) would not be seriously altered. 

For liquid and solid insulation no clear picture of the nature 
“: A has yet emerged. From work on the statistical time lag of 
pare liquids in the author’s laboratory it would seem that the 
breakdown process is similar to that for gases and that we may 
eestulate A = JW with a significance as for gases. It also seems 
li ely that insulating oils come into the same category if the 
definition of I is broadened to include initiations by ionic 


impurity, by dust particles and by ionization in gas bubbles in 
the oil. Figs. 2 and 3 are then still applicable to illustrate the 
conditions in which A is dependent or otherwise on the applied 
voltage. Since the breakdown fields may often be as great as 
10° volts/em, dependence on voltage is much more probable 
than in gases. 

A complicating factor which would involve a different statistical 
behaviour and prevent the application of the present analysis is 
the possibility of a significant formative time lag. If this lag is 
constant it may easily be accounted for as in Section 7, but if it 
fluctuates and is voltage dependent in a complicated way, the 
results in the paper may not apply. These reservations, which 
may hold for some tests on liquids, are even more applicable to 
solids. Breakdown phenomena in solids appear to involve 
several distinct mechanisms!! and are complicated by formative 
time lags which can be much larger than the statistical one. In 
some cases, as reported by Whitehead,!? tests on homogeneous 
insulation under intrinsic breakdown conditions have yielded 
very short time lags (10~’sec) which could be related to large 
values of A. If, under the high breakdown stress (10° 
10’ volts/em), a considerable number of free electrons arise in 
these materials, then with J large, W need not greatly exceed 
zero. The result would be an impulse ratio V/V close to unity, 
as has indeed been observed. However, these are special cases, 
and for the majority of solid insulating materials including the 
insulants of engineering importance in which voids and other 
non-homogeneous regions may exist, the present statistical 
model for the time-lag distribution may not apply. 

Lastly it should be noted that, for both liquids and solids, the 
discharge following a breakdown impairs the insulating property, 
destroying it altogether in the case of solid insulation. This 
prevents further tests on the same sample. Thus, a series of 
tests is complicated by the variations in samples and a further 
variable is thereby introduced. The effect of this extra yariable 
will be discussed briefly in Section 10. 


(6) THE PROBABILITY OF BREAKDOWN 


We now return to consider equation (5) for a typical case of 
gas breakdown in which J is determined by natural causes. 
Suppose that the peak value of the impulse is greater than that 
required to attain the condition W = 1, then to a good approxi- 
mation we may write A = J over the range f¢,-t, in eqn. (5), 
or alternatively we may assume that A is independent of voltage 
over this range. Eqn. (5) then becomes 


pl Shes). naar) 


Fig. 4 shows values of p computed from eqn. (6) for 0-5/5 and 
1/50microsec impulses at various impulse ratios V/Vo corre- 
sponding to over-voltages V-Vp. These results indicate the 
sensitiveness of p to both J and the waveshape. Since the 
approximate form eqn. (6) has been used, the results will tend 
to become inaccurate at small values of p corresponding to small 
over-voltages. In this region, shown by dotted lines beginning 
at Vp in Fig. 4, W increases from zero up to unity. The foot 
of the probability curve will be determined by the variation of 
W and will be prominent when W extends over a wide range as 
might particularly occur for non-uniform field distributions. 
The theoretical results (Fig. 4) are strikingly supported by experi- 
mental evidence given in the papers by Garfitt,|> Meek!* and 
Ganger.!> These authors investigated the impulse breakdown 
of sphere-gaps in air and the physical factors which influenced 
the scatter of measurements without always paying due regard 
to the statistics involved. For instance, Meek indicates a linear 
relationship between percentage breakdown p and voltage V, 
although his experimental observations fit curves similar to 
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Fig. 4.—Dependence of the probability of breakdown on 
over-voltage. 
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Fig. 4. The results given by Garfitt and Ganger and the addi- 
tional results by Miranda!® are also in close agreement with 
Fig. 4. All these authors find that increased irradiation I 
causes the experimental probability curves to move to lower 
voltages and to become steeper, which is again in agreement 
with the theoretical deductions here. Fig. 5 shows a typical set 


0-75 


0:25 


i A 
80 85 90 95 100 


105 0 115 
IMPULSE BREAKDOWN VOLTAGE, kV 


Fig. 5.—Dependence of breakdown probability p on over-voltage. 


Results obtained by Meek for a 3-0cm gap between 12:5cm diameter spheres. 
_ @, (©) and (c) Positive 1/5 microsec impulse wave. Effect of decreasing amounts of 
irradiation, i.e. reduction in J. 
(d) Positive 1/5 microsec wave. 


iti ‘ Gap unirradiated. 
(e) Positive 1/500 microsec wave. 


Gap unirradiated, 


of results as obtained by Meek.!4 The effect of waveshape is 
shown most clearly by the results given by Garfitt.!3 As expected 
from eqn. (6), the condition p = 0-5 is found to move to higher 
voltages as the wavetail falls to half value in a shorter time, but 
more significant is the fact that a similar effect is found as the 
slope of the wavefront decreases. Since an increase of wavefront 
duration increases t, (Fig. 1) there will be a corresponding 
decrease in p for a given voltage level. Thus the explanation 
given by Meek,'* that the slower wavefront sweeps ions from the 
gap and so gives higher impulse breakdown voltages, may not 
be entirely correct. 

There seems to be little relevant information concerning gas 


breakdown between electrodes other than spheres. Miranda! b 
gives a characteristic for six condenser bushings in parallel an 
states that additional irradiation does not affect the~ results|) 
showing that J was naturally large, probably as a result oO} 
corona and surface discharges. The shape of the characteristi: 
was similar to those in Fig. 4. Most of the reports for rod-gap i 
and various forms of line insulators!?: 18 give information fo) 
the condition p = 0:5 only, and not the full breakdown charac} 
teristic. However, judging by the large discrepancies frequently, 
occurring in measurements from different sources, a statistical) 
influence was almost certainly present. 

For very small gaps*5>® highly compressed gases!° “I 
many pure liquids,'? J will be dependent on V, as in Fig. 3) 
The breakdown characteristic will now be similar to that fo: 
large values of J; in fact there may be an abrupt increase in j 
from small values corresponding to the foot of the W curve uj 
to nearly unity at slightly higher voltages. The test object woulc 
show a distinct impulse breakdown value with just a smal) 
probability of breakdowns below this value. These low value; 
might be attributed, in practice, to inconsistencies, but woule 
really be the expected result of a consistent series of trials.’ 
Experimental evidence concerning this exists for pure hydro} 
carbon liquids,!? in which there is a clear distinction betweer) 
breakdown and non-breakdown. | 

For certain forms of solid insulation, abrupt changes betwee1 
the conditions p =0 and p =1 have been reported which) 
would be in agreement with eqn. (5) when the exponent is large 
In extreme cases even when W is small, A is still large and p is 
close to unity, giving an impulse ratio which is also near unity." 

It is relevant at this stage to comment on the effect of choppec 
waves as frequently used in tests on transformer windings 
Suppose that the duration of the chopped wave is 7, eqn. (5: 
can be written as 


f 


as . 
p=1—e| ~ f roar | . ) a 


Unless the chopped wave is accurately controlled and consistent 
erratic results may be obtained. Ifa rod gap is used for chopping 
T is ill defined, and this will cause p to vary considerably from} 
test to test and no consistent result may appear. Circuits whict 
control the chopping time T have been introduced.2° 


The formulae developed so far have neglected the possibh 
effect of a significant formative lag. This represents a dead time 
following the attainment of the condition V= Vo. If th 
formative lag is constant, eqn. (5) may be employed by sub: 
stituting a time ¢;, instead of t,, where the interval 1; — t; 
represents the formative lag (Fig. 1). This is equivalent tc 
stating that W departs from zero, not at time ¢, but at t. Ie 
gases, formative time lags greater than about 1 microsec eS 


(7) EFFECT OF THE FORMATIVE TIME-LAG 


observed only when the over-voltage is less than a few per cent,’ 
so that it is safe to assume that the formative lag in gases will be 
appreciably less than 1 microsec for all impulse measurement: 
having engineering usefulness. A similar condition appears tc 
apply also to impulse breakdown of liquids unless the over: 
voltage is very small. In these cases, the reduction of the interva. 
of integration required in eqn. (5) can be neglected whenever 
the over-voltage is greater than a few per cent. . 

In the case of solid breakdown, the formative time lag canno’ 
be included in the analysis in such a straightforward manner 
Experimental evidence!!! indicates that the time lag might be 
very short (< 10~7sec) or very long (several microseconds) ever 
under conditions of intrinsic breakdown. If the formative lag 
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varies in a complicated way with over-voltage or is subject to 
the random fluctuations between large and small values or is 
in any way dependent on the previous history of the sample, 
the time lag distribution specified by eqns. (3), (4), and (5) will 
not be realized. | 


(8) ACCURACY OF MEASUREMENT 


Assessment of experimental breakdown probabilities should 
include the fact that frequently they have been obtained from 
comparatively few trials. For instance, Meek!4 uses only ten 
trials to obtain a particular value of p, while Ganger!5 uses 50. 
In some cases there is no indication of the number of trials 
involved.!7)!8 The theory developed so far has been based on a 
large number of trials, but whenever the number is small there 
is a definite and computable expected error which is quite 
distinct from error arising from any lack of precise experimental 
control. 

The definition of the probability of breakdown p [eqn. (5)] 
is based on the intuitive argument that in a large number, N, of 
andependent but identical trials, the number of breakdowns will 
be pN. In practice N must remain finite and frequently is a 
‘small number less than 100. With such a condition, an estimate 
sof the accuracy with which p might be determined is required. 
‘This is important in determining the significance of impulse 
‘measurements in general, and particularly so when only a few 
‘oreakdown trials are possible, as often happens when testing 
equipment involving solid insulation. 

Let Sy be the number of breakdowns in N trials, each trial 
having a probability p for breakdown. The probability that 
‘Sy =k is given by the well-known binomial distribution,! 
mamoely 


} 


N 
P (Sy =H =(, )pspN* . . = ®) 
‘This distribution has the expected mean value pN and a standard 
(deviation [p(1 — p)N]!/2. It is possible to replace the binomial 
distribution by an asymptotic form involving the normal distri- 
‘bution! which is more convenient for computation. 


k — pN 
[pd ora ans) 


fin which ¢(x) = (27)~'!/2 exp (— x?/2) is the normal density 
‘function. Although this is an asymptotic formula, the accuracy 
fis surprisingly good even for small values of N. The estimated 
value of p from a test will be Sy/N, resulting in percentage 
(distribution curves as shown in Fig. 6. 

If N is kept fixed, the standard deviation becomes a maximum, 
having the value }N~—!/2 when p = 0°5, i.e. the maximum dis- 
‘persion occurs at the 50° breakdown point. This is important 
since the usual specifications for impulse testing adopt this 50% 
icriterion, and it would seem that it is not ideal since a 90% 
icriterion, say, could be obtained to the same accuracy with 
‘fewer observations. If due regard is paid to the slope of the 
‘P/V curve (Fig. 4) it will be seen that this is not necessarily true 
since p is less sensitive to voltage change in the neighbourhood 
iof the 0-9 point. It is, however, true that optimum conditions 
imay not be obtained with a 50% criterion if the slope of the p/V 
‘curve does not change greatly between, say, the 0:5 and 0°8 
ipcints. 

Conclusions concerning the accuracy of results can be obtained 
jir-an alternative and more useful way as follows: We wish to 
establish the probability with which the estimated value of p, 
i Sy/N, may differ from the true value by less than an amount 
% say. Alternatively, we wish to know the requisite value of N 


Thus P,(Sy =k) ~[pU — PN} 44 
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Fig. 6.—Distribution of the estimated value of p. 
The possible error in the estimate decreases as | p — 0-5| increases and as N increases. 


such that the difference 7 has a probability greater than «, say. 
The formal statement is 


P,( 


Using eqn. (9) it may be shown (Appendix 14.1) that eqn. (10) 
is approximately equivalent to 


N 1/2 


in which M(x) is the normal distribution function 


(10) 


a <1)>e 


(11) 


x 
Qz)ai? | exp (— 4y*)dy 

Ls ‘ 
As an example, suppose a value p = 0:9 or a 90% breakdown 
ratio is to be attained with an error of less than 5% at a con- 
fidence level of 95%. Thus 7 = 0:05 and « = 0-95, and from 
Tables?! of the function ®(x) we find that N ~ 140. However, 
if a ratio of 50% is required with the same tolerances, N ~ 400. 
Again, for a ratio of 50% the likely error [with a 95% confidence 
level and using the exact eqn. (21)] is 9:3% for N = 100 and as 
great as 26% for N= 10. Since practically all the results 
reported by Meek!* have been obtained with N = 10, it is not 
surprising that a large degree of scatter was found. Less 
statistical error will occur in the results of Ganger!> since he 
used N = 50. A similar comment may be made concerning 
many other impulse breakdown results. It is suggested that 
reported differences in impulse measurements by various workers 
may be due, not to lack of control in the measurements as so 
often supposed, but merely to a property of the statistical pro- 
cesses involved. A realization of this might allow more correct 
interpretations, especially in those cases where very few trials 
are possible. 


(9) NUMBER OF TRIALS BEFORE BREAKDOWN 


It may occur that a sequence of trials will not cause break- 
down. If, for a particular measurement, the total number of 
trials is small, it is possible that a breakdown will not occur, 
thus giving a false impression of the impulse strength of the test 
object. It is therefore useful to know the probability for a given 
number of successive trials not resulting in breakdown. 


The probability that the first breakdown in a sequence occurs 
on the mth trial is p(1 — p)™~!, and the probability of a break- 
down not occurring in the whole sequence is (1 — p)*. This 
latter probability is shown as a function of N for various values 
of p in Fig. 7. If N = 10, there is a significant probability of 


PROBABILITY OF NO BREAKDOWN 


Fig. 7.—Probability of breakdown not occurring in a sequence 
of trials. 


not recording a breakdown when p < 0-25 and this probably 
accounts for the frequent omission of results at the lower end of 
percentage breakdown curves.'4 There are also more far- 
reaching effects which will occur when V < 10, in measurements 
where the impulse breakdown strength is determined by a set of 
N trials at a particular voltage level followed by similar sets at 
increasing voltage levels until breakdown occurs. Standard 
specifications invariably involve such a procedure. Measure- 
ments made in this way can give a false idea of the statistics 
involved, since the procedure tends to reduce the natural scatter 
in results and to raise the breakdown level. A full discussion of 
this, which concerns the statistics of test sequences, cannot be 
attempted here. 


(10) TEST SAMPLE DISTRIBUTIONS 


It is frequently impossible to test identical samples in a series 
of trials because either breakdown ruins each sample or, if 
breakdown does not occur, each trial by a process of fatigue 
alters the insulation properties.'2 Thus, instead of postulating a 
constant value of p in a series of trials, we have to consider that p 
itself has a probability distribution for the samples tested. The 
distribution may assume a variety of forms, and if fatiguing 
occurs, the theory of test sequences will be involved. In the 
present treatment fatigue is not considered and only sample 
variation is included, i.e. it is assumed that the p/V curve for 
each sample varies in position along the voltage axis. The N 
trials at voltage V then have breakdown probabilities p,, p>... Dy, 
and we need to consider the sum S, (the number of breakdowns 
in N trials) as in Section 8. As shown in Appendix 14.2 the 
useful parameters of the distribution of Sy, namely the expecta- 
tion and the variance, are 


E(Sy) = Dr ; (12) 


Var (Sy) = sip) = oe 
1 1 

The p; terms will themselves have a distribution with a discrete 
frequency distribution function f,(p,) such that, in the N trials, 


(13) 
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} 


Nf,(p,) will have the breakdown probability p,. Thus, from) 
eqns. (12) and (13), 
and Var (Sy) = N[Shp — Dip] = ME) — EO) | 

(15), 


If the distribution of p has a mean value p and a standard) 
deviation o, then, from eqns. (14) and (15) and Appendix 14.2, 
) 


E(Sy) = Np . (16), 
Var (Sy) = N[PU — A) — 07] a7) 


which revert to the results given in Section 8 when o = 0. It 
should be noted that the above results have been obtained 
without knowledge of the distribution function of Sy which 
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of p from Sy. 
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vill now no longer be of strict binomial form, although the 
jeviation will be small if o is small and the estimates of probable 
srror [eqns. (10) and (11)] could then be used. If values of E(Sy) 
ind Var (Sy) can be found from tests, both f and o for the 
amples tested may be estimated using eqns. (16) and (17). In 
zeneral, for this type of testing, N will not be large since the 
yumber of samples will be limited and the accuracy will then be 
small. As examples of the results to be expected and of the 
yecuracy with which the sample distribution of p may be obtained, 
sertain discrete distributions of p have been assumed, and the 
sorresponding estimates of the distribution have found from 
eqns. (12), (13), (16) and (17). The results are shown in Fig. 8. 
in this Figure histograms representing the actual distribution of 
9 among the individual samples of a given test series have been 
assumed. With these histograms, the expectation and variance 
of Sy can be found from eqns. (12) and (13). If the distribution 
of Sy is now assumed to be normal, S,/N can be drawn as in 
ig. 8. At the same time, using eqns. (16) and (17) the estimated 
mean and standard deviation of p can also be found. Assuming 
normality once more, the distribution of p has been super- 
smposed on the original histograms in Fig. 8. The asymmetric 
listributions of p probably occur frequently in practice where 
ittempts are made to produce consistent test samples by con- 
wolled preparation. Lapses in control will tend to produce a 
sroportion of samples having lower strengths and therefore 
arger values of p at a given voltage. Estimates of o from 
exalts of Sy as in Fig. 8 will be inaccurate unless the sample 
variation is actually large, but a useful guide to this variation 
van usually be obtained. On the other hand an estimate of the 
wnean, p, can be obtained with reasonable accuracy especially if 
approaches unity (see Section 8). 


(11) CONCLUSIONS 


' The treatment given has been designed to show, first, that all 
/npulse tests are dependent on the basic points given in Section 2 
‘ad embodied in eqn. (5), and secondly, that there are definite 
sults to be expected from this type of testing which are of a 
\tatistical nature and distinct from any physical properties. The 
timates of scatter to be expected when the number of trials is 
ymall [eqn. (10)] and the probable number of trials before a 
teakdown occurs (Section 9) provide a useful background in 
sessing the significance of experimental results. Probability 
eory is particularly applicable in the standardization of impulse 
joltage measurement with sphere-gaps!?: 4.15 and confirms the 
mportance of irradiation and the effect of waveshape. 
_ There are further applications of the theory which have not 
een investigated. For instance, the effects of particular test 
‘rocedures should be assessed. The statistical results will be 
nodified if tests are made in which a chosen number of trials 
“re made at each of several increasing voltage levels until break- 
‘own occurs or in sequential tests in which the voltage level 
ra particular trial is determined by the outcome of the previous 
‘ial. The statistics will also be modified in tests in which fatigue 
ccurs. The outcome of a trial then depends on the history of 
vials. Impulse tests on solid insulation are very likely to come 
oto this category. The investigation of such statistics would be 
complicated but worth while in providing a basis on which 
«perimental results might be judged. 
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(14) APPENDICES 
(14.1) Probable Error in Estimates of p 
Let us consider the probability that Sy should lie between the 
limits « and f. 
This is equal to the sum of the probabilities that Sy = k, 
where «< k< f. Using eqn. (9) this may be stated as 


k= 
P, (a@< Sy< B)~ [Nol — I? YS ded) 


in which (x) is the normal density function (277)~ '/? exp (— x?/2) 


and X_ = (k — Np)[Np( — p)]~ 1? . (18) 
2 
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Replacing the summation by the integral which it approaches 
asymptotically, 
B+4 
$(x)dx = D(xg 44) — 
Xq—4 


P.(a< Sy< fp) ~ D(xz24) .. 19) 


where (x) is the normal distribution function f goodx = = 


(27)~ 1/2 few 4y*)dy. Eqn. (19) is a statement of the 


De Moivre—Laplace limit theorem. 

Comparing ‘the limits «, 6 with the corresponding limits in 
eqn. (10) we have « = N(p — 7), B = N(p + 7) so that, using 
eqn. (18), eqn. (19) can be written 


ts (2 -P Ane “hae +t 
Nips ae Ne -; 
% ot Np ce Sa OTe zs al rege see 
since O(— x) = 1 — D(X). 
Thus, combining eqns. (20) and (10), 
Ny +4 
lhe ae = aa > F(« + 1) (21) 


From this equation, if N, p and « are known, 7, the probable 
error in the estimate of p, may be computed from Tables?! of 
D(x). 

A less exact form of eqn. (21), which becomes more accurate 
as N increases and is much easier to use in cases where N has 
to be computed for given values of p, 7 and «, is 


Ny 
which corresponds to the Laplace limit theorem.! 
(14.2) Expectation and Variance 


Probability distributions are conveniently described by 
certain parameters of the distribution, of which the expectation 


or mean and the variance are most important. Let us suppose 
that a random variable X assumes the discrete values x1, X2, . . ‘I 
with probabilities f(x,), f(x2),..., the expected value of X is) 
defined by 

E(X) = Xf(x)x; = * : 


the summation being made over all possible values of the variable 
Obviously by definition we also have the second moment 


E(X2) = Df(x))x? 


os) 

It is convenient to introduce a new variable X¥ — xX, which 1 iy) 
the deviation from the mean and which has the property 
E(X — x) =0. The second moment is not zero, however, sinc¢: 


E[(X — £)?] = Di)? — 2x,% + X4) 
= H(X?) = x7 


This second moment is termed the variance of X and therefore h 
Var (X) = E(X?) — x? = o? 


The positive square root of Var (X) is a, the standard deviatios! 
of X, and is a measure of the dispersion of the distribution abou” 
the mean. 

In Sections 8 and 10 we are interested in the sum, Sy, a. 
random variables, X;, X>,..., Xv, and it is not difficult to show) 
provided that X;, X>, etc., are mutually independent, that 


N if 
(Sy) = DEX) (25) 


and Var (Sy) = 3) Var (X) (26. 


X; is a random variable corresponding to a Bernoulli trial an) 
assumes the values zero and unity with probabilities 1 — }) 


and p;. Therefore, from eqns. (22) and (23), E(X;) = E(X; A= = PF 


and from eqn. (24), War (X) = p,(1 — pj). Substitution if 
eqns. (25) and (26) gives | 
N 
E(Sy) = DP; 
N 
Var (Sy) = pj — p)) 


If py, Po, etc., are all equal to p, then E(Sy) = Np and Var (S) 
= Np(1 — p) as in Section 8. 
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SUMMARY 


_ Lack of agreement between published values of the thermal properties 
f high-voltage insulants necessitates the development of relatively 
‘mple methods for their measurement. Transient methods for the 
‘termination of the thermal diffusivity of solids and thermal con- 
uctivity of fluids are described, with examples of their use and an 
timate of their accuracy. Allowance is made for anisotropy in the 
ase of solids. Suitable methods for determination of specific heat 
ve discussed, and the importance of the rate of change of density of 
‘guids with temperature is stressed. 


LIST OF SYMBOLS 


k = Thermal conductivity of solid or fluid, watt per 
deg C-in. 

« = Thermal diffusivity of solid or fluid, rad?/min or 
in?/sec. Suffixes z, r and c indicate value in axial, 
radial and circumferential directions, respectively, 
for solid cylindrical specimens. 

p = Density of solid or fluid, 1b/in?. 

c, = Specific heat per unit mass of solid or fluid, joules 
per degC-lb. 

9, = Specimen surface temperature for time t < 0, degC. 

@, = Specimen surface temperature for time t > 0, degC. 

@ = Temperature at point considered in solid or fluid, or 
along fine wire, degC. 

t = Time, min or sec. 

A = Function (numeric) of position of point in solid 
= F(r, z), say, for cylindrical specimen. 

B, = Function of overall dimensions and material diffusi- 
vities for solid specimen. 


2 
Ee) =F ace | for a hollow cylindrical 
c 


specimen, axial length 2c. 
First root of the equation 


Jo2)¥o(2x) — Jo( “2x ) Yo(x) == 


Vj 


i 


I 


xy 


Jo, Yo = Bessel functions of the first and second kind, 
respectively, zero order. 
B,, B, = Functions (per minute) as B,, but for axial lengths 
2a and 2b, respectively. 
.a, b, c = Half-axial lengths} of hollow cylindrical specimens 
r, = Outer radius measured in multiples of r;, 
r; = Inner radius rad. 
€ = Percentage error in determination of B,. 
6, = Actual surface temperature of specimen, deg C. 
C’, tr = Coefficient (numeric) and thermal time-constant 
(min) derived empirically to define the variation 
of 6, with time, according to the equation 


6, = (85 come 6) = C’e— tt) 
€z = Percentage error due to deviation of 6, from step- 
function form. 


a tespondence on Monographs is invited for consideration with a view to 
Olcation. 
‘M Allen is with The British Thomson-Houston Co. Ltd. 
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> = Temperature rise after time ¢, of a line source 


emitting thermal energy at a constant rate, degC. 
(Similarly for suffix q.) 

q = Constant thermal-energy release rate in fine wire 
representing line source, watts/in. 

I = Current through the fine wire, amp. 

R = Resistance of the fine wire, ohms. 

V = Potential drop across the fine wire, volts. 

21 = Length of the fine wire, in. 

C, S, G = Thermal capacity (joules per degC-in), thermal 
resistance (deg C/watt-in), and thermal conduc- 
tance to ambient (watt per deg C-in), respectively, 
per unit length of the fine wire. 

£m = Mutual conductance of valve employed in constant- 
power circuit, amp/volt or mA/volt. 

v, = Control-grid potential of valve employed in con- 
stant-power circuit, volts. 

AV, Av, = Change in V and 2,, respectively, under constant- 

power conditions. 
AR = Change in R under constant-power conditions, ohms. 
AI = Change in J under constant-power conditions, amp. 
Cm = Mass (lb) and specific heat per unit mass (joules 
per degC-lb) of substance M. (Similarly for 
suffix 7.) 

W = Thermal capacity (water equivalent) of calorimeter, 
cal/deg C. 

Ro = Cooling rate of calorimeter, deg C/h. 

K, = Cooling constant of calorimeter, cal/h. 

Wr = Total thermal capacity of calorimeter, with contents, 

cal per degC. 

Rom = Cooling rate of calorimeter containing substance M, 

deg C/h. (Similarly for suffix 7.) 
v = Kinematic viscosity of fluid, stokes. 
j1 = Dynamic viscosity of fluid, poise. 
B = Coefficient of change of density with temperature, 


M, 


m 


per deg C 
= aay suffixes indicating corresponding 
palGe— Fa) densities and temperatures. 


y = Euler’s constant. 
Al = Elemental length of fine wire, in. 


(1) INTRODUCTION 


Although much literature is available on the overall thermal 
behaviour of high-voltage equipment such as cables and trans- 
former windings, very little published data have appeared on 
the thermal properties of the individual insulating materials 
which comprise the structure surrounding the copper conductors. 
Since it is through and by means of these that copper losses are 
transferred to the ambient medium, knowledge of such properties 
is an essential preliminary for any detailed investigation of the 
subject. 

The thermal properties of present interest are the thermal 
conductivity k, thermal diffusivity (also called the thermometric 
conductivity) «, and specific heat per unit volume, pc,, where p 


[35] 
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is the density, and c, is the specific heat per unit mass. These 
quantities are connected by the relationship 


inne a, een) 


Pop 

Thus, knowledge of any two quantities suffices to define all 
three. However, laminar grained solids of the type used for 
high-voltage insulation can exhibit anisotropy, so that diffusivity 
(and, with it, conductivity) may vary with direction. For 
example, without giving references or values, Jerrard! states that 
the thermal conductivity along the laminations of insulation used 
in rotating machines may be as much as six times that across 
them, while Taylor? found a ratio of about 5: 1 in the corre- 
sponding values for kraft paper and mica. Experimental tech- 
niques must allow for this possibility. 


(2) AVAILABLE INFORMATION 


In addition to the work of Taylor,” a comprehensive investiga- 
tion into the thermal conductivity of solid electrical insulating 
materials has been made,? but the only material of present 
interest was kraft paper; this, however, was in much thinner 
form than is used in high-voltage apparatus, and measurements 
were made on the material in the dry state. So far as oil- 
impregnated materials are concerned, Table 1 gives published 
values*-® for thermal conductivity of paper and pressboard. 


Table 1 


PUBLISHED VALUES OF THERMAL CONDUCTIVITY FOR 
PRESSBOARD AND PAPER 


Thermal conductivity, k 
watt/deg C-in 


x 10-3 
Pressboard: 4-6 King (1932) 
6°5 Gotter (1954) 
2-9-3-6 Montsinger (1951) 
Paper: 2:9 Symons and Walker (1912) 
3-8 Gotter (1954) 
4-7 Marshall (1953) 


Evidently, no mean values can be derived with confidence, and 
scope exists for simple methods of convenient determination on 
any given material actually used. 

A similar position with regard to transformer oil is revealed 
by Fig. 1. In this, since they are usually specified as being at a 
particular temperature, thermal conductivity values® °-!4 are 
shown plotted against temperature. 


aah 
On 


20 40 60 80 
TEMPERATURE, °C 


THERMAL_CONDUCTIVITY, k, 
w WATTSIDEG C- IN, 


Fig. 1.—Thermal conductivity of transformer oil: comparison of 
published values. 


(a) Montsinger (1917) 
(6) Montsinger (1951) 
(c) Davis (1924). 

(d) Lorenz (1934). 

(e) Smith (1934). 
A-A’ Kaye and Higgins (1928). 

B-B’ Schmidt and Leidenfrost (1953). 


no specified temperature. 


So far as specific heat is concerned, the only reliable figure) 
available are for transformer oil.!5 Vague ranges of values ari. 
quoted in respect of ‘insulation’, but these are unsuitable fo 
derivation of conductivity from diffusivity, or vice versa. ) 

Two further factors affecting the thermal performance Oo. 
liquids are viscosity and change of density with temperatur } 
Values of these quantities are suggested in the appropriat|: 
British Standard,!® and their determination is a routine matter, 


(3) EXPERIMENTAL METHODS 
(3.1) Thermal Conductivity of Solids 
(3.1.1) Available Methods. 

Classical methods for the determination of the thermal con 
ductivity of solids are based on the uniform flow of thermé| 
energy at a steady measured rate over a known area betwee |) 
defined isothermal surfaces. Most involve some type of guarc’: 
ring arrangement to achieve uniformity, and, under these circurr|: 
stances, determination of thermal conductivity in one referenc’ 
direction only can be made. With oil-impregnated solids, pe 
ticular difficulties arise from the use of standard laboratory form 
of such steady-state apparatus, since measurements must bt 
made with the material in an oil-immersed state. There is n¥ 
reason why a special apparatus should not be constructed i. 
which laminations of the insulating material under test ai 
wound on to (if paper) or sprung into (if pressboard) a cylindric: | 
former divided axially into guard ring and measuring surface © 
while the free surface of the material is kept substantially </ 
constant temperature by oil circulation and cooling arrangement’) 
Such apparatus has, however, little further use for routir)) 
laboratory thermal-conductivity investigations and can onl) 
furnish values of thermal conductivity in the radial direction, i.|: 
through the laminations of the material. 

Transient thermal experimental techniques, on the other han«: 
give values of thermal diffusivity, «. They are characterized t): 
the use of temperature-measuring apparatus embedded withi- 
the specimens themselves, and are simplified by the absence « 
any need for calorimetric measurements. An outstandi 
advantage in their present application is the ease with which the 
can be adapted to take account of anisotropy. 


{ 
} 
) 


(3.1.2) Theory of Transient Method Employed. 


Transient methods depend on the fact that, at some time, 
after the surface of a solid specimen of prescribed shape 
subjected to a sudden change of temperature from, say, 0; to 6)) 
the temperature @ at any point within the specimen tends to ¢ 
exponential dependence on time, i.e. 


a2 = fete 


where A is a function of the position of the point consider! 
and B, is a function of the overall dimensions of the solid a> 
of its thermal diffusivities. 

In the case of a hollow cylinder, inner radius r;, Outer radi 
r, and axial length 2c, made of material having thermal diffusivi>. 
%, in the radial direction, «, in the axial direction, it is shown | 


Section 7.1 that 
7 \2 
n= —[2(5) tour]... 


x, being defined in that Section. From symmetry, it is evide 

that the thermal diffusivity, «,, in the circumferential directi~ 

does not enter the expression. Also, B, is the index of a aT 
q 


formed as the product of the two first terms of individual seri 
giving solutions for a hollow cylinder of infinite axial leng 
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nd a slab of finite thickness but infinite area, respectively. At 
ufficiently large values of ¢ the products of other pairs of terms 
an be neglected, and the simple relationship given by eqn. (2) 
; obeyed. 

Common values of the coefficient A are given at points in the 
ame relative positions in any given set of specimens, e.g. points 
mn the mid-axial planes lying at the mean radii, 4(r; + r,), of 
iollow cylinders, and thus this coefficient can be made quite 
ndependent of the cylinder axial length. On the other hand, B, 
s inseparable from cylinder axial length, and for a pair of 
pecimens having common radial dimensions, but different axial 


engths, 2a and 25, say, 
17 \2 
[a(Z y+ aa)? | ee ies es (4) 


= [o(Z) + acai? | ie (5) 


Subjecting the surfaces of these specimens to a step function 
»f temperature at time zero, and noting the subsequent tem- 
erature history of points having a common value of A, a pair 
of linear graphs of the logarithms of 8, — 0 against time, having 
lopes B, and B,, can be obtained. From these, and from the 
f0wn specimen dimensions, «, and «, can be calculated by 
‘iraultaneous solution of eqns. (4) and (5). 


I 


By 


B, 


3.1.3) Experimental Procedure for Solids. 


Pairs of paper and pressboard specimens were made up in 
dhe form shown in Fig. 2, each having axial lengths of 1:5in 


jig. 2.—Layout of specimens for determination of thermal diffusivity. 


nd 2:5in. The common radial dimensions were fixed, first, by 
ne values of the ratio r,/r; for which values of x, are avail- 
\ble,!718 and secondly, by their practicability. This is governed 
1 the case of paper by available mandrel sizes which determine 
e inner radius, and in the case of pressboard by the flexibility 
f the material, since this is built up of strips bent to form con- 
sntric laminae within a former which fixes the outer radius. 

In each case, fine butt-jointed iron-constantan thermocouples, 
<f section 0-016in x 0:009in throughout, were embedded when 
ae mean radial dimension was reached, the leads, as weli as the 
1e-mo-junction, lying circumferentially in the mid-axial plane. 
i + point in this plane diametrically opposite the junction, the 
as were turned through a right angle and taken out axially. 
s they lie along an isothermal, the curved portions of the 
wermocouple leads require no thermal insulation. The axial 
orions were insulated within the specimens by means of 
ibestos tape, folded and sewn to form a sleeve, and outside the 


specimen by varnished silk tubing, the two coverings being sealed 
together at the specimen surface with cellulose cement. The 
specimens were mounted in pairs of frames made from heavy- 
gauge copper wire and were subjected to the routine processes 
of dry-out and oil-impregnation, after which they remained 
oil-immersed. 

For each experiment the pair of specimens was transferred as 
rapidly as possible to a thermostatically-controlled oil-filled bath 
set to a temperature a few degrees higher and kept moving to 
stir the oil. The subsequent temperature history of each em- 
bedded junction with respect to the reference, immersed in the 
same oil, was recorded using a precision potentiometer. Tests 
were repeated for each pair of specimens at different surface- 
temperature ‘steps’, and Fig. 3 shows the results obtained for 


1000 


SPECIMEN \ 
AXIAL LENGTH QD 
1-5 IN 
\ XI 
O Q 
'% 
bee 10 a0 30 
TIME, MIN 


Fig. 3.—Results of tests on 7:5-mil paper specimen. 
Temperature step: 4:7°C @ 
6:7°C O 


Mean temperature, 26°C 


7:5-mil kraft-paper specimens wound with the paper grain 
circumferential. The linearity of the thermal-e.m.f./temperature 
characteristic of iron against constantan over the small tem- 
perature ranges involved permits the measurements remaining in 
terms of microvolts. 

It will be seen that owing to the equality, for each specimen, 
of the coefficient A in eqn. (2) and the fact that they are both 
subjected to the same temperature boundary conditions, the 
curves for each specimen intersect at time zero, and this provides 
a useful aid in their correct alignment. Also, by dividing values 
by the corresponding common value at time zero, results of 
several tests can be correlated on a dimensionless basis in 
accordance with eqn. (2). The application of this procedure to 
the data of Fig. 3 is shown in Fig. 4, from which it will be seen 
that slopes can be estimated with confidence. 

In order to investigate the thermal diffusivity at higher tem- 
peratures, pairs of specimens left overnight in an oil-filled 
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(©5- 8) /(@p- ©}) 
aie aa 
fe) 


016 SS 
TIME, MIN 
Fig. 4.—Correlated results for 7-5-mil paper specimen. 
Temperature step: 4:7°C @ 
G12 C5@ 
Mean temperature, 26°C 


Slopes: By, —0:167 per minute. 
By, —0-110 per minute. 


container placed in a thermostatically controlled oven were 
transferred to the bath, which was maintained at a somewhat 
higher temperature. For measurement of thermal diffusivity 
along the grain of the material, specimens were made up having 
this aligned in the axial direction. These experiments gave a 
second determination of the radial diffusivity, which, when 
compared with that already obtained, provides an indication of 
the repeatability of results. 


(3.1.4) Accuracy of Method. 


The main source of error lies in the probable deviation of 
surface temperature conditions from the theoretical postulation 
of a step function applied at time zero. In order to investigate 
this, a thermo-junction was attached to the surface of a press- 
board specimen and its temperature history recorded during a 
typical test. Owing to their larger sizes compared with those 
of paper, and the greater specific heat of pressboard, specimens 
of this material represent the worst experimental condition in 
this respect. Fig. 5 shows the results of one such test plotted on 
cooling-curve graph paper by the usual technique.!? From these 
it will be seen that the variation of the actual temperature of the 
surface, 0,, with time approximates very closely to the function 


6, a (6, 


The values of 7 and C” are readily estimated from this form of 
graphical presentation. 

In this form, the response due to the actual surface temperature 
can be evaluated by application of Duhamel’s theorem, and the 
error due to the deviation from a step function is found to be 


100C’B,7 


(a = ets pees 
4 Ba Bot 


—(14+B,t)t/t | oF : , (7) 
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Fig. 5.—Surface temperature rise during test. 
iam ro yan 
prs 28iee Bat 
C= — od 


From this equation it is evident that the variable part of thi 
error decays rapidly for small values of 7, provided that |Bor 
does not approach too closely to unity, while a constant erro 
has no effect on the slope, B,, of the log-linear graphs obtained! 

Unfortunately, the expressions involved tend to magnify error 
inherent in the experimental data. From eqns. (4) and (5) 
considering |B,|>| Bz, 


Pr 


si | 
™L@b? Ga? 


and, since differences are involved, a percentage error of € i 
each slope will lead to a percentage error in «, of the order of | 


B, + By 
(a3) 

_ (a)*B, — (2b)°B, dl 

t, = [ (2a)? Se (2b)? ](x,)? eM er © 


and the experimental error is multiplied by a factor 


B, + (b/a)B, 
B, = (b/ ay B, 


Evidently, least error magnification occurs for |B,| > \By 
This condition is furthered by making b > a, but the exter 
depends on the relative values of a, and «, and practical cor 
siderations set limits to this possibility. The maximum axii 
length of the larger specimen is limited by the following factor: 
(a) Thermal capacity of specimens relative to bath oil. This d 

not exceed 10% in the present work. 


(6) Time at which eqn. (2) begins to apply. This increases wii 
specimen axial length. | 


Similarly, 


The minimum axial length of the smaller specimen, on th 
other hand, is limited by: 


(a) The proportionate error in dimensions and thermocoup 
location. 
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(b) The rate of change of temperature at which measurements can 
be made accurately and conveniently. 


(c) The increase in the product |B-t| towards unity. 

In the present work, the error-magnification factor did not 
xceed 5. 

An estimate of accuracy is best obtained from the correlation 
hown between the results of different tests on the same pair of 
pecimens and between values obtained for diffusivity in the 
adial direction derived from experiments on specimens of the 
ame material differing only in circumferential alignment of grain 
lirection. The order of correlation between tests on the same 
‘air Of paper specimens at the same temperature is shown in 
‘ig. 4, which is an average result; better results were obtained. 
‘or pressboard, results were in general somewhat less satisfactory, 
nd Fig. 6 shows a correlation of three sets of results, indicating 
he limits within which the steeper line may be taken to lie. 


1:0 


0:01 


O 10 20 20 
TIME, MIN 


Fig. 6.—Correlated results for 100-mil pressboard specimen. 


Temperature step: 
Temperature step: 5:9°C @ 
8-0°C © 
JPA) 
Mean temperature, 28°C 
Slopes: Bg, —0-181 + 0-002 per minute. 
By, —0-105 per minute. 


Table 2 shows some thermal diffusivity values obtained from 
milar tests on pairs of specimens differing only in grain direction. 
‘It is considered that, with care, an accuracy within +5% is 
Otainable. This is of the order given by other methods and 
quite satisfactory for design purposes. The possibility of 
hancing the accuracy for precision determinations is discussed 
Section 4. 


(3.2) Thermal Conductivity of Transformer Oil 

.2 1) Available Methods. 

Steady-state methods for the determination of liquid thermal 
wnductivity are exactly analogous to those used for solids, 
‘cot that special precautions are taken to avoid any motion 
- te liquid leading to the incidence of convective heat transfer. 


Table 2 
RADIAL THERMAL DIFFUSIVITY 


Radial thermal diffusivity «, 
in2/sec 


| 
Material Temperature | 


| circumferential | Grain axial 


Ord 
1-40 
2-09 


Paper, 5 mil 3 
Pressboard, 25 mil 


One simple precaution, when the liquid is contained between 
parallel horizontal plates, is to ensure that the direction of heat 
flow is from upper to lower plates. Other precautions include 
limiting thermal flux density and, consequently, temperature 
differences, as well as clearances between isothermal surfaces, 
to small values. Either step tends to limit the accuracy attain- 
able, although some investigators, notably Bates?° and Sakiadis 
and Coates,”! consider the latter to be unnecessary. 

In all the measurements on transformer oil quoted in Fig. 1 
for which experimental details are available, very limited 
clearances were employed, except in the case of Davis,!° who 
used a simple axially-suspended heated wire in a cylinder. Here 
again, the use of a fine wire limits accuracy. 

The application of transient techniques to the determination 
of fluid thermal conductivity is very limited. A transient method 
for solids has been adapted by Sakiadis and Coates?! for water, 
but the results are most unsatisfactory. The same authors 
report a method employing the periodic heating of a surface in 
contact with water but do not consider the results as better than 
average, which implies an experimental error of greater than 
alan 

A transient method for fluids, due to van der Held and 
van Drunen,2 is of general application and has been applied to 
solids by Vos?3 and, in measurements on soil, by Mason and 
Kurtz.24 The method has the advantage that no precision 
metrology or fabrication is required, and, as modified and 
improved* for the present work, employs standard laboratory 
apparatus. 


(3.2.2) Theory of Transient Method Employed. 


It is shown in Section 7.2 that temperature rises 0, and 6, 
above ambient after times ¢, and ¢,, respectively, at any point in 
the thermal field, due to a continuous line source in a medium 
of conductivity k, emitting thermal energy at a constant rate q per 
unit length, commencing at time zero, is, after a certain time, 
given by 


6,—-0,= 


|, — 8, loge (10) 


a 


tg 


Since this holds at the source, the graph of temperature rise of a 
fine wire with constant power dissipation against the logarithm 
of time is linear. From its slope the thermal conductivity of the 
ambient medium can be derived. Further, over small time 
intervals, convective effects in a fluid medium, requiring time to 
develop, can be eliminated. 

The experimental problem is, therefore, to maintain constant 
the dissipation, I7R, in a wire of resistance R carrying current J, 
while R, variation of which measures the wire temperature, is 
changing. A simple circuit to achieve this consists of a high- 
impedance thermionic valve supplied from a stable source of 
direct current with the wire connected in its cathode circuit, the 
control grid being kept at negative supply potential. Section 7.3 


* British Patent Application No. 17427: 1955. 
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indicates that for small changes in R the value of /*R remains 
constant, provided that the mutual conductance, g,,, of the 
valve obeys the relationship 

Em 2 R (11) 
It is also shown that for small changes a proportionality exists 


under these conditions between changes in voltage across the 
wire and the resistance of the wire as follows: 


(12) 


The voltage changes can be recorded continuously with respect 
to constant datum by oscillograph. 


(3.2.3) Experimental Procedure for Transformer Oil. 


The data initially required are the resistance/temperature 
characteristic of the fine wire and the variation of mutual con- 
ductance with anode current under working conditions for the 
valve employed, in this case a 12E1 beam tetrode. The second 
of these characteristics is derived from the anode-current/control- 
grid-voltage characteristic at constant anode and screen-grid 
potentials, and is given in Fig. 7. The mutual conductance 


Gm» MA/ VOLT 


60 80 100 120 140 
Igy MA 


Fig. 7.—Mutual-conductance/anode-current characteristic of 


1 valve. 
‘a = 204 volts. 
Vg2 = 144 volts. 


varies between 6 and 11mA/volt, according to anode current, 
and so can be adjusted by grid bias. These values of mutual 
conductance correspond to a cathode load resistance range of 
91-167 ohms, which amply covers the variation due to changes of 
temperature between 20 and 80°C. 

Fig. 8 shows the essential details of the circuit employed. The 
oscillograph was a double-beam cathode-ray instrument with 
motor-driven camera, one beam being fed at 50c/s from a 
peaking transformer to provide a datum for trace-deflection 
measurements and also time markings. To eliminate transient 
effects when switching anode and screen voltages on to the valve, 
a dummy load, consisting of a stable resistor R’, set equal to the 
initial value of the wire resistance, was used to obtain steady anode 
current before switching over at time zero to the 0-001 in diameter 
thermo-pure platinum wire. This was immersed in a thermo- 
statically controlled bath containing the oil under investigation 


TO 
POTENTIOMETER 


216 VOLTS 
1-OHM STANDARD 
RESISTOR 


PLATINUM 
WIRE 


Fig. 8.—Constant-power circuit for thermal-conductivity . 
determination. 


and fitted with a mercury-in-glass thermometer graduated ; 
0-1°C. Spurious effects still obtained at the time of switchin’ 
had the effect of masking the exact switching point. Th 
difficulty was overcome by a method described later. 

The anode current was measured in terms of the voltage droj 
measured by potentiometer, produced across a standard 1-ohi: 
resistor. With modified connections, the potentiometer was als 
used, together with resistor R’, to measure wire resistance by 
substitution method. | 

To minimize 50c/s pick-up, the valve heater was supplie 
from an accumulator, while anode, screen-grid, grid bias ar 
reference voltages were obtained from dry batteries. To avo) 
microphony due to operation of the change-over switch ar 
camera motor, the valve was mounted separately. 

Preliminary tests were made to determine the order of overe) 
current and resistance change between initial and final stead} 
state values. These confirmed the constant-power performang 
of the circuit and indicated the order of resistance change, :! 
that a mean resistance could be estimated and the correspondit) 
mean current obtained by grid-bias adjustment. } 

To make a measurement when the oil had attained the desir« 
temperature, R’ was set to the same resistance as that of tl 
wire, and the grid bias potential adjusted to give the desir« 
initial anode current passing through it. The reference volta; 
was then adjusted for suitable location of the spot on the oscil 
graph screen, and, after switching off the bath-stirring mechanisr/ 
the camera clutch was engaged, the shutter opened and tl 
change-over switch operated. After about 3sec, the came: 
motor was switched off. The oscilloscope was calibrated t 
recording trace deflections for input voltages derived from #)| 
potentiometer. ' 

As an example, results are given for a test made on transform! 
oil at 80°C. Using a travelling microscope, measurements we 


converted to voltage changes AV, gave a graph against time) 
as shown in Fig. 9. As shown in Section 7.2, correction for ze: 
errors can be made by plotting the inverse, dt/dAV, of the sloy 
of this graph against time, the intercept of such a graph (Fig. 1) 
on the ¢-axis giving the corrected zero. Also, the slope : 
theoretically equal to that finally obtained when the logarithm © 
corrected time ?¢’ is plotted against AV, as shown in Fig. 11. : 
These graphs have slopes of 111 and 112 per volt, respectivel 
showing a good agreement. The latter figure, however, is basi’ 
on more data over a more reliable time interval. Using eqn. (1. 
together with the relationship V = JR, to interpret AV | 
terms of AR, and the wire resistance/temperature relationsh} 


| 
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Fig. 9.—Temperature rise (proportional to AV) of fine wire. 


0:10 0:15 


S 
TIME, t, SEC 


Fig. 10.—Inverse slope of Fig. 9 plotted against time. 
Slope: 111 per volt. 


1-447 ohm per degC) to convert this to temperature rise, from 
jn. (10) we have 
Ghee} 2 

4nk 112 x 0-447] ° 
fir obtaining g from the initial current and resistance values 
1¢ length, 2/, of the wire, we have, finally, 
; °0:44777R x 112 _ 0-447 x (0-064)? x 151-8 x 112 

1671 ee 87 X 21:5 
= 3-69 x 10-3 watt per degC-in (14) 


(13) 


1:0 
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> 
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Fig. 11.—Graph of voltage increment against logarithm of corrected 
time. 


Slope: 112 per volt. 


(3.2.4) Accuracy of Method. 

Since the current is cubed in eqn. (14), accuracy in its measure- 
ment is essential. By the use of a potentiometric method the 
accuracy of the J? term is kept within +0°5%. The accuracy of 
measurement of R is limited to that of the standards used for 
comparison, namely 0-1%, the sensitivity of the measurement 
being of an order better than this. Subsequent calibration of the 
thermometer indicates a possible error of the order of 0-3%, and 
the resistance/temperature relationship can be taken as correct 
to within +0:5%. The measurement of 20in of wire can 
easily be made to the same degree of accuracy, and change in its 
length due to thermal expansion does not exceed 0°:15%. Such 
changes are taken up by mounting the wire under light tension. 
Apart from determination of the slope of the final graph, the 
following are considered to be possible sources of error inherent 
in the method: 


(a) Operation of the constant-power circuit. 

Measurements made at initial and final steady states indicate 
that power constancy is maintained to within 1% of the power 
change, i.e. 0-01 % of the total power involved. 


(b) Heat-storage effects in source. 

Eqn. (10) assumes constancy of power liberated into the 
ambient medium by the source, while the circuit design merely 
ensures a constant external supply of electrical energy to the 
source. Estimating the thermal capacity, C, of lin of 0-001in 
diameter platinum wire as 3-8 x 10~° joule per degC, and 
differentiating eqn. (10) with respect to ¢,, 


d@,—9,) 4 


dt, 4rkt, 


(15) 
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the rate of heat storage per inch of wire is 
ad, — 6,) ps qC 

A 4nkt, 
which must be deducted from the total energy liberation rate, g, 
to give the net rate, g’, into the medium from the source: 


PoE ae) 
G Seek 4nkt, 


= «(1 i56) 

1047, 
The error is less than 1% for ¢, > 86millisec. It will be seen 
from Fig. 11, however, that no deviation from linearity is per- 
ceptible at times considerably below this, doubtless owing to the 


fact that this error is of the same order as, but opposite sign to, 
that discussed under (c) following. 


(16) 


(17) 


(c) Employment of approximate expression. 

Egn. (10) is an approximation and is valid only for sufficiently 
large ¢. Investigation shows that the value of ¢ for negligible 
error due to this cause is about 50 millisec. 


(d) Thermal leakage at ends of wire. 

This error is minimized by the use of as long a wire as possible. 
Bath-size limitations necessitated the suspension of the wire in 
two series-connected lengths of about 10in each. Even under 
these conditions, and assuming, pessimistically, no temperature 
rise of the wire extremities, the analysis given in Section 7.4 
indicates a heat leakage amounting to about 0:25% of the total 
thermal energy involved. 

Considering these sources of error and the way in which points 
plotted in Fig. 11 lie on a straight line, +5°% is indicated as a 
conservative claim for the accuracy of results obtained. While 
the method is capable of considerable refinement from this 
point of view, it is not worth while in the present application 
to attempt precision of an order higher than that attained in 
the measurements on solids. 


(3.3) Specific Heat of Solids and Transformer Oil 
(3.3.1) Method of Mixtures. 


The determination of specific heats by the method of mixtures 
is well-established laboratory practice. The temperature change 
is noted when known masses of substances, having known and 
unknown specific heats, respectively, are put into thermal contact 
in a well-lagged enclosure so as to assume a common temperature 
without loss of thermal energy. In the case of a liquid, this is 
easily achieved, using as the reference mass another liquid with 
which it is miscible, or solid of high thermal conductivity, either 
having known specific heat. Conversely, solids require a liquid 
of known specific heat. Those at present under investigation, 
however, can be immersed only in their own impregnant, so that 
transformer oil must be used as the reference liquid. The 
specific heat of transformer oil was determined by the method 
of mixtures and agreed with available values! to within 2%. 
When the method was applied to the solids, it was found that, 
owing to their low thermal diffusivity, times required to attain 
thermal equilibrium proved excessive. Normally, this period 
can be covered by observing the calorimeter temperature for a 
period before and after mixing and extrapolating the cooling 
curves obtained to the mixing time. Excessive extrapolation 
periods lead to loss of accuracy, and an alternative method was 


adopted for the solids. 
(3.3.2) Alternative Method for Poorly Conducting Solids. 


Provided that the impedance to heat flow within the calorimeter 
can be neglected in comparison with that between its inner walls 


and the ambient medium, the cooling rate, Rg, at a given te 
perature for a calorimeter which, with its contents, has a tota 


thermal capacity Wz, is given by 

= Wr 
Ko being a constant defined by this equation. Fora calorimete; 
of thermal capacity W containing mass M,, of substance M 
having specific heat c,, per unit mass, 
BPlLe Se 

— W+ Man 
If, in addition, the calorimeter contains mass M,, of substance N& 
with specific heat c,,, 


Ry (18) 


Rom 


so that £ = 


Specimens were prepared in paper and pressboard to size | 
suitable for immersion in the one-gallon Thermos flask used ab 
calorimeter. For each experiment, the specimen was heated ii) 
the oil bath to about 80°C and 2kg of hot oil transferred to thy 
flask. The specimen was also transferred, the cover secured) 


immersed thermocouple at intervals of about 15min over © 
period of about seven hours. The experiment was also pery 
formed with 2kg of oil only, and again with 2kg of oil and @ 
suitable copper mass. During the tests, the ambient temperatury 
was maintained as nearly as possible constant. | 

Cooling rates were estimated from graphs of logarithms o/ 
temperature rise above ambient plotted against time for thi 
contents of the Thermos flask. The fact that the cooling proved 
to be Newtonian greatly facilitated cooling-rate evaluation. Ii 
the case of 74-mil paper, substitution in eqn. (21) and use of thé 
value of W obtained by this method for the cooling of oil witl) 


of the specimen, volume 75-5 in3, at 70°C. Converting calories 
to joules gives 22-7 joules/in?-degC as the specific heat pe: | 
unit volume. 


constants of the specimens can be calculated. These are of thi 
order of less than 2% of the values observed for the calorimete; 
and its contents, and neglect of thermal impedance within the 
calorimeter is justified. Little variation is possible in the locatior’ 
of the cooling curve over a period of about six hours, and thi 
main source of error lies in the value taken for the therma) 
capacity, W, of the calorimeter. This, however, is minimized by 
the use of the same method for its determination, and values ar 
quoted as correct to within +3%. 


(3.4) Other Properties 


The relevant remaining thermal properties of high-voltag 
insulants are those of liquids, namely viscosity and change 0: 
density with temperature. Measurements of these propertie 
are routine laboratory practice and the methods call for m 
comment. Values for transformer oil are suggested in the 
British Standard!® and in the case of viscosity are for kinemati 
viscosity, v. It is, however, the dynamic viscosity, pL, the 
product of kinematic viscosity and density, which affects steady: 
state thermal performance. The coefficient, B, of change oj 
density with temperature is defined as 


oe Pd — Pe 
Pe Geen) 
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The suffixes of p and 0 indicate corresponding values. Evidently, 
B is a function of py, i.e. of the lower reference temperature. A 
value for 8 of 0:0008 per degC is suggested by the British 
Standard as typical for transformer oil, no reference temperature, 
0, being specified. Employment of this value in the case of the 
oil investigated would have given an error of the order of 20% 
in the evaluation of pressure head causing oil circulation or of 
the Grashof number, the dimensionless group characterizing 
natural convective cooling. The necessity for making measure- 
ments, rather than reference to the British Standard, needs no 
emphasis. 

It has been suggested*> that the rate of change of density with 
temperature is, for insulating oils, a function of density, being 
greater for oils having lower densities. Such oils would also 
require to have a lower dynamic viscosity, 1, to give values of 
kinematic viscosity, v, to comply with the characteristics suggested 
for typical oils in the British Standard. Further, it is thought?é 
that convective cooling is assisted in the parts of the apparatus 
where the oil is subjected to electric stress to a degree which is a 
function of change of permittivity with temperature. Since this 
is proportional to density change, the effect of this fluid property 
upon convective cooling of transformer windings may well be 
two-fold and a maximum value is desirable. 


(4) DISCUSSION AND CONCLUSIONS 


- It is not the object of the present paper to provide a source of 

design data for a complete class of materials. Rather, relatively 
‘simple methods have been described by means of which design 
‘engineers can investigate the thermal properties, as these are 
‘required, of existing and newly developed materials. Unless the 
‘properties of both are fully known, no reliable application of 
existing thermal test data obtained using one can be applied with 
confidence to the other. This applies especially in the case of 
Jiquids when estimation or comparison of thermal performance 
without actual experiment can be made only in terms of dimen- 
sionless groups. Evaluation of these requires a full knowledge 
‘of all relevant properties which must also be known if experi- 
mental results derived using other fluids are to be utilized. 

So far as the methods themselves are concerned, discussion 
will be limited to those which are novel. That for the diffusivity 
determination is probably capable of little further refinement 
for fundamental reasons already discussed. Improvement of 
accuracy may be possible by careful control of thermostatic bath 
theat input to correspond to the calculated thermal absorption of 
the specimens during the experiment. In the work described, 
this complication is not considered necessary. It may be useful 
to point out that exactly the same analysis applies to the process 
of diffusion of moisture, and the constant for any such process, 
e.g. of water into dry paper, together with its variation with 
direction, etc., can be determined. The practicability of gene- 
rating a ‘step function’ of humidity for such an experiment has 
‘been indicated.?7 

The method for the determination of liquid thermal con- 
ductivity, on the other hand, is considered capable of further 
development in two different directions. First, it should be 
possible to manufacture an electronic instrument, self-contained 
and incorporating a dip-stick, for thermal conductivity measure- 
ments of liquids in bulk, or a test cell for use with smaller 
Suantities. Secondly, a much higher degree of accuracy may 
be achieved using a high-gain linear amplifier and more accurate 
means for trace-deflection measurement. As the only element 
exposed to the fluid under investigation is a platinum wire, 
investigations over wide pressure and temperature ranges would 
‘nvolve a minimum of complication. 
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(7) APPENDICES 
(7.1) Temperature Distribution within a Hollow Cylinder 


Newmann?® has pointed out the possibility of employing 
product solutions when the temperature, 0, within a solid, the 
surfaces of which are subjected to a temperature step 0, — 0; at 
time zero, is expressed in the ‘deficiency’ form, namely 
(6, — @)/(0, — 

It can mn be shown that the product of solutions 
[6,— 8)/2—8:)}ns[C2— 218, — 81)], and [Cp — DIG; — 8.) 
say, for semi-infinite solids, X, Y and Z, gives the solution 
[(@, — ®)/(02 — 91)]xyz for the finite solid formed by their 
intersection. 

In the case of a hollow cylinder, circular symmetry reduces 
the number of semi-infinite solids to two, namely a slab having 
finite thickness 2c, i.e. bounded by infinite planes at z= +, 
and a cylinder, inner radius r;, outer radius r,, of infinite axial 
(z-direction) length. 

Solutions given by Carslaw and Jaeger”? for these solids can 
be expressed as follows: 


Slab. 
0, = 7 ) 
6, _ 6, Zz 
ee (2n + 1)az Bf EN 
= {Sa cos RANGE CEE exp| —@n+1 (=) at 
(23) 
Hollow cylinder. 
fe 2 | JoC%n)Uo(=n) 
= Vj 
(=a), ad 7 2, FEST EP (Nar) Cu) 
Jo(xn) +Io(“2x,) 
x, being the nth root of the equation 
lo 'o 
To2)¥a( 2x) ds Jo(Z2x)¥o(x) 04 (25) 
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and Uo(= Xn) = Jo(=% )¥o(;2 oO = Jo(“ 2x5) Yo; Xn)» (26), 


where Jo and Yo are Bessel functions of the first and second} 
kind, respectively, and zero order. 
Neglecting terms other than the first in each series, 


Se) Tae a a 
meats Cel aris Gam 7), 


JoC)Uo(= 1) 


Jo(%1) + Jo( 72a 
Jo(Uo(= 21) 
ox) + Jo(;2x1) 


a [a.(Z) Ge aa | =B 


It should be noted that, as in eqn. (24) all radial dimensiall 


are non-dimensionalized by division by r;, this process must be 


applied to c in eqn. (23). Hence, for convenience, calling the 


length r; ‘one radius’, values of diffusivity are obtained, initially, | 


as ‘(radii)? per unit time’. 


(7.2) Temperature Rise due to a Continuous Line Source 


For a continuous line source emitting thermal energy at! 


source is given? 9 as 


) £08 5 eXP {- | a(Z ) “ot | 


) 


i 


: 


oa 


constant rate q, the temperature rise 9 at distance r from _ 


(30) 


m2 
For small values of dae 


oy (oe —) 


where y is Euler’s constant. 

By taking differences between the temperature, i at time ¢ 
and some datum temperature, 8,5 at time ¢ go V and y can be 
eliminated, giving 


eqn. (30) can be approximated as 


(31) 


rine ee eae LP 1 
lg = loge i (10) 
From this, it follows that 
Nal eae bt 32 
d@,—0) 4” Ca 


and hence the graph of dt,/d(9, — 0,) against time, t Ps has slope 
4z7k/q and passes through Zero. Is fuller analysis from the’ 
point of view of error compensation is given by van der Held 
and van Drunen” and Mason and Kurtz,24 who used somewhat _ 
cruder experimental approximations to the ideal linear source 
postulated. 
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(7.3) Constant-Power Circuit Operation 


Since AUR) = I2AR + 2IRAI (33) 
for constancy of J?R during small changes AR in R, 
AR 2AT 
Sp ) 


Considering the circuit described in Section 3.2.2, the voltage, 
v,, of the control grid relative to the cathode is given by 


= —V=—IR (35) 
Av, AI 
whence =-§ = or — (RA + 1) Be (R Ant 1) Go) 
For constant J*R, from eqn. (34), 
AI if 
Np pe ae ee! tar 3d) 
and, substituting eqn (37) in eqn. (36), 
Av, if 
TOR Gk ee ee) 
The mutual conductance, g,,, of the valve is defined as 
Al 
ese 39 
&m Ke, (39) 
which may be expressed as 
AI AR 
= 7-7. 40 
Substituting eqns. (37) and (38) in eqn. (40), 
1 
for constant J*R. 
Also, from egn. (35), 
AV AI, AR a 


Ee ak a 


and substituting for AZ/J from eqn. (34), under constant-power 
conditions, 


AV TAR 
AR > 2hy 
whence Waray (12) 


(7.4) Temperature Distribution along a Fine Electrically 
Heated Wire 


Neglecting internal radial temperature differences, the heat 
balance for an element A/ of wire of length 2/, dissipating g watts 
per unit length, leads to the following differential equation for 
the temperature, 0, of the wire: 

026 00 
Ss tis 
Ox2 ga ae Hoy, 

Locating the origin at the centre of the wire and applying 
boundary conditions @ = 0 at x = + / with current switched on 
at time zero, eqn. (43) has the solution 


— SG0 =0 (43) 


_ q | coshv/(SG)x | . 
G| cosh vison | 2 exp ( at) 
2 
cosd(2n + 1)nx/lexp L yet EE + 1)n/1] ‘ 


ID 


42Qn+ DI +z + <ald2n + vaitp| 


(44) 
At the wire extremities, thermal leakage is given by 
a 
Oxy leg we 
—- == — G)l 
3 5 G tanh +/(SG) 
{ SG + [4(2n + Dal? 
2 G0) SC t 
Se. (45) 
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FOR ONE OR MORE CABLES LAID DIRECT OR IN DUCTS 
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| 
THE CALCULATION OF CYCLIC RATING FACTORS AND EMERGENCY oor 


SUMMARY 


The knowledge of the loss load factor of a load cyclically applied 
to a cable laid direct in the ground or in a duct, together with the 
detail of the load current for the six hours prior to maximum core 
temperature, is shown to be adequate for cyclic-rating-factor cal- 
culations. If the loss load factor is known without further calculation, 
the method is shorter than an earlier one described by the author. 
The method is extended to deal with short-term emergency loads 
within accepted temperature limits and with groups of cables carrying 
diverse cyclic loads. 


(1) INTRODUCTION 


In a recent paper! a method was described for the calculation 
of cyclic rating factors for isolated cables laid direct or in ducts, 
taking into account the form of the whole cycle. In the present 
paper it is shown that it is adequate to consider only the loss 
load factor of the cycle and the detail of the load current for the 
six hours prior to maximum core temperature. This has led 
to a method of cyclic-rating-factor calculation, which, if the loss 
load factor of the cycle is known without further calculation, 
requires fewer arithmetical operations than the earlier method, 
and is extensible to deal with both short-term emergency loads 
within accepted temperature limits and groups of cables carrying 
diverse cyclic loads. 


(2) NEW BASIS OF CYCLIC-RATING-FACTOR 
CALCULATION 

The maximum core-temperature response to a complicated 
cyclic load current may be approximated by the maximum core- 
temperature response to the actual applied current, for a time T 
hours prior to the expected time of maximum core temperature, 
and a constant applied current for all earlier times, its amplitude 
being the root mean square of the cyclic current, i.e. +/(w)/, where 
pb is the loss load factor of the cycle and J is the peak cyclic 
current. (The loss load factor is the ratio of the mean square 
to the maximum square current of an applied cyclic load.) The 
heat dissipated in a cable may, with sufficient accuracy, be taken 
as directly proportional to the square of the applied current. 

With @(T) as the core-temperature rise above ambient at 
T hours after the application to a cable of a step-function rated 
current Jp, the core-temperature rise at T> hours after the applica- 
tion to the cable of a rectangular current pulse of one-hour 
duration is given as a fraction of the steady-state core-temperature 
rise for the same current by 


O(T» te 1) -+ 0(T>) 
6.(00) 
Following the notation adopted in the earlier paper! and denoting 


the magnitudes of the hourly rectangular pulses into which the 
square of the daily cyclic current may be decomposed by Yo, 
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Y;, . . -; Y3, where each of the Y’s is expressed as fraction oj 
their maximum value and Y, is a measure of the equivalent square 
current between r and (r + 1) hours prior to the expected time 
of maximum core temperature, the maximum core-temperature 
rise is given by 


T-1 
(17/78) {H [0.(00) — 0(T)] + x Y, [6.7 + 1) — ao} 
| 
[6.r + 1) — br) ]\ 
1 9H) 


In this equation p(17/12)0,(cO) represents the temperature at- 
T =0 (the time of maximum core temperature) due to the) 
r.m.s. current 1/()J assumed applied as a uniform load, and the! 
remaining term represents the correction to be made at T = (C- 
owing to the departure of the true current from the r.m.s. current 7 
for all times back to T hours. If the thermal capacity of the! 
cable itself be neglected, then, from Reference 1, , 


1) — 8.0) 
G(%) 


O(r ea Or) _ k[a(r + 1) — a(r)] for r> 1 


where k = Ratio of cable surface temperature rise to core-tem-| 
perature rise, under steady conditions. 

a(T) = Ratio of transient cable surface temperature rise at: 

T hours after the application of a step-function I 

current to the steady-state cable surface tempera-|: 

ture rise. 

Therefore the maximum core-temperature rise is given approxi-) 
mately by 


(170,(o)/12) {ue + (Yo — w[L —k + kee(1)] 
+ (¥, — pk [o(2)— a1) ] + (Y2 — pk [e(3) — &(2)]... 
+ (¥p_1 — wk[« (7) — aT — 1)]} 
= (176,(00)|12) [a = Y) PEAR + pl a(T)]} | 
where 
B= YO) + Y,0, + YO, +...+ Yp_Or7_, 
®, = os + 1) — as) 


For standard cyclic-rating-factor calculations the peak cyclic. 
current I is assumed to be initially equal to the steady rated i 
current Jj. The cyclic current, as a whole, may then be multiplied 
by the following cyclic rating factor for the same core-temperature 
rise: 


T-1 
= (170,()/1¢) {1 ae 2 ( ie 


So ete) 


1 | 


f 
£ 


*, [a — ey pe Bee a(T))} | f 
This differs from eqn. (6) of the earlier paper! in that the 
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symbol A of that equation is replaced by B+ [1 — a(T)]. 
The calculation of the term A involved the summation of a 
number of products which could be as large as 24, whereas the 
calculation of B involves the summation of T products, T being 
the number of hours prior to the expected time of maximum 
core temperature for which an accurate representation of the 
applied current curve is considered. Hence the choice of T is 
a compromise between the necessity of obtaining a reasonably 
accurate cyclic rating factor and the desire to limit the number of 
multiplications involved. A suitable value for T appears to be 
6 hours, and the cyclic-rating-factor error with this choice will be 
considered for the eight typical applied-current curves of Fig. 1. 
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Fig. 1.—Eight typical load current curves. 


To facilitate the application of the proposed method, Table 1 
presents values of ® and 1 — a(6) for soil thermal diffusivities 
0-02 and 0:01 cm?/sec for a range of cable diameters or inner 
duct diameters of 0-5(0-25) 4-5, 5-0 and 6-Oin, respectively. 

Tabulated values of & for representative cables conforming to 
B.S. 480: 1954, laid direct or in ducts, and for a soil thermal 
resistivity of 120° Ccm/watt, have been included in the earlier 
paper,! together with formulae for the calculation of k for any 
other type of cable and for any other soil thermal resistivity. 

In order to illustrate the present method, and to provide a 
comparison with the earlier method, let us consider example 1 of 
Reference 1. In this case the cyclic rating factor was calculated 
for a certain cyclic current applied to an isolated circuit com- 
prising three single-core 1-00in? 33kV p.i.l.s. cables laid direct 
in the ground in trefoil touching formation. The cables were 
served, with added sheath protection, and they conformed to 
B.S. 480: 1954. The outer diameter of each cable was 2-41 in, 
and the upper cable axis was at a depth of 36in below ground 
surface. The soil thermal resistivity and diffusivity were 
120° Ccm/watt and 0:02cm2/sec, respectively, while the appro- 
priate value of the parameter k was 0:87. 

The present method of calculation is given in Table 2, and 
proceeds as follows: 


(a) Enter in column 1 the six consecutive hourly intervals of 
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Table 2 


CALCULATION OF CYCLIC RATING FAcTorR. NATIONAL LOAD {Ac 
CurVE OF Fic. 2 OF EARLIER PAPER APPLIED TO ONE /” 
IsOLATED CIRCUIT COMPRISING THREE SINGLE-CORE 1-00 12 a 


33KV CABLES LAID DiRECT IN THE GROUND IN TREFOIL 40" 


TOUCHING FORMATION 


3 


Y step function DO pipis ron 


equivalent to D=0: 
d = 2-50 
from Table 1 


(cyclic current 
per peak current)? 


0-345 
0-084 
0-050 
0-035 
0-027 
0-022 


0:99 
0-75 
0-625 
0-625 
0-625 
0-80 


Total = B= SYO = 0-493; 


Depth of upper cable axis below ground surface = 36 in. 

Outer diameter d of each cable of trefoil formation = 2-41 in. 

Soil thermal diffusivity, D = 0-02 cm2/sec. 

Soil thermal resistivity, g = 120° Ccm/watt. 

Value of k from previous paper = 0-87. 

Value of column 2 for time 0-1 hour = Yo = 0:99. 

Value of loss load factor, 4 = 0-506. 

Value of 1 — «(6) for D = 0:02, d = 2-50 from Table 1. 
= 0-436. 

Cyclic rating factor 


=1/[d —®Y¥o+ {B+ wll — «(@]}]!? = 1-15. | 


* Time measured prior to expected time of maximum core temperature. 


time directly prior to the expected time of maximum core tem- 


perature. (In the present example 17-5 hours.) 
(b) Enter in column 2 the values of Y, namely the step function 


equivalent to (cyclic current per peak current)”, for the appro- 
priate hours, from Table 7 of Reference 1, measuring time prior } 


to the expected time of maximum core temperature. 


(c) Enter in column 3 the ® factors for D = 0:02cm?/sec and 
As no values are tabulated | 
for exactly d = 2-41in, enter those for the nearest tabulated | 


cable diameter 2:41 in from Table 1. 


diameter (2:50in). The error in this procedure is negligible. 
(d) Enter in column 4 the product of the corresponding entries 
of columns 2 and 3. 


(e) Enter at the foot of column 4 the value of B, the sum of 


the individual entries in column 4. Here B = 0-493. 


(f) Note the value of Yo, the entry in column 2 for the time 


0-1 hour. Here Yo = 0-99. 

(g) Calculate the value of py the loss load factor or ratio of 
mean square current to maximum square current for the applied 
cyclic current. From Table 6(a) of Reference 1, pu is given by 
the average value of (cyclic load current/peak load current)? at 
time T, and is 0:504. From Table 6(d) of the earlier paper ps is 
given by the corresponding weighted average, and is 0-506. In 
the present example yx is taken as 0-506. 


(h) Note the value of 1 — «(6) for D = 0-02 and d = 2:50 


from Table 1. Here 1 — «(6) = 0:436. 
(i) Calculate the value of the cyclic rating factor 


i/fa = WY, He + pf — a(6)]} |" tits 


1 a6) | 


I oe 


This is identical with the value obtained for the same problem : 


by the method of the previous paper. 
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3) ACCURACY OF THE PRESENT METHOD AS ILLUSTRATED 
BY EIGHT TYPICAL CURRENT CURVES APPLIED TO 
CABLES OF VARIOUS DIAMETERS 

The formula for the cyclic rating factor given in the earlier 
yaper differs from that of the present paper in that the symbol A 
f the previous formula is now replaced by B + u[1 — «(6)]. 
f these factors were equal numerically, the methods of the two 
yapers would yield the same result. 

The eight typical current curves of Fig. 1 are considered 
yclically applied to cables of various outer diameters (or inner 
luct diameters in the case of ducted cables). The curves have 
een drawn so that the expected time of maximum core tem- 
erature is 24 hours in each case, allowing a direct comparison 
xetween the applied cyclic currents. It will be observed that, 
m some cases, the expected time of maximum core temperature 
joes not coincide with the time of peak current. 

The values of A and B + yx[1 — «(6)] have been calculated for 
he eight typical curves of Fig. 1 for various cable diameters and 
or a soil thermal diffusivity of 0-01 cm?/sec and are presented 
aTable 3. It will be noticed that, in some cases, A is numerically 
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the seventh day in question and the identical current of the six 
previous days for all remaining days prior to the individual 
seventh day in question. 

If the maximum core-temperature rise occurs at T hours on 
the seventh day and the loss load factor of the identical applied 
current for the six days in question is jz, the required formula for 
the cyclic rating factor is given directly from Section 2 by 


1 
a [a — WY) + kfB + uD — a(T)]} | 
where B = Y,>O) + Y,O,+...+ Yr_,O7_, 


I = Peak cyclic current of seventh day. 
I, = Peak cyclic current of remaining six days. 


All the other symbols have the same meaning as in Section 2. 
The minimum value of T to be used in this formula is six, so 
that if the maximum core temperature occurs at a time earlier 
than 6 hours, the value of six must be taken for T while the 


Table 3 
CALCULATED VALUES OF A AND B + p[1 — «(6)] FoR THE ElGHT TyPICAL CURVES OF Fic. 1 APPLIED TO CABLES OF VARIOUS 
DIAMETERS 
: Cable diameter or inner duct diameter (in inches) 
ePE ied coreent as Calculated value of 
3-0 4:5 6-0 
Fig. 1(@) A 0-833 0-794 0-759 0-735 0-717 
B+ ull — «(6)] 0-840 0-801 0-767 0-744 0-728 
Fig. 1() A 0-733 0-670 0-613 0-573 0-541 
B+ ull — «(6)] 0-734 0-671 0-614 0-574 0-544 
Fig. 1(c) A 0-683 0-608 0-541 0-494 0-457 
B+ ull — a(6)] 0-680 0-604 0-536 0-488 0-453 
Fig. 1(d) A 0-691 0-617 0-551 0-504 0-467 
B+ pill — a(6)] 0-695 0-622 0-557 0-510 0-475 
Fig. 1(e) A 0-762 0-704 0-654 0-617 0-588 
B+ pil — «(6)] 0-775 0-721 0-672 0-638 0-611 
Fig. 1(/) A 0-670 0-593 0-523 0-476 0-440 
B+ pli — «(6)] 0-676 0-599 0-531 0-484 0-451 
Fig. 1g) A 0-732 0-677 0-627 0-592 0-564 
B+ nll — 6] 0-728 0-672 0-620 0-585 0-558 
Fig. 1(A) A 0-689 0-657 0-628 0-607 0-589 
B+ wll — «(6)] 0-685 0-651 0-620 0-598 0-582 


reater than B + pu[1 — «(6)] or that the cyclic rating factor 
‘btained by the present method is too large. However, this is 
een to be the case by less than 1°% while the maximum under- 
stimate of cyclic rating factor by the method of the present 
aper is less than 2%. 


(4) WEEKLY CYCLIC LOAD 


A weekly cyclic load of some importance consists of six days 
*n an identical applied current and a seventh day with a sub- 
taatially increased current, so that the maximum core tempera- 
it# will be reached on each seventh day alone. For the deter- 
vimation of the maximum core temperature on any individual 
2v nth day there is only a negligible error involved in considering 
4¢ temperature response as being due to the correct current for 


remaining values of Y must correspond to the last hours of one 
of the six identical daily cycles. 

Hourly values of ® for a wide range of cable and inner-duct 
diameters, for the standard depth of laying of 36in and for soil 
thermal diffusivities of 0:02 and 0-01cm?/sec, together with 
corresponding values of «(T), have been given in Reference 2. 


(5) EMERGENCY LOAD 


It is often important to calculate the maximum permissible 
constant current for a specified period of T hours following either 
a constant current less than the rated current, or a cyclic current. 

If the constant current continuously applied to a cable prior 
to emergency loading is 1/ times the rated current, the subse- 
quent emergency current for a period of T hours has been shown 


AND | 
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by Whitehead and Hutchings? to be given by p times the rated 
load current, where 


i) =f ge ambient and solving for q, we find, after some manipulation): 
oir E 7 ee eae ood involving the relations given in Section 2, 

To facilitate calculation of the maximum load factor, Table "sf | 
gives values of «(T) for 24 hourly values of T for a soil therma OA 
diffusivity of 0-01 cm?/sec for a range of outer cable or inner duct k —(KP?/I9) {uf — «(6)] + sate YruiPryi1-+- +¥5 s { 
diameters, and for the standard depth of laying of 36in, while k 1—k+ka(T) 

Table 4 


VALUES OF oT) FOR SOIL THERMAL Dirrusivities OF 0:01 AND 0:02.cM?/sEC 


D = 0:01 cm2/s 


Cable diameter or inner duct diameter (in inches) 


On equating the above expressions for the core-temperature | 
rise above ambient at the end of the period of emergency load): 
with the maximum permissible core-temperature rise above) 


D = 0-02cm2/s 
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may be calculated (or is given directly for cables to B.S. 480: 1954) 
using the earlier paper.! Further, as «(T) for a soil thermal 
diffusivity of 0-02cm?/sec is equal to «(27) for a soil thermal 
diffusivity of 0-01cm?/sec, Table 4 also gives «(T) for a soil 
thermal diffusivity of 0:02cm?/sec for a maximum period of 
T = 12 hours. 

If the cyclic current is applied to a cable prior to emergency 
loading, we denote the amplitudes of the step-function current 
equivalent to the squared applied cyclic current for the one hour, 
two hours, three hours, etc., prior to the commencement of the 
emergency current by hh/ Yr, L/ Yri1, L\/ Yr, etc., where I 
is the peak cyclic current. The maximum emergency current for 
the period of T hours is denoted by gq times the rated current. 
If 0, is the maximum permissible core-temperature rise above 
ambient, and Jp is the corresponding rated current, the core- 
temperature rise above ambient at the end of the period of 
emergency current is given by 


(7/13) {n0, + (G3 — OAT) + (Yr — [OT + 1) — 0(7)] 

+ (¥r41 — M[O(T + 2) -O(T +] +... 

+ (Ys — [8,6 — 9,(5)]} for T < 6 hours 
(7/12) {u8. + (a — WOT) for T> 6 hours 


where q; = ql)/J, and 6,(T) is the core-temperature rise above 
ambient at T hours after the application to the cable of a step- 
function rated current Ip. 
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for T < 6 hours, and 


a : — (kpPi@ll — a 
a 1 —k + ko(T) 


for T> 6 hours. 


To illustrate the application of the present method, we con-) 
sider the cable, the method of laying, the soil constants, the} 
cyclic current and additional data required to be the same as in) 
example 1 of Reference 1. With the peak cyclic current equal) 
to the steady rated current, it is required to find the maximum] 
permissible constant current for the period of 10-5-12-5 hours, 
subsequent to the cyclic current at all earlier times. 

The emergency is for a two-hour period, so that T= 2. The! 
values of Y for the 4-hour period prior to the emergency current 
are taken from the earlier paper,! and are as_ follows: 
Y2 = Y; =0-885, Y¥4=1-00, Ys = 0-375. The correspond: 
ing values of © for a soil thermal diffusivity of 0-02 cm/sec 
and a cable external diameter of 2: 50in are obtained from Table 1) 
and are as follows: D, = 0-050, ®, = 0-035, ©, = 0-027 and 
®; = 0-022. Further 1 — (6) = 0-436 from Table 1, while 
bt = 0-506, k = 0-87, and «(2), for a soil thermal diffusivity of] 
0-02cm?/sec and a cable external diameter of 2- 50in, is obtained 
from Table 4 and equals 0-429. The insertion of these values ir 
the previous formula gives an emergency current 19° in exces? 
of the rated value. | 
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(7) CABLE GROUPS 


The temperature distribution due to an isolated cable laid 
direct in the ground, with a constant applied current, may be 
approximated by that due to a continuous line source of heat at 
the cable centre together with its image in the earth’s surface, 
provided that there is a constant rate of heat liberation per unit 
time per unit length of the source, that the cable is assumed to 
possess the same thermal properties as the soil in which it is 
buried, and that the surface of the ground may be treated as an 
isothermal. The transient temperature rise, at a point distant 
r, from the line source and ry from the image of the line source 
in the earth’s surface, is given as a proportion of the steady-state 
temperature rise at the same point by ¥(t), where 


~ ay) +1 (= ah) 
2 log: (r2/r,) 


= Time measured from the instant of application. of heat- 
ing, sec. 
D = Thermal diffusivity of the soil, cm?/sec. 
—Ei(— x) is the exponential integral function defined by 


Ri | —du 


while the steady-state temperature rise itself is given by 


0 = (gP/27) loge (ro/r;) 


where g = Soil thermal resistivity, deg C cm/watt. 
P=Rate of heating per unit length of line source, 
watts/cm. 

‘The assumption that the cable material possesses the same 
properties as the soil is not so unjustified in practice for the 
times under consideration as would appear at first sight.4>5 
Excellent Tables of the exponential integral function have been 
published by the National Bureau of Standards.® 

Let us consider a group of differently intermittently loaded 
cables laid direct in the ground, and suppose that it is required 
to calculate the peak intermittent current in a single cable in 
order that its maximum permissible temperature rise above 
ambient and the temperature rise above ambient of the other 
cables are not exceeded, the intermittent current in all other 
cables remaining the same. The maximum core-temperature rise 
due to the single cable, isolated from the remaining cables, is 
given by 


— Ei 
W(t) = 


I70(00) [R713 


where, for the isolated single cable, 


§.(co) = Maximum permissible core-temperature rise above 
ambient. 
I = Peak intermittent current prior to the application of 
the intermittent rating factor. 
Jy = Continuous rated current. 
R = Cyclic rating factor. 


It will be assumed that the time of maximum core temperature 
of the cable whose peak intermittent current is required is the 
same whether that cable is in the presence of other loaded con- 
4uctors or not. This assumption is made for simplicity only, 
aid is not essential for the present method. 

On the temperature rise above ambient due to the single 
wolated cable must be superimposed the temperature contribu- 
tions due to the remaining cables. The contribution from the 
319 additional cable is given by 


P 
5 (log. 7) Yoel) — $,(0)] + Yi5[%,(2) — o,,(1)] . . 


Sea Yer—1,s[bs(T) * b(T ry 1)] =i bs[1 S et 
where the sth additional cable is denoted by the symbol s, and 


I, = Peak intermittent current on sth cable. 

Ip, = Rated current on sth cable. 

P, = Rate of heating per unit length of sth cable 
with steady applied peak current J,. 

ry, = Distance from image of centre of cable s in 
earth’s surface to centre of single cable whose 
intermittent rating factor is required. 

rj; = Distance from centre of cable s to centre of 
single cable whose intermittent rating factor 
is required. 

Vo ssodacCtGe—ovalues= Of Yo, e) 4.» etc. wiomnthesstameable. 
Appropriate hourly rectangular pulses into 
which the square of each cyclic current is 
decomposed, with peak intermittent current 
assumed to be unity. Time measured prior 
to expected time of maximum core tem- 
perature of cable whose intermittent rating 
factor is required. 

w,(T) = Value of u(t), with ¢ replaced by 36007, for 
the sth cable. 
14; = Loss load factor of the applied current of the 
sth cable. 
Denoting 


Cc, = Yos[¢,(1) 7a (0) ] ae Y15[¥,(2) =, $,(1)] ek 
soi Ge Yor_iyys [b(T) a p(T ee 1)] ay Ls[1 a p(T)] 


the total temperature rise at the centre of the cable whose inter- 
mittent rating factor is required is 


[170.(-0)/ R713] + 5 & C,P, loge (rashr1s) 


The peak intermittent current of an individual cable, with the 
current of all the remaining cables kept constant, is then given 
by the rated current of that cable when isolated, multiplied by the 
intermittent rating factor 


R{1 — [g/278,(00)] Y C,P, loge (rasfri)}? 


while a corresponding expression can also be obtained when all 
the cables are to be multiplied by the same cyclic rating factor. 

When the remaining cables are ‘sufficiently far’ separated from 
the single cable whose intermittent rating factor is required, C, 
may be assumed to be equal to p,, as the terms #,(7) in the 
equation for C, become negligible. In practice ‘sufficiently far’ 
may be interpreted as 12in or more for cables conforming to 
B.S. 480: 1954, but for a large proportion of applied load curves 
this distance may be much reduced. 

For calculation purposes calculated values of the power loss 
per centimetre for representative areas of cables conforming to 
B.S. 480: 1954, for a soil thermal resistivity of 120° Ccm/watt 
for cables laid direct in the ground and in ducts, have been 
included in Reference 7. 

If the single cable whose intermittent rating factor is required 
is too close to the remaining cables of the group for C, to be 
assumed equal to pz,, a simplification of the previous formula is 
nevertheless possible, as the intermittent rating factor may be 
expressed as 


REI — [¢/470(c0)] ¥ PHY"? 
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where 
H, = Y,{V) — ¥,0] + %4[72 — PD] .-. 
ear Yir—1ysl¥'(T) te. Ae ve ae, 1)] 
+ p[2 loge (ras/r1s) — VAT)] 


=. 
4D x 36007 


2 
"Is 


4D x 3600T 


fT Ei( ) 4+ Bi 


A suitable value of JT for summation purposes is 24 hours for 
cables conforming to B.S. 480: 1954. The image term of 
W(T) is then negligible, so that we take 


iz 
mally 


x 36007 


WT) = Ei(z5 


where T = time, hours. 


W,(T) may readily be calculated using Tables for the exponential 
integral given in Reference 5, but critical Tables for this purpose 
when —Ei(—x) = 0:00 (0:01) 2:00, together with Tables of 
—Ei(—x) for x = 0:00 (0:01) 1 (0-1) 10 have been given in 
Reference 7. 

It is necessary to check that the application of the calculated 
intermittent rating factor to the particular cable in question does 
not make the conductor temperatures of’ surrounding cables 
exceed their permissible values. If R, denotes the intermittent 
rating factor of the particular cable in question in the presence 
of remaining loaded cables, the maximum conductor temperature 
rise above ambient of an individual surrounding cable may be 
obtained in the form 


(PACHLIZ)| A — Yo + {B+ wll — 2(6)}} 


g ros _, Rig. rp 
ah eee Pals ee AP a7 P loBe 1 
where the first term represents the conductor temperature rise 
above ambient of the isolated individual surrounding cable under 
consideration, the second term represents the conductor tem- 
perature rise above ambient of the same cable due to all remaining 
cables except the cable whose intermittent rating factor is 
required, and the final term represents the conductor tempera- 
ture rise above ambient of the same cable due to the cable whose 
intermittent rating factor is required (P is the rate of heating per 
unit length of the cable whose intermittent rating factor is 
required, subject to steady rated current). 

If the temperature rise given by this expression is less than its 
maximum permissible value for all surrounding cables, the 
required intermittent rating factor is simply Rj. 

If the conductor temperature rise of only one surrounding 
cable is exceeded, the cyclic rating factor is obtained by equating 
the above expression for that cable to the maximum permissible 
conductor temperature rise above ambient of the cable, 6,(c), 
and solving the resultant equation for R,, giving 


Ry = 


If the conductor temperature rise of more than one surrounding 
cable is exceeded, the appropriate intermittent rating factor may 
be calculated on a similar basis, but the details become corre- 
spondingly more complicated. 

As an example, Jet us consider a trefoil touching group of 
cables, laid direct in the ground at a depth 36in of upper-cable 
axis below ground surface, symmetrically disposed at a horizontal 
axial spacing of 18in with respect to two identical 3-core cables, 


6.(«) — (178 ,(00)/12) [a —k)Y¥ot+ k{B al pl = 2(6)]} me => MsPs loge 2 
(guP/27) log. (r2/7;) 


OF CYCLIC RATING FACTORS AND 


each at a depth of 42in of upper cable surface below ground 
surface. This geometrical configuration is given in Fig. I, The ) 
trefoil touching group of cables, their current and the soil | 
properties are taken to be the same as in the earlier example of. 
Section 2. The 3-core cables are taken as screened 0-25in?, | 
33kV p.il.s., single-wire armoured and served, with an outer-| 
cable diameter of 3:47in, a cable loss of 39:0kW/1000 yd for a) 
core-temperature rise above ground of 50°C due toa steady | 
applied rated current. The intermittent current applied to each 
3-core cable is assumed to have a loss load factor of 0°472) 
(corresponding to an intermittent current different from that | 
applied to the trefoil touching group of cables). If the peak 
intermittent current of each 3-core cable is equal to its (isolated) | 
rated current, the question arises as to the magnitude of the peak } 
intermittent current of the trefoil cable group so that the maxi- | 
mum permissible core temperature of each cable is not exceeded, ¢ 
In particular, it is interesting to compare this figure with thet 
corresponding peak value for the isolated trefoil group. oi 
From Section 2 the cyclic rating factor R for the isolated) 
trefoil group is given as 1-15. The maximum permissible core | 
temperature of the trefoil group is obtained from E.R.A. Report’ 
Ref. F/T183, and is 70°C, giving the value for @,(00), the maxi-| 
mum permissible core temperature rise above ambient, of | 
70 — 15 = 55°C, and a corresponding value for g/270,(00) of 
120/27 x 55 = 0-347cm/watt. Further, the rate of heating per | 
unit length of 3-core cable, with steady applied rated current, is 
P = 39-:0kW/1000 yards = 0-427 watts/cm. 
The loss load factor of the load applied to the 3-core cables 
is 0-472, while from the geometrical configuration of Fig. al 
' 


f 


Fig. 2.—Cable configuration. | 


log. (r,/r;) = 1:47. Hence for the two 3-core cables the term | 
[g/276,(00)] 3) P,us loge (r2,/r1;) assumes the numerical value of 


z ; 
2 X 0-347 x 0-427 x 0-472 x 1-47 = 0-206, so that the inter-| 
mittent rating factor for the trefoil cable group is given by 
1:15,/(. — 0-206) = 1-02, provided that the 3-core cables do) 
not exceed their permissible temperature. 

It is now necessary to check that the 3-core cables do not 
exceed their permissible temperature when the amplitude of the 
current waveform applied to the trefoil group is multiplied by) 
the ‘tentative’ intermittent rating factor of 1:02. The maximum! 
permissible conductor temperature rise above ambient for ed 


3-core cable is 50° C, while the cyclic rating factor for an isolated 
3-core cable (corresponding to a particular intermittent current 
1/2 
2s 
lis 
detailed in Table 5, col. 5, and of loss load factor 0-472) is 1-14. 
The intermittent currents applied to the trefoil group of cab 
and to the 3-core cables have peak values occurring at approxi-~ 
mately the same time. : 
The maximum core-temperature rise in either 3-core cable, due’ 
to its own current, is 50/1-14” = 38-4°C, the peak cyclic current 
of each 3-core cable being equal to its rated current.. The tem- 
perature rise in either 3-core cable due to the remaining 3 cai 
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Table 5 


CALCULATION OF THE CyCLic RATING FACTOR OF A TREFOIL GROUP IN THE PRESENCE OF Two 3-CorRE CABLES. INTERMITTENT 
CURRENT IN ALL CABLES 
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Differences of col. 3 
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Y step function equivalent Col. 4 x col. 5 
to (cyclic load current 
per peak load current)2 
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From example, log'r,/r; = 2°21, w = 0-472, g/270(00) = 0-347 and P = 0-427 


p[2 log (r2/r,) — W(24)] = 0-472 x 2-31 = 1-090 
H = 0-983 + 1-090 = 2-073 


Ss 
tbo) uss 


=2 x 0-1735 x 0-427 x 2-073 = 0-307 


(Two equally loaded cables) 


Intermittent rating factor, R, of isolated trefoil group = 1-15. 
Intermittent rating factor of trefoil group in the presence of the two loaded 
3-core cables = 1-154/(1 — 0:307) = 0°95. 


*Time measured prior to expected time of maximum core temperature of trefoil group. 


able is (g/27)u,P, log. (r2,/r;,), and with g = 120° Ccm/watt, 
ts = 0°472, P,=0-427 watts/em and log, (r2,/r;,) = 0°96 
rom the cable configuration of Fig. 2, the temperature rise 
lue to the remaining 3-core cable is 3-7°C. The temperature 
ise in either 3-core cable due to the trefoil group is given by 
RyguP/27) log. (r2/r3), and with R, = 1-02, g = 120° Ccm/watt, 
L = 0-506, P = trefoil cable group loss = 0:54 watt/cm and 
9g. (r,/r;) = 1-47 from the cable configuration of Fig. 2, the 
emperature rise due to the trefoil group is 8-0°C. The maximum 
emperature increase of the conductor of the 3-core cable is 
herefore 38-4 + 3-7 + 8-0 = 50:1°C, which is practically the 
ame as the permissible value of 50°C. 

“hus the amplitude of the intermittent current of the trefoil 
roup may be increased by only 2% with the two 3-core cables 
f the group loaded as specified, while a 15% increase is per- 
wssible for the isolated trefoil group. With large or close cable 
r ups a reduction of peak intermittent current below its isolated 
ied yalue may often prove to be necessary. This is illustrated 


by the above example with a horizontal spacing of 6in in place 
of 18in, all other factors remaining the same. The amplitude 
of the intermittent current of the trefoil group must then be 
decreased by 5%. 

It is instructive to give some details of the cyclic-rating-factor 
calculation for the case of 6in horizontal spacing, based both on 
the averaging of the current in the 3-core cables, and on the more 
accurate intermittent current representation. 

The intermittent rating factor based on the averaging of the 
current in the 3-core cables, and for 6in horizontal spacing, is 
obtained in the same manner as for 18in horizontal spacing, 
except that, from the geometrical configuration of Fig. 2, the 
term log (r2/r;) now assumes the value of 2-21 in place of the 
previous value of 1:47. The intermittent rating factor based on 
the averaging of the current in the 3-core cables is then found 
to be 0:95. 

When account is to be taken of the intermittent character of 
the current in the 3-core cables, the calculation may be presented 
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in a tabular manner. Table 5 gives the calculation for the 
present example. In column | is entered the time T in hours, 
measured prior to the expected time of maximum core tempera- 
ture of the trefoil group (in the present case 17-5 hours). In 
column 2 is entered the values of r?/4D x 36007 for T = 0(1)24. 
The exponential integral of the latter values are entered in 
column 3. The differences of the entries in column 3 are inserted 
in column 4. Column 5 gives the step function equivalent to 
(cyclic current per peak current)? for each 3-core cable. The 
product of each corresponding pair of entries of columns 4 and 5 
is inserted in column 6, and the latter column is totalled. On 
addition to this total of ;[2 log: (r2/r;) — ‘¥'(24)], the factor H 
is obtained, and is equal to 2-073, giving an intermittent rating 
factor of 0:95, namely the same as that based on the averaging 
of the current in the 3-core cables. The direct cable centre 
separation in this example is 8-9 in—certainly less than the 12in 
demarcation limit specified earlier. Nevertheless the method of 
averaging the current of surrounding cables is not sufficiently 
accurate for all cases of separation less than 12in for all cables 
and for all current forms, so that a reduction of this figure does 
not appear desirable. 
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COEFFICIENTS FOR ‘DECOMPOSITION’ OF FUNCTIONS INTO 
LAGUERRE-FUNCTION SERIES 


By J. W. HEAD, M.A., and GWYNNETH M. OULTON, B.Sc. 


(The paper was first received 20th March, and in revised form 29th May, 1957. It was published as an INSTITUTION MONOGRAPH in August, 1957.) 


SUMMARY 

Given a function of time which behaves arbitrarily up to a certain 
time and is thereafter negligible, a satisfactory 10-term Laguerre-series 
approximation to the function can in general be written down in 
terms of the values of the function (obtained by graphical interpolation 
if necessary) at times proportional to the 10 zeros of the Laguerre 
function of order 10. The way in which the approximation fails when 
the procedure is deliberately applied to an unsuitable function is 
considered. 


(1) INTRODUCTION 


If we wish to consider a function of time which is periodic 
tut otherwise arbitrary, it is often helpful to find a Fourier 
series, by means of which the periodic function is broken up into 
% finite or infinite number of sinusoidal components, and a useful 
2pproximation to the original function is obtained by taking, 
say, the first 7 of these components. 

Frequently, however, we are concerned with a function of 
time which has no obvious periodicity, behaves in an arbitrary 
manner for small and moderate values of the time, and is neg- 
ligible from a certain time tg onwards. A reasonable approxima- 
tion to such a function will often be a series of Laguerre func- 
tions. The coefficients in the series can, like those in a Fourier 
series, be determined by integration, since Laguerre functions of 
the same argument kt and different orders are orthogonal for 
the rangeO < t< ©. If, however, we know the greatest number 
of terms in the Laguerre series likely to be justified in practice by 
‘the accuracy with which the values of the given time function can 
‘be determined, the coefficients can be derived directly, without 
any integration, from certain constants which can be calculated 
‘in advance. These constants are discussed, and tabulated below 
-on the assumption that a series of 10 terms is justified by the data. 


f(4) is negligible for t > fy. We seek to determine the coefficients 


b, so that 
N-1 
f(t) and }} bA,(kt) (1) 
s=0 
shall be approximately equal for 0 < t < fy and negligible for 
t> to, A,(kt) being the Laguerre function of argument kt and 
order s, tabulated in a paper by Head and Wilson.* We are at 
liberty to choose k as we please; for the time being we shall 
regard it as a known parameter until the considerations govern- 
ing its choice can be explained. 
Now suppose we choose WN times f), ft)... ¢, and make the 
two quantities (1) equal at these times. Then the 4, will be 
determined by the linear simultaneous equations 


N=1 
iG) = 2 bACKt,) (7 oN) (2) 
QS 
Now it happens that if 
= a&nrlk (3) 


where ay, is the rth zero (in ascending order) of the Laguerre 
function Ay(x), eqns. (2) have an explicit solution 


an A, (cn) 
N 203, (nr) 


so that if the matrix of coefficients 


eS f(ay,[k) (s =0,1...N—1) @ 


r=1 


B ae cnrA (nr) ( 

rs NED er (np) 
is worked out, b, can be written down immediately once the 
f(ay,/k) are known. If f(f) is only given graphically, f(a,,/k) 


a5 ig NB el og /NL IN) (3) 


Table 1 
VALuES OF B, 


| 2 

| 

| 1 |0-3304 0-2849 0-2425 0-203 1 

2 «10-5777 0-1563 —0-1114 —0-2628 

| 3 10-5386 —0-4353 —0:5286 =0:2723 
4 |0-3403 —0:8168 —0-006 122 0-5414 
5 10-1526 —0-6950 0-8106 0-3140 
6 |0-04851 —0:3555 0-9233 —0:7877 
7 |0-01054 —0-1144 0-500 5 —1-065 
8 |0-001456 — 0-022 25 0-1470 —0-5380 
9 10-1100 x 10-3] —2-310 x 10-3 0-021 88 671024 
10 |3-113x 10-6 | —0-09004 x 10-3] 1-210 x 10-3 | —0-00996 


(2) DERIVATION OF APPROXIMATING LAGUERRE 
SERIES 


Suppose now that we wish to approximate to a function f(t) of 
time, given cither graphically or by explicit formula, and that 


‘orrespondence on Monographs is invited for consideration with a view to 


*uslication. : ne ; . 
Ar, Head and Miss Oulton are with the British Broadcasting Corporation. 


0:1666 0-1328 0-1015 0:07271 0-046 30 0-022 09 
—0-3284 | —0-3329 | —0-2963 | —0-2340 | —0-1581 —0-07790 
0-043 19 0:2799 0-3928 0-388 1 0-2962 0-1551 
0-4916 0-1174 | —0-2611 | —0-4586 | —0-4365 | —0-2518 
—0:4944 | —0-5920 | —0-1256 0-373 8 0-5513 0-3689 
—0-4304 ORS 25 0:6135 | —0-08152 | —0-6047 | —0-5101 
0-9148 0-3320 | —0-8089 | —0-4182 0-543 0 0-6826 
Se 7/5) 1-226 0-1307 0:9892 | —0-2726 | —0-9014 
0:4427 | —1-053 1-560 eh —0-4005 1-203 
0-056 36 | —0-2278 0:6715 | —1:428 2-076 Slr 


The matrix of coefficients 


must be estimated by interpolation. 
is given in Table 1 for N = 10. 
Eqn. (4) is derived by multiplying eqn. (2) by 


A,(cenr)| D7 (6) 


* HEAD, J. W., and WILSON, W. P.: ‘Laguerre Functions; Tables and Properties’, 
Proceedings I.E.E., Monograph No. 183 R, June, 1956 (103 C, p. 428), 
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and summing with respect to r, where 
D2 — AR(nr) =r A2 (cnr) ial r3,_ (nr) 
a N?AX_ (an) ne (8) 


The fact that the quantities A,(«,,) have orthogonal properties, 
and that D? defined by eqn. (7) has the simplified value given in 
eqn. (8), is explained in Section 13.2 of the paper by Head and 
Wilson. After the multiplication and summation, the right- 
hand side of eqn. (2) reduces to the single term 4, if ft, satisfies 
eqn. (3). 

In determining k, there are three conflicting considerations: 
(a) k must not be so small that «yy/k exceeds fy, or no useful 
information will be obtained from the last point where the two 
members of (1) are made equal; (b) k must be sufficiently large 
to ensure that |A,(k2)| is less than a predetermined amount « for 
all s up to and including N — 1 and all t> tg; (c) k must be 
sufficiently small to ensure that the values of ¢ at which the 
members of (1) are made to agree are not too small and too 
close together. If no value of k is suggested by the nature of 
the problem, 3«,yy/(4to) would appear to be suitable. 


(3) APPLICATION 


If f(2) is replaced by A,(kt) for u = 0,1... 9 and the constants 
in Table 1 are used to determine the 10-term Laguerre series for 
f(t), then we obtain, as expected from eqn. (4), 


b, =0(s # 3b, =1 


If f(t) is in fact any expression of the form 


(9) 


ée—3kt x (polynomial in 1) (10) 


and the polynomial is of degree not exceeding 9, the agreement 
between the two members of (1) will be exact when the 5, are 
given by eqn. (4). 

Only minor discrepancies are to be expected if f(t) has no 
violent oscillations in the range 0< t< fg, and therefore it 
would appear to be most useful deliberately to choose an unsuit- 
able function for f(t) and to see how the 10-term Laguerre-series 
approximation fails. This has been done for the case 


sin (¢t — 37) 


as (0O<t< 67) 


{() = (11) 
@) t> 67 
taking k = 4 (Fig. 1). 
The Laguerre-function approximation appears to be in sur- 


O-5r 


-0:5 


Fig. 1.—Ten-term Laguerre-function approximation (dotted) to I 
sin (t — 3m)/(t — 37). f 


eqn. (11) in this case, except for the violent behaviour for small - 
values of f. 
It thus appears that a 10-term Laguerre-series approximation to 

a function of time which is negligible for t > t 9 and does not | 
oscillate violently in the range 0 < t < tg can be readily obtained 
by means of the data in Table 1 and the values of the function at / 
10 times which are spaced not equally but in the ratios of the 
zeros of the Laguerre function of order 10, and that such an j 
approximation to the function of time is generally satisfactory. 


prisingly good general agreement with the true f(t) given by | 
} 


For convenience the values of the zeros 9, of the Laguerre | 
function of order 10 given in the paper by Head and Wilson are | 
repeated here: 

10,1 = 0-137 789; 

%10,4 = 3-401 43; 

aly a 11-843 78; 

10.10 = 29 -920 70 


10,2 = 0°72946; a9 3 = 1:80835; 
19,5 = 5°55250; aX 19,6 = 8:33015; 
19,8 = 1627925; a9 9 = 21-996 585 
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TRANSIENT HEATING OF BURIED CABLES 
By Prof. J. C. JAEGER, M.A., D.Sc., and GORDON H. NEWSTEAD, M.E.E., Associate Member. 


(The paper was first received 29th October, 1956, and in revised form 12th June, 1957. It was published as an INSTITUTION MONOGRAPH 
in August, 1957.) 


SUMMARY 


The paper develops exact methods of computing the thermal 
performance of buried cables, based on a solution of the relevant 
differential equations given by Jaeger in 1956. 
The approach differs from that of other workers, who have used 
approximate methods of calculation. It is shown that the integrals 
occurring in the exact solution only require a small amount of computa- 
tion, and if there is very great demand for this information, it could 
easily be codified by one of the national computing organizations. 
The results obtained by the exact method are compared with those 
of other workers, particularly Whitehead and Hutchings (1938), and it 
is shown that, although their methods are generally satisfactory, they 
can lead to large discrepancies in particular cases, especially for small 
heating times. Calculations are made for a particular cable to show 
the application of the method. 


LIST OF SYMBOLS 


The notation of Whitehead and Hutchings® has been followed 
as far as possible, to make comparison with their results easier. 
As in their notation, watt-C.G.S.-deg C units will be used and 

the mechanical equivalent of heat J eliminated from the following 
equations. The results of the paper can be compared with 
those of authors who use calorie-C.G.S.-deg C units by trans- 
‘forming the symbols which occur in this paper as follows: 
replace g by 1/JK, S by SJ, G’ by G’/J, S, by S,J and c by cJ. 
_D, p, h, %, %, and 7 remain unchanged. 


t = Time after switching on current in cable. 
I = Current in cable. 
Tmax = Rated value of cable current. 
@ = Core temperature of cable. 
6’ = Sheath temperature of cable. 
0” = Temperature at radius r in the surrounding medium. 
6,, = Asymptotic value of 6 for large values of t. 
a = External radius of cable sheath. 
1 = Depth of burial. 
S = Thermal capacity per unit length of cable. 
S, = Thermal capacity per unity length of cable sheath. 
G’ = Thermal resistance per unit length of cable insulation. 
R = Electrical resistance per unit length of cable conductor. 
g = Thermal resistivity of ground. 
p = Density of ground. 
c = Specific heat of ground. 
D = Thermal diffusivity of ground = 1/(gpc). 


Dimensionless Constants. 
h = 27G'/g. 
a = 27a"pc/S. 
&, = 27a*pc/S,. 
7 = Dtfa?. 
be = [A + log: (2I/a)]/27. 


(1) INTRODUCTION 


Calculations relating to the transient heating of buried cables 
kave been made by many authors. Two problems, in particular, 
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have been considered: heating by constant current, which may 
be regarded as an approximation to the. case of the superposition 
of a peak load on a base load, and instantaneous heating, e.g. 
by a short-circuit, in which case it is desired to know the way in 
which the excess heat is dissipated. 

The fundamental work on the first problem from the engineer’s 
point of view is that of Whitehead and Hutchings (1938), who 
use a number of different approximations so that it is hard to see 
the order of accuracy of their final results. On the second 
problem the simplest idealization, that of a cylinder buried in an 
infinite material, has been discussed by Whitehead (1944),> who 
develops approximate formulae, and Tranter (1947),* who points 
out that it is more satisfactory to use the accurate results. 
Approximate formulae for a more complicated idealization of a 
cable have been given by Griinberg (1941) and Griinberg and 
Sontz (1941).? The object of the present paper is to give accurate 
formulae for the simplest useful idealization of a practical cable 
and to point out that numerical values are, in fact, quite easily 
calculated from them for any given cable. Numerical results 
will be given for an actual cable and the status of the various 
approximations will be discussed. 

The model used here will be that of Whitehead and Hutchings, 
namely a core consisting of the current-carrying elements, which 
is supposed to be a perfect thermal conductor and to have 
thermal capacity S and electric resistance R per unit length of 
cable. The core is separated from the surrounding sheath by 
insulation whose thermal resistance per unit length of cable is 
G’ and whose thermal capacity is neglected.* The sheath con- 
sists of perfect conductor of thermal capacity S, per unit length. 
The external radius of the sheath is a, and it is supposed to be 
surrounded by soil of density p, specific heat c, thermal resistivity 
g and thermal diffusivity D = 1/gpc. For the preliminary 
calculation this material is supposed to be infinite in extent: the 
effect of burial at depth / is considered subsequently. 

Finally, it should be stated explicitly that the only problems of 
this type for which exact solutions can be obtained are those of 
approximately circular symmetry. There is no possibility of 
giving an exact treatment of a multi-core cable. 


(2) THE EXACT THEORY: CONSTANT CURRENT 


Suppose that the cable described above is in a medium of 
infinite extent, both the cable and the surrounding material being 
initially at a constant temperature which may be taken to be zero, 
and that at time ¢ = 0 constant current J is switched into the 
cable. Then, if 0 is the temperature in the core, 0’ that in the 
sheath and 6” that at radius r in the surrounding material, the 
differential equations satisfied by 0, 6’, 0’’ are 


Hie C 0 ie pe 
d¥ @—8  2mal 00” 
° dt G’ g | or He: ot 


* If this is not done the problem is still soluble but the solution is much more 
complicated. An empirical allowance can be made by adding half its value to S and 
half to Se. 
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The solution of these with @ = 6’ = 6” =0 when ¢t = 0 has 
been given by Jaeger (1956).! The interesting quantity is @ and 


its value is 
6 = gRI?G(h, a, %, 7) . (5) 
2a ad — et) dy 

where G(h, a, %&, 7) = [ 3 ‘< a (6) 
A(u) = [ule + a — Au*)So(u) — x(a — hu?)J,(u)/? 

te egg So. — hu2)¥ )(u) — «(a%, — hu*)Y¥{wP . (1) 
h, «1, % and 7 are the dimensionless parameters 

27G’ 27ra*pc 2ma*pc Dt 
h= 2 ae eS tee = a = > pegs . (8) 


and Jo, Yo, Jj, Y; are the Bessel functions of the first and second 
kinds of orders zero and unity, respectively. 

The parameters ~, and «, are the ratios of the thermal capacity 
of a cylinder of the surrounding material of radius a and unit 
length to the thermal capacities of unit lengths of the core and 
sheath, respectively. The order of magnitude of the parameter 7 
which involves the time is of importance: taking typical values of 
D = 0-005, a = 2cm and ¢t = 1 hour gives tr = 4:5. It follows 
that the values of 7 involved in practical problems will very 
probably lie in the range 0-2 < 7< 10. It is well known that 
it is easy to develop approximate solutions for integrals such as 
that of eqn. (6) for values of 7 which are small, say 7 < 0:2, or 
large, say tT > 20, but that in the intermediate range it is necessary 
to evaluate the integrals by numerical integration. For any 
particular cable this is only a matter of a day’s work for a skilled 
computer, and it may be remarked that some values of a related 
integral [eqn. (23) below] were tabulated by the National Physical 
Laboratory, so that if there is any great demand for information 
of this sort for a wide variety of cables it could easily be codified 
by one of the national computing organizations. 

For large values of 7, 


CU =| 2) loge or (9) 
where log. C is Euler’s constant y, so that 
C=1-7811 . (10) 


The error of approximation (9) is of the order of 1/r. 

The theory above is the exact theory for an infinitely long cable 
surrounded by an indefinite amount of soil. In the practical case 
the cable is regarded as being buried at depth / in soil whose 
surface is kept at zero temperature. This may be taken into 
account by adding to eqn. (5) the effect of a line sink of heat of 
equal amount at the ‘image’ point distant 2/ from the cable. The 
temperature at the cable due to this is (Reference 3, Section 104) 


[2 
- =) 
where —Ei (— x) is the exponential integral, which is tabulated, 


for example, in Reference 9. Combining expressions (5) and (11) 


gives, for a cable buried at depth / in soil whose surface is kept at 
Zero, 


(11) 
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Since Ei (—/?/a?z) is negligible if (/?/a’r) > 10, it follows that, 
for values of t of the order of those mentioned earlier, the secouml 
term on the right-hand side of eqn. (12) may be omitted. For 
large values of 7, however, the fi ghee 


fel 
Bi( = =z) © loge = 


(13) 
holds, and using this and (9) in eqn (12) gives for the asymptotic: 
value 0, of @ for large values of the time 


RI? 
Bates a 


4]? 
(2h + loge =) (14) 
Dividing eqn. (12) by eqn. (14) gives the temperature rise in 

terms of its asymptotic value, namely 

0 _ 4nG(h, a1, %, 7) + Ei (—1?/a?7) 

(hs 2h + log. (4/2/a?) 
which involves the thermal properties of the soil in the time 
scale 7. 


(3) CALCULATIONS FOR A PARTICULAR CABLE 


As an illustration, calculations have been made for a 34-core 
cable. This is a standard low-voltage lead-sheathed cable as 
used by the Hydro-Electric Commission in Tasmania. 
sists of three conductors, each 0:4in?, and a half-conductor of 
0:2in’, and is as specified in B.S. 480: 1954, Part 1, Table 9. 

For symmetry it is assumed that all the conductors are ener- 
gized. The measured external radius of the sheath, a, is 2-79 cm 
and its internal radius 2-Scm. Calculations are made for soils 
of three different conductivities referred to as very dry, sandy 
(8% moisture) and standard. The conductivities and diffusivities 
of these soils are given in Table 1. 


p =1-75,c =1-02.* The thermal resistance G’ per unit length” 


Table 1 


PROPERTIES OF THREE TYPES OF SOIL 


t after 


Soil type ib inayere 


Very dry.. 0-72 


ley} 
DED 


Sandy (8% 
moisture) 
Standard 


13%) 


It con- 


For all the soils we take 


= 


| 
| 
| 
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of cable is found by laboratory measurement to be 7°55. The: 


values of the various parameters (8) are also given in Table 1, | 
the value of 7 given being at the end of one hour. 


The quantity G(h, 2, 12-4, 7) as a function of 7 for values of 
the parameters which include those given in Table 1 is shown in - 


Fig. 1. 


As mentioned above, for heating times of a few hours 
and reasonable depths of burial the second term in eqn. (12) is 


negligible, so that Fig. 1 gives @/gRI?, where 0 is the temperature | 


rise in the cable. 
for a depth of burial J, is 


O.. = gRI’-[h + log, (2l/a)|/2a = pgRE . 


The asymptotic value 0,., given by eqn. (14) 


(16) 


The quantity ug will be recognized as the thermal resistance of 


the cable, for the given situation and soil, in thermal ohms. 


Using these results, the behaviour of the cable under peak-load 
conditions may be calculated. Suppose, for example, that the 


cable is buried at a depth of 18 in in sandy soil with a base load 
that gives a steady temperature which is 90°% of the maximum 


* In watt-C.G.S.-deg C units the specific heat of water is J ~ 4-2, 
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Fig. 1.—Values of G(A, 2, 12-4, t) for various values as a function of t. 
Numbers on the curves are the values of A. 


permissible temperature, and that a peak load corresponding to 
half the rated maximum current is superposed. The temperature 
rise is Shown in Fig. 2, and it appears that it reaches the maximum 
permissible value after about 40 minutes. The effect of switching 
off the peak load after some time is equivalent to switching in 
an equal and opposite heat supply after that time, and so may 


FRACTION OF ALLOWABLE TEMPERATURE RISE 


2 
TIME, HOURS 


Fig. 2.—Temperature rise in a cable carrying a base load of 90% of its 
rated capacity when a peak load of 50% of its rated capacity is 
switched in. 


Dotted curve is effect of switching off peak load after 2 hours. 


also be determined. The dotted curves show the effect of 
switching off the peak load after 2 hours. 

The above results can be put in a form more suitable for 
>omparison with the overload-rating tables currently used. These 
tables give multiplying factors for determining the one-hour over- 
load rating of the cable if ithas previously been running at 50% and 
715% of its rated load. Suppose that the cable has reached steady 
conditions when carrying a continuous load current o%J,q, and 
that the current is suddenly increased to eJ,,,,, then 


(1 — of) ibe 
ees 2 es 
at E G GA, Oi, &2, T) j 


This equation should be compared with eqn (9.3) of Reference 6. 
Vor the cable considered above for an emergency loading condi- 
tiem of one hour’s duration in standard soil, we obtain 
Gh, 01, %, T) = 0°19 from Fig. 1. This gives 1-66 and 1-45 
fe the rating factors for 50% and 75% continuous loading, 
which should be compared with values of 1-27 and 1-17 taken 
from Fig. 17 of Reference 6. This shows that the divergence 
b-tween these values and those given in normal rating tables, 


(17) 


e.g. E.R.A. Report FT/128, as adopted by manufacturers can 
considerably underrate the cable for transient loadings. It 
should be noted, however, that the Reference 6 rating factors 
include a factor of safety, so that their results would give safe 
values that could be used in general. This factor was arrived 
at by the process of taking D=0-02, but now that an exact solution 
of the problem has been found we suggest a better approach 
would be to calculate a rating factor using realistic values of the 
parameters concerned and then to allow the factor of safety. 
This procedure has the advantage that one knows what the factor 
of safety actually is, and, when conditions are known precisely, 
smaller factors can be used. This procedure is in keeping with 
the use of a factor of safety in other branches of engineering. 
In order to demonstrate the relations between the approximations 
of Reference 6 and the results of the present authors, Fig. 3 


fe) 1 74 3 4 
T 


Fig. 3.—Comparison of exact calculation and approximation of 
Whitehead and Hutchings for 34-core cable. 


(a) Accurate: hydro-electric cable, g = 120. 
(6) Approximation of Whitehead and Hutchings. 


shows a graph of 6/0,, against 7 using the exact [curve (a)] and 
the approximate method [curve (b)] for the cable under con- 
sideration. It will be seen that for one hour (7 = 2:2) the 
curves agree quite accurately. It is also seen that as curve (5) lies 
under curve (a) for small values of 7, the approximations of 
Reference 6 would tend to overrate the transient overload capacity 
of large cables or other cables for small times (the more so as 
Whitehead and Hutchings claim that their rating factors include 
a factor of safety). 


(4) APPROXIMATIONS FOR VARIOUS PRACTICAL TYPES 
OF CABLE 

The cable for which calculations were made in Section 3 was 
of a type in which most of the thermal mass was in the core and 
the thermal resistance of the paper insulation was not high. In 
this case the effect of the sheath on the temperature rise in the 
core is in fact very small and to a first approximation may be 
neglected. This is the first of the special cases considered below. 


(a) The Thermal Capacity of the Sheath negligible. 

In this case «, = © and «q, is, in fact, of the order of 2 for 
most soils and for cables with thin insulation. The temperature 
rise is then given by G(h, «,, 00, 7), which is the function written 
G(h, «1, 7) in Reference 1. Tables of G(O, «, 7) and graphs of 
G(h, 1, 7) and G(h, 2, 7) are given in that paper, so that con- 
siderable numerical information is available. 


(b) The Thermal Capacity of the Sheath much Greater than that 
of the Core. 

This is the case discussed by Whitehead and Hutchings.© The 

case of negligible thermal mass in the core may be described as 

follows: power RI/* per unit length is supplied to the sheath 
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through a thermal resistance of G’ per unit length. For this case 
the temperature 0’ of the sheath is, by eqn. (12), 


0’ = gRI*| G(0, ©, « j +g (-5)| orcls) 
> psec 4a ar 


where G(0, ©, «>, 7) is the function G(0, «, T) mentioned above, 
which is tabulated in Reference 1. The temperature 6 of the 
core is that corresponding to the transfer of power RJ? through 
thermal resistance G’ to the sheath at temperature 0’, or 


CESGIR IAB GApn recs gs ok ees Sel) 
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ee grr| # + GOO, a, 7) 4 = Ei ( z)| (20) 


The treatment of this problem by Whitehead and Hutchings 
must now be discussed. They separate it into two parts: an 
approximate calculation of 6’, and the derivation of 8 from 0’. 
Their method of calculating @’ (Reference 6, Appendix 3) leads 


to the result 
2 4 : [2 
OY me aE to 2 Bi (= 4) Po oaaten) 


4a (G 


It appears from eqn. (9) that this is in fact the approximation 
to eqn. (18) valid for large values of the time, so that it will be 
unreliable for times of the order of an hour or less which are in 
question here. For example, for 7 =1, G(0, 2,7) = 0-098, 
while the approximation gives 0-064; for smaller values of 7 the 
discrepancy rapidly becomes greater. 

Having found 6’ from eqn. (21), Whitehead and Hutchings 
determine 6 from 0’ by a method which attempts to take into 
account the finite thermal capacity of the core, instead of neglect- 
ing it completely as in eqn. (19). They, however, introduce 
additional approximations, so that it is difficult to see the error 
in their final result. The position is that for large values of + 
their results can be no better than the use of eqn. (15) with the 
approximation (9); for values of 7 < 1 they are quite incorrect, 
and eqn. (15) must be used. 


(5) SUDDEN HEATING OF THE CORE 
If the core, sheath and surrounding material are all at a con- 
stant temperature, which may be taken to be zero, and the tem- 
perature of the core is suddenly raised to 6) at time ¢ = 0, its 
temperature 0 at time ¢ subsequently is found! to be given by 


6 


6, SELF OCp mgs TE) are ose Tee a ae) 
0 

4x05 * et dy 
where F(h, 01, &, T) = 2 | uA) (23) 


where «;, «2, and A(u) are defined in eqns. (8) and (7). The value 
of F(A, «1, &, 7) for the cable studied in Section 3 is shown in 
Fig. 4. 

If the thermal capacity of the sheath is small compared with 
that of the core, the value of 6/8 is very nearly F(h, a, 00, 7), 
which is the function F(h, «,, 7) for which numerical values are 
given in Reference 1. Finally, it should be said that the present 
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Fig. 4.—Temperature decay in a cable whose core is suddenly heated. © 

Numbers on the curves are the values of A. | 
theory does not apply to the still more complicated case con-* 
sidered by Griinberg and Sontz’ and Griinberg,®? who introduce © 
the additional complication of a cable of which the core is hollow ' 
and filled with oil. It is easy to write down accurate formulae of » 
the present type instead of the approximate formulae used by the 
above authors. 
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SUMMARY 


_ An approximate transient analysis is derived for a second-order 
yposition-control system with backlash. The general characteristics of 
f the transient oscillations are discussed, and the relationship between 
{the amplitude of overshoot and time is given explicitly. It is shown 
ithat there is a best choice for the ratio of the moments of inertia on 
) opposite sides of the backlash if a maximum decrement of the transient 
» oscillations is required. Furthermore, the conditions for which the 
« settling time for the system is a minimum are also derived. The effect 
) of derivative of input on the transient response is considered. Results 
] from an electronic analogue of the system confirm the theoretical work. 


| 


INTRODUCTION 


Experience shows that control systems which have been 
| cesigned from linear theory do not always meet their specifica- 
tons. Discrepancies may occur between the predicted and 
» measured transient response;!»? furthermore, after the initial 
transient has died away the system may exhibit an unexpected 
self-sustaining oscillation.?>+ These discrepancies are invariably 
' due to the non-linearities present in any practical system. The 
introduction of the describing function technique* ® has made it 
' possible for the designer to predict and obviate the presence of 
' sustained oscillations which arise due to non-linearities. How- 
ever, the designer has no such generalized technique for deter- 
mining the transient response when the system has some type of 
‘non-linearity. It follows, therefore, that each problem must be 
treated individually. In the present paper the effect of backlash 
on the transient performance of a second-order position-control 
_ system is investigated. 

Recent work on the stability of control systems with back- 
lash’: * has shown that a second-order system with backlash will 
exhibit sustained oscillations unless some form of divided reset 
is used. We assume, therefore, that the practical system under 
investigation employs divided reset for stabilization, output- 
velocity feedback being taken from the motor and positional reset 
from the load. 

In order to determine the characteristics of the transient 
 Tesponse in general terms it has been found necessary to make 
certain simplifying assumptions. However, these assumptions 
_ do not limit the application of the results of the analysis too 
severely. In particular, the results apply to the transient in 

response to a small step-function input, and to that part of the 
transient in response to a large step-function input for which the 
amplitude of the overshoot is small. It will be seen that in such 
cases the analysis gives the designer a quantitative measure of the 
effect of backlash on the transient performance of the system. 


ee eee ee ee, 


41) MOTION OF THE MOTOR AND LOAD DURING THE 
TRANSIENT RESPONSE 

Consider the transient response of a second-order position- 

<ontrol system which has a motor connected to a load through 
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gearing, the gearing being assumed to have backlash. If the 
system damping is less than the critical value, the transient in 
response to a step-function input is oscillatory, and because of 
the presence of backlash the motor and load become separated 
for a certain period during each cycle of this oscillatory transient. 
A separation occurs when the deceleration of the motor becomes 
greater than that of the load. However, if the frictional forces 
on the load produce a deceleration greater than the maximum 
deceleration of the motor, the motor and load will maintain 
contact during the period of deceleration and become separated 
only when the motor velocity reverses. The precise instant at 
which the motor and load become separated depends also on the 
nature of the frictional forces acting. 

Consider one half-period of the transient oscillation, as shown 
in Fig. 1. If linear speed-dependent friction is the only fric- 
tional force, it may be shown (Section 7.2) that a separation 
occurs when 


; 2(8, — 

1s (9; — 91) (1) 
ies da aa) 
fae 


where 6; = Amplitude of the input step-function. 
6, = Load position. 
I, = Moment of inertia of the load. 
I= 1,+1,, = Total moment of inertia of motor and 
load. 
[4y = Coefficient of friction for the load. 
Py = Lvl + bum = Total coefficient of friction for motor 
and load. 


It may be deduced from eqn. (1) that if j,;/w/, is made large, 
a separation occurs near the instant of zero velocity. When 
coulomb friction is also applied to the load the condition for a 
separation is modified to (Section 7.2) 


Er w5(0; — 9) 
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so that in the presence of coulomb friction a separation occurs 
at a lower velocity, and, what is more important to the analysis 
which follows, the waveform of the load velocity during a 
separation period is more nearly equal to the waveform of the 
motor velocity [see Fig. 1(b)]. The stiction present in any practical 
system also modifies the velocity of the load during a separation. 
Referring to Fig. 1(c), it may be seen that as the velocity of the 
load falls the friction force rises rapidly, causing an increase in 
the deceleration of the load. 

In attempting to determine the characteristics of the transient 
response in the presence of backlash and non-linear friction two 
principal difficulties arise. First, because of the variable nature! 
of the frictional forces occurring in practical systems, it is 
difficult to ascribe a particular form to the friction characteristic 
which will be applicable to a majority of such systems. Secondly, 
having assumed a particular friction characteristic, the equations 
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Fig. 1.—Waveforms showing effect of friction on load velocity when 
motor and load become separated. 


(a) Linear speed-dependent friction, or viscous friction. 
(6) Combined coulomb and viscous friction. wales: 
(c) Combined stiction, coulomb and viscous friction. 


defining the system become mathematieally intractible. There- 
fore it becomes apparent at the outset that, if some estimate of 
the transient response is to be made, simplifying assumptions are 
necessary. In the analysis which follows it is assumed that the 
motor and load become separated at the instant of zero velocity. 
This assumption is made in order to anticipate the effects of the 
non-linear frictional forces, as illustrated in Fig. 1, and gives an 
exact representation of the motion when the frictional forces on 
the load are large compared with the load inertia. In general, 
a separation occurs before the instant of zero velocity, so that 
the analysis gives the designer a pessimistic estimate of the 
transient response (Section 7.2). It should be pointed out, 
however, that since the transient oscillations in the presence of 
backlash occur at a low frequency (Fig. 2) the assumption gives 
a good approximation to the transient in many cases. With 
regard to the instant of impact, it is assumed that the motor and 
load share their momentum according to the principle of the 
conservation of momentum,!° and that they move on together 
after impact. Resilience in the coupling connecting motor and 
load is also neglected. The implication of these assumptions is 
illustrated by the transient shown in Fig. 2. 


(2) CHARACTERISTICS OF THE TRANSIENT RESPONSE 


In the following analysis the transient response characteristics 
are derived, particular attention being focused on the relationship 
between the amplitude of overshoot and time. Derivation of the 
transient response involves the solution of the equations defining 
the system during the periods of contact and separation. How- 


ever, the solution of the equations defining the system for a 
separation period is found to depend on conditions existing at | 
the end of the previous contact period, and, similarly, the © 
response during a contact period depends on the conditions — 
existing at the end of the previous separation period (see Fig. 2). 
By assuming the amplitude of the oscillation to be small,* it is 
possible to overcome this difficulty and to obtain a general 
expression for the transient response. 


(2.1) Half-Periodic Time 
(2.1.1) Period of Separation. 
Referring to the mth overshoot shown in Fig. 2 and assuming 


a separation to occur at the instant of zero velocity, the equation 
of motion for the separation period 7, > 7,44 is 


I, wa pase ae Pang 


where 7, is the motor torque, defined by 7, = u(6; — 6). 

During a separation period, 0; — 6, is a constant and equal to 

a, the amplitude of the nth overshoot. 

Hence ped, kaa 0 ict Oe (3) 
Using eqn. (3) it may be shown (Section 7.1) that the separa- 

tion period is given approximately by 


cE ey nee +f ) . 


(4) 


The approximation involved is given quantitatively in Sec- 
tion 7.1, from which it follows that if f0,,/a;, > 1-2 an error of 
less than 5% is introduced. 

In order to illustrate the approximation involved in a par- 
ticular case, consider a;, to be the first overshoot of the transient. 


* The quantitative restrictions on the amplitude to be considered are given in 
Section 7.1. 


‘This means that a, is the amplitude of the step-function input A. 
Substituting for. Ff, we have 
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_ Clearly, the minimum value of f@g,/a;, occurs when J,, > I 

ind the damping factor p,,,/(2w9l) > 0, and in this case the 
ypproximation to the separation period is inadmissible. How- 
ever, for all practical purposes the damping must always be 
greater than zero, so that we will consider the approximation 
vhen the damping factor has a practical value, namely 0-7. 
We will also assume that J,, = 21). Hence 


Apr Or 
Tie a 3 3 ers, a 
ts z 06 7 


If a 5% approximation is sufficient, 0,,/A may be equal to 

{-2/3-06. In other words, provided that the amplitude of the 
nitial step is less than 2-60,,, the approximation introduces an 
error of less than 5%. 
_ Asa second example, let us consider the case in which I, = 41, 
and the damping factor is 0-8. In this case the initial step may 
ce made equal to 6:40,, without involving an error greater 
than 5%. It should be pointed out that if only a crude estima- 
cion of the initial part of the transient is required much larger 
amplitudes of oscillation may be considered (Section 7.1). 


2.1.2) Period of Contact. 


At the end of a separation period an impact takes place and 
the motor and load move on together, assuming that there is no 
yresilience in the coupling. It is shown in Section 7.2 that the 
elocity after impact is a,u/[,,; therefore the equation defining 
the motion during contact becomes 


185, tan m 
jwith the initial conditions: 
Bn we abel, Mum 

0; => a, es Ta+1 


By solving eqn. (5) and determining the time taken for the 
welocity again to become zero, we obtain for the contact period 
(Section 7.2) 


O20) 4 es) 


1 
ap (1 — ¢) 


7 
Trt 1 Tn+l 


E arc tan a res vo a 7 


(6) 
The time taken by the system to perform one half-cycle of the 
transient oscillation is made up of the contact period and the 
separation period. The half-periodic time thus becomes 
1 te Pet fe wa 12) a 
‘where 


Lf 1 Tan le) i 
k= ale ar Vite a7 arc tan ype i | 


Ger 
2lw9 


ad ba =f 


/ (2.2) Relationship between the Amplitudes of Successive Overshoots 
During the period of contact 7,,1—> 7,41 the load position 
sis given by (Section 7.2) 


6, Me 0; + Be—% sin (wt + B) A : Q ‘ (8) 
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In this equation the time ¢ is measured from the instant of 
making contact; thus by putting t = 0 in eqn. (8) we obtain the 
amplitude of 0, at the time 7, 41. Therefore, we have 


O(n) 0; == [S00 B 5 5 . . (9) 


Referring to Fig. 2, we see that 6,(7,, — 6; = a), the ampli- 
tude of the nth overshoot. 


Hence Gb sip 


At the end of the contact time 6, — 6; = a).;, so that a,4, 
may be obtained by putting t= 7,,; — T,41 in eqn. (8). Thus 
0; 7 Bg—oCn+1-tn+ ) sin [w(t hat =z Tt) +B] 


(10) 


Dividing eqn. (9) by eqn. (10) the relationship between a), 
and a, is obtained: 


Fria = UM) — 


e—SCnt1-—trt+ sin [w(Thvt 
sin B 
Substituting for the contact period as derived in Section 7.2, 
eqn. (11) becomes 


7, ! 
An+1 an 


a Tat) ar B] (11) 


7 


ay 


CSG i) (12) 
| a, sin B 
& 2 
where tan 6 = (2 a af”! C ) 


and 7,11 — Tn+1 is given by eqn. (6). 

Since 7),.1; — T,41 and tan f are constants for any given set of 
parameters, it follows from eqn. (12) that the ratio of the ampli- 
tudes of successive overshoots is a constant. Accordingly we 
can write 

n+ 1 = ka, 


where k < 1 for a damped oscillation. 


(2.3) Amplitude of Overshoot as a Function of Time 


The analysis presented above has been shown to be applicable 
when the amplitude of the overshoot is small. In this Section 
ay is considered to be the amplitude of the first overshoot for 
which the analysis is accurately applicable, and may be regarded 
as the amplitude of a small step-function input or, alternatively, 
that of a small overshoot resulting from the application of a large 
step-function input. The problem is to determine the transient 
subsequent to ap. 

Considering eqn. (7), the time taken to perform the ith over- 
shoot after ao is 


T= by + pala; 


Now the ratio of the amplitudes of successive overshoots has 
been shown to be constant and equal to k so that a; = kag; 
thus a; = k‘aj, from which it follows that 


= by + palkiag 


The total time taken to perform r overshoots is therefore 
given by 


r 2 1 
m7 states Gt E eet B eee: z) 
r Bafl — Ik 
aoe ped fein te id 13 
which leads to 7 Pyt + a\l — 1k uy 


The amplitude of the oscillation after this time is a, = k’ao. 


64 FREEMAN: AN APPROXIMATE TRANSIENT ANALYSIS OF 


Substituting for r and k" in eqn. (13) and writing tyz as the 


A 
total time }} 7;, we obtain 
i=] 


_ Mi log (a,]a9) ate a agla, (14) 
eee tae a le 
For a linear system the corresponding result is 
Pes ra log (a’,/a%) (15) 


Eqn. (14) gives the time taken by the control system to reduce 
the error from ag to a. Comparing this with the time taken in 
the absence of backlash, eqn. (15), it will be seen that the essential 
difference is due to the second term on the right-hand side of 
eqn. (14). Referring to eqn. (4), we see that this term arises 
because of the increase in the time taken by the motor to cross 
the backlash when the amplitude of the overshoot decreases. 
1 —a)/a,-. 
i— ik increases, thus 
causing a bigger difference between ty, and ft;. This effect is 
illustrated in the waveforms shown in Fig. 2 and in a more 
quantitative manner in Fig. 5. The curves of Fig. 5 are drawn 
for an inertia ratio J,,,/[ = 0-225, which, it will be shown later, 
corresponds to approximately the best choice of the ratio. 

Although the curves are drawn for the special case in which 
the decrement per half-period is a maximum, the response 
with backlash is much more oscillatory than that of the linear 


As the number of overshoots increases, 


system. In order to improve the response of the system with 
pel, deepida| a page age 
backlash it is necessary to minimize ee This implies* 


that the desired output should be reached in a minimum number 
of overshoots, i.e. the damping on the system should be arranged 
to prevent any overshoot. If the damping on the system is made 
equal to the critical value the response consists of a finite delay, 
L2/a9, followed by an exponential rise to the desired output. 
The finite delay arises because of the time taken by the motor to 
take up the backlash and can be reduced by advancing the phase 
of the input. However, as will be seen later, no appreciable 
improvement is possible. 


(2.4) Response with one Overshoot 


Generally the designer of a practical control system is con- 
cerned not with the time taken by the system to reduce the error 
to zero but with that taken for the error to fall within specified 
limits.!! In such cases the settling time may be regarded as the 
time taken for one overshoot, provided that the error existing 
after the first overshoot is within the specified accuracy limit. 
Since the amplitude of the first overshoot after ag is kag, it follows 
that by making k a minimum the accuracy of the system is 
optimized. From eqn. (12) it can easily be shown that a minimum 
value of k& is obtained if the ratio of the moments of inertia 
I,{{ and damping factor ¢ are related by the following equation: 


Trl OC ae A) = A/a). (16) 


Fig. 3 shows this relationship graphically. It should be 
pointed out, however, that the ratio J,,/J is not extremely critical, 
since the minimum of k is not very pronounced. This may be 
taken to imply that if ,,/I ~ 0-225 the decrement k is very 
nearly the optimum value for all values of damping factor in the 
range 0:5< €< 1. Having chosen L,[1, the optimum decre- 
ment k can be determined. Fig. 4 shows the optimum value of 
the decrement together with that for the linear system. For 


* Jt may be proved that ty, — tz is a minimum if the damping applied to the 
system prevents overshoot. 
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Fig. 3.—Optimum inertia ratio for maximum decrement per half-perioc: 
of the transient oscillations. 
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Fig. 4.—Optimum value of decrement k per half-period (k = ass laph 
for a second-order control system with backlash. i 


—-— With backlash present. 
Linear system. 


all values of damping factor less than critical, the decrement} 
with backlash is less than that of the linear system; however, for! 
systems with ¢ > 0-65 no appreciable change in k takes pla el 
due to the presence of backlash (Fig. 4). Nevertheless, it should) 
be pointed out that, although the decrement per half-period may) 
not be modified appreciably, the transient response appears to) 
be much less damped because of the increase in the time taken): 
to perform a given overshoot (Fig. 5). 


(2.5) Effect of Phase-Advancing the Input 


When the damping applied to the system is critical, the) 
response to a step-function input is made up of a finite delay, | 
while the motor takes up the backlash, followed by an exponential] 
rise to the desired output. By applying derivative of input the) 
initial part of the transient is modified. The equation of motion} 
during the initial separation period becomes | 

ON gs en 
vm 


Thus the initial delay 79 is 03;/« ag and the response time is 
reduced by 42. . 


If the initial delay is large, only a small reduction in response 
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. 5.—Envelope of the transient oscillations for the linear system and 
in the presence of backlash. : 


Linear system. 
—-w— System with backlash. 


The values marked on each curve refer to the damping factor C. 


e is effected by derivative of input: alternatively, if the initial 
jay is short, derivative of input reduces this delay appreciably; 
wever, in this case the total response time is improved only 
vhily. Consequently it may be concluded that derivative of 
yut is not a particularly effective method of reducing the 
yponse time for small step-function inputs. 


|G) TRANSIENT RESPONSE FROM THE ANALOGUE* 


Dbservations of the transient in response to a small step- 
ction input confirm the main points predicted by the theory. 


s, 6.Step-function response of a second-order system with backlash 
when positional reset is taken from the load and output-velocity 
“eedback from the motor. 

627/06; = 0-4 for all transients. 


sferring to Fig. 6, it may be seen that as the amplitude of the 
<tshoot decreases the half-periodic time of the oscillation 
seases. It is also apparent that, if the system damping 1s 


‘fhe arrangement and functioning of the analogue is discussed in Reference 8. 
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increased so that only a small overshoot occurs, the settling time 
becomes prohibitively large. For all values of damping shown, 
the waveforms illustrate that considerable improvement in the 
transient response can be obtained by increasing the ratio J,/J,,. 
However, it will be seen from Fig. 7 that, although the response 


MPLITUDE. Or OVERSHOOT 


A 


TIME 


Fig. 7.—Effect of inertia ratio on the transient response. 
‘ Curves show the envelope of the transient oscillations in response to a step-function 
input when 
Uvm/@ol = 0°36 


Linear system response. 
—--— System response in the presence of backlash. 


can be improved by a correct choice of J,//,,, the transient in the 
presence of backlash is always more oscillatory than that of the 
linear system. Fig. 8 illustrates, in a more quantitative manner, 


AMPLITUDE OF OVERSHOOT 


Fig. 8.—Effect of damping factor on transient response. 


Curves show the envelope of the transient oscillations in response to a step-function 
input when Jj/Im = 4-59. 


Linear’system response. 
—--— System response in the presence of backlash. 


the effect of varying the system damping, all curves being drawn 
for a ratio J,/J,, approximately equal to the optimum value. 
Clearly, the transient response with backlash and small damping 
is much more oscillatory than that of the linear system; however, 
when the damping is increased so as to permit only a small 
overshoot, the transient with backlash approaches that of the 
linear system. The small overshoot which occurs when the 
damping is less than critical persists for an extremely long time 
and is only permissible if the amplitude of this overshoot is 
within the desired accuracy limit of the system. It will be 
3 
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remembered that the above findings are in agreement with the 
theoretical work, which showed that the response of the system 
with backlash was optimum when the inertia ratio, J,,//, was 
approximately 0-225 and the damping on the system was critical. 

The modification to the transient response, which takes place 
when derivative of input is applied, is shown in Fig. 9. Wave- 


MOTOR VELOCITY LOAD POSITION MOTOR VELOCITY 
(C) (d) 


LOAD POSITION 


Fig. 9.—Effect of derivative of input on transient response of a second- 
oider control system when backlash is present. 


For all transients pom/2wol = 2 and Ki/Ip, = 0-92. 


(a), (c) Response without derivative of input. 
(b), (d) Response with derivative of input. 
(a), (b) Transients for 67/6; = 0-528. 

(c), (d) Transients for 637/80; = 2-64. - 


forms are shown for a given inertia ratio and damping factor 
and two different amplitudes of input step-function. When the 
input step is large compared with the backlash angle the delay 
in the response can be reduced considerably by derivative of 
input. Unfortunately, for small input steps little improvement is 
obtained. In other words, derivative of input is effective in 
improving the response time only when the modification due to 
backlash is small. 


(4) DISCUSSION AND CONCLUSIONS 


The approximate transient analysis, which has been derived 
for a second-order control system with backlash, has shown that 
the transient response in the presence of backlash always appears 
to be more oscillatory than that of the linear system. Conditions 
have been derived for obtaining a maximum decrement of the 
oscillation per half-period, and these give the best non-linear 
response provided that the first overshoot falls within the desired 
accuracy limit of the system. The optimum decrement thus 
obtained is not appreciably different from that of the linear 
response; however, it should be pointed out that the time taken 
by the system to perform a half-cycle of the oscillation is much 
greater when backlash is present and the amplitude of the 
oscillation is small. This means that, when the first overshoot 
after the initial step is greater than the desired accuracy of the 
control system, the persistence of this error for a prohibitively 
large time is equivalent to a very underdamped transient. In 
cases where it is desirable to have zero error after a sensibly short 
time, it has been shown to be better to have a critically damped 
system than to permit a small overshoot. When the system is 
critically damped and the ratio of inertias is optimum, the 
transient response of the system with backlash is made up of a 
finite delay followed by an exponential rise to the desired output. 
The initial delay may be reduced by applying derivative of input. 
However, as the oscillograms have illustrated, no appreciable 
reduction in the response time can be effected in this manner. 
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(7) APPENDICES 
(7.1) The Separation Period 


When the motor and load become separated the torqp 
developed by the motor accelerates only the motor inertia, a 
the equation of motion may be written 


Ty = Tpbee +:t4en Ones 


T, = pO; a 6,) and, since we assume that a separation Occt} 
at zero velocity, 0; — 0, is constant during the separation peric™ 


Writing a,, the amplitude of the mth overshoot (Fig. 2), f/ 

6; — 8, eqn. (17) becomes 

jit, = Ten Eten ee 

Solution to eqn. (18) gives 

Ane si ; | 

0. = - a, [ “a ett + 6,(7;,) . a. 

om vom ; 

and 6» = P a1 — e—Pemtl Im) () 
vm 


where ¢ is the time measured after the instant of separation. ft 
Now Plt) = O77) + SO ar i 
+ for n odd. / 

— for n even. 4 
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Thus eqn. (17) becomes 


6 = os . 


om 


If 
m ad == (o> al + 6,(7;) + 4657 (21) 


om 


_ The time to cross the backlash, 0,7, is obtained by putting 
Pre — (6,(7,) + 4951] = + Og, in eqn. (21): 


Os, = Hall = Im (4 = emi 


om 


‘An approximation to the period of separation may be obtained 
by putting ¢—Ymt!Im—(, in which case the separation time 
Tn11 — Tn iS given by 


Li, a Pom Pax 


oT, = ae pe (22 
Te PAT ee oe 
Hence Out,@1 = 7.) = See ees) (23) 
Kom an 
47 pp 
ivh a _ (5 
where ASarT 


When eqn. (22) is approximately correct, the percentage error 
jin using it instead of the exact equation is given by 


(Percentage error in wo(T,.1 —T,) = 


100 exp E nt — | 
1 + fOzrla, 
— 7, from eqn. (23), we obtain 


- 100 exp [— (1 + f@ar/a;)] 
1 + fOzcla, 


| From eqn. (24) it follows that if f,,/a,, < 1-2 the maximum 
ferror involved in using eqn. (22) to determine the separation 
itime is 5°%. 

_ The error involved for any particular value of f@g,/a;, may 
easily be obtained from Fig. 10. 


Substituting for 7, ; 


. (24) 


|. Percentage error 


40 
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fe) 
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Fig. 10.—Curve showing percentage error introduced by using approxi- 
mate formula for calculating the separation period. 


(7.2) The Contact Period 


When the motor and load are in contact through the gearing, 
the torque developed by the motor, pw(O; — 6,), accelerates the 
‘nertia of both the motor and the load. Thus the equation of 
notion becomes 


(ae ca 1,0; mh Hom? im a Pv = LG; a 81) (25) 


We require to solve eqn. (25) for the time interval 7, << t< T,, 
i.e. the period of contact corresponding to the nth overshoot. 
Since 6; is a constant, solution of eqn. (25) gives 


0, = 0; + Be-*’ sin (wt’ + B) (26) 
h aD 
where Ce 
21/2 
d = Ee a 
an w on I ie | 


Eqn. (26) is based on the assumptions that there is no resilience 
in the coupling between the motor and load and that they move 
on together after impact. From eqn. (26), the load velocity, 6, 
is given by 


6, = Be~ *[w cos (wt’ + B) — osin(wt’ + B)] . (27) 


At the beginning of contact 6, =6,(7,) and 6, = 6((r,); 
hence, putting t’ = 0 in eqns. (26) and (27), we obtain 


O(7,) = 6, + BsinB . (28) 
and 
6 1 by Vp Po Bsi 3} 29) 
Tn) = Wo - ( Deol cos B — Zaol sin ( 
Substituting from eqn. (28) into eqn. (29), 
21/2 
ak = GS | [8,(7,) — 9)] 
tan B = ao (30) 


6(T_) + Ge) — 6] 


(7.2.1) The End of the Contact Period. 

It has already been seen that the motor and load become 
separated when the deceleration of the motor becomes greater 
than that of the load. During the contact period eqn. (25) gives 
the deceleration of the motor as 


18m = w(8; — 81) — pom (31) 


At the instant of separation the deceleration of the load is 
due entirely to the frictional forces acting on the load. Therefore 
we obtain 


Hn + 16; = 0 
2 6 
and Vee or (32) 
1 


For separation, — Pol = re, — 0) — ele 
I, if I 
and, since at the commencement of separation bn = 6, the 
condition for separation may be written 
ne w9(8; — 4) 
iy ae 
I vf 


It follows from eqn. (33) that if j2,,/Z, is large a separation 
occurs for 6,, = 0. 


6 (33) 


(7.2.2) Effect of Coulomb Friction on the Instant of Separation. 


Let F. be the coulomb friction force applied to the load. 
The deceleration of the load just after separation is 


ma 4 Holg 
(F. | 78) 
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hence a separation occurs for 


= (Ge 761) KO; 6,) 6) 


F, + (6; — 4) 


Therefore 6 in = (34) 
doa. ee a 


Tice, 


It may be deduced from eqn. (34) that the presence of coulomb 
friction causes a separation to occur at a lower velocity. 

In general, the frictional forces on the load will not be 
sufficiently large compared with the load inertia to cause a 
separation to occur at zero velocity. However, in cases of small 
load inertia it is reasonable to assume a separation for zero 
velocity. It should also be pointed out that, since the transient 
oscillations considered are of a low-frequency nature, errors in 
the comparatively short contact time will cause much smaller 
errors in the half-periodic time. The effect of the assumption 
on the subsequent separation period is to give a pessimistic 
estimate of this period. By assuming that a separation occurs 
for zero velocity, the results obtained from the analysis thus give 
the designer a pessimistic estimate of the transient response. 


Assuming that the contact period ends when 6, = 6, | 
the contact time is given by 


; 1 \/ Cees 
Ugias Wipe = ees al a tan mya) 


(7.2.3) Velocity after Impact. | 
Using eqns. (20) and (23) from Section 7.1, the velocity aft | 
impact is found to be 


Oran) = a ees 


om 


Substituting in eqn. (30), we have 


f= @ 


Substituting for B in eqn. (35), we obtain the contact time: 


se I ae 
Ts) Va z a7 — arc tan 21— 1, ae ¢ A 


wo(Tp 
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THE MEASUREMENT OF INDUCTION-MOTOR STRAY LOSS AND ITS 
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SUMMARY 


_ Stray losses are shown to affect the performance of induction motors 
» a very considerable extent—far greater than is indicated in B.S. 269. 
the sources of loss and methods for isolating the contribution of each 
» the whole are discussed. It is suggested that the total loss should 
e taken as the sum of the components, and this proposal is shown to 
© accurate except at small negative slips when the loss is much greater 
san such a calculation indicates. A single easy test, the reverse- 
station test, extrapolated according to simple rules, is shown to be 
afficient to predict the stray loss under all conditions (including d.c. 
xcitation) with sufficient accuracy for the majority of purposes, and 
_ iz proposed that such a test should replace the existing recommenda- 
vons of B.S. 269. 


LIST OF SYMBOLS 
B = Air-gap flux density. 
I, = Primary phase current. 
I, = Secondary phase current. 
Iz = Full-load primary current. 
| P., = Stray-loss power, watts. 
V = Phase voltage. 
T = Torque in synchronous watts. 
f = Frequency, c/s. 
n = Speed of rotation, r.p.m. 
p = Number of poles. 
Ss = Fractional slip. 
S = Number of slots. 
| R,; = Primary phase resistance, ohms. 
_ X;, = Primary phase leakage reactance, ohms. 
é Zi = Ry + TX; 1: 
| R, = Component of secondary resistance referred to the 
primary which is independent of frequency. 
AR, = Component of secondary resistance referred to the 
primary which is proportional to frequency. 
|X, = Secondary leakage reactance at standstill referred to the 
primary. 
(Rm = Series resistive component of magnetizing impedance. 
Xin = Series reactive component of magnetizing impedance. 
12m = Rin ie j Min 
9= arg [Zrral (Zon ae Z,)| 
w = |(Z; + ZZ 
R, — wR, 
AR, = wAR 
i 2 5 <a w2X. 2 
A[Z,Zyl(Zy + Zy)| + AR: 
fe 7[2Z,2,,|(Z, + Z,,)| + X2 
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(1) INTRODUCTION 


B.S. 269 defines stray load losses as ‘the additional losses, 
wherever occurring, caused by the load current due to changes 
in the flux distribution and to eddy currents’. This definition 
excludes losses due to tooth ripples in the main flux, probably 
because, in normal testing procedure, these are included in the 
no-load losses. However, in order to make the analysis com- 
plete, these losses have been separated from the no-load losses 
and are included in the term ‘stray loss’ used in the paper. 

With the above proviso, the stray losses in an induction motor 
may be divided into losses at the fundamental frequency and 
losses at relatively high frequencies due to tooth ripples in the 
main and leakage fluxes. Methods have been developed by 
which these various components can be measured,!>?>3 and the 
paper describes the results of such measurements on a 7-Sh.p. 
squirrel-cage motor. The sum of the components is then com- 
pared with the total stray loss obtained in practice, and the effect 
of stray loss on the starting, stopping and normal running 
performance is discussed. 


(2) THE EXPERIMENTAL MACHINE 


The machine is the one designated No. 1 in Reference 4, in 
which full details are given. It is continuously rated at 7-Sh.p. 
400 volts, 6-3amp per phase, and has a synchronous speed of 
1500r.p.m. at 50c/s. 


(3) THE FUNDAMENTAL-FREQUENCY STRAY LOSS 


The principal source of fundamental-frequency stray loss is 
iron loss produced by the leakage fluxes, although, in machines 
with conductors of large cross-section, the effects of eddy currents 
due to skin and proximity effects may be appreciable. In the 
iron losses associated with the leakage fluxes are included the 
losses in end-shields and core end-plates due to the end-winding 
leakage. All the leakage fluxes are produced by the primary 
and secondary currents, and, since the associated losses occur 
at the fundamental frequency, they appear in the equivalent 
circuit as resistances in addition to the d.c. resistances of the 
windings. They correspond, in fact, to the 15-30% which 
designers add to the calculated d.c. resistances.> It is to be 
noted that, since these losses are frequency dependent, the 
addition to the rotor resistance will be a function of frequency, 
usually of frequency raised to some power, of numerical value 
between one and two. 

The effective a.c. resistance of the windings has been obtained 
from a study of the electrical and mechanical characteristics of 
the machine. Where, as in the majority of cases, only the a.c. 
resistance of the primary winding is required, two other tests, a 
standstill test and the one proposed by Ware,” may be used with 
a great reduction in the required number of experimental observa- 
tions and computations. The results of these three tests on the 
experimental machine are in reasonable agreement, and, whilst 
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the standstill test may be preferable on theoretical grounds, 
Ware’s test may be preferred because of its greater simplicity. 


(3.1) Determination from the Machine Characteristics 


The effective impedance per phase of the machine, with the 
secondary winding short-circuited and the rotor driven by an 
external drive, is determined over the widest possible slip range 
(in this case —0-2 to +2+2), including an accurate measurement 
at zero slip. It is then most convenient to derive the equivalent 
circuit, as described by Morris,° from these results as an inter- 
mediate step in the derivation of the conventional circuit. It is 
essential when doing this to correct the results to a constant 
reference temperature, and, if saturation of the leakage flux 
paths occurs, to correct to a constant reference reactance, usually 
the unsaturated value. The conditions of the experiment and 
the value of the reference reactance should be so chosen that 
deviations from the basic conditions are minimized. 

Harmonics of the main field produce small variations in both 
the magnitude and phase angle of the machine admittance, the 
maximum effect of the fifth harmonic in the experimental 
machine being approximately a 2% reduction in both these 
quantities; the effects of higher harmonics are not detectable 
electrically. These small variations are ignored by the method 
of analysis described, so that the resultant equivalent circuit is 
that for the fundamental only. 

The equivalent circuit thus obtained and the conventional 
circuit derived from it are shown in Fig. 1. 


(D) 


Fig. 1.—Equivalent circuits of the experimental machine. 


(a) Morris circuit. 
Rs = 2-70 + 0-44 ohms. 


X + Xm = 214-0 ohms. 
R3/s = 2-70/s ohms. 
(6) Conventional circuit. 
R; = 2:66 ohms. 
X; and X2 = 5-70 ohms. 
Rm = 23-7 ohms. 
Xm = 208-0 ohms. 
AR2 = 0:42 ohm. 
R2/s = 2-55/s ohms, 


The Morris circuit is obtained by the transformation of the 
normal T-circuit into an L-circuit and is convenient for experi- 
mental work because its parameters may be directly measured. 
For a transformer it uses the actual open-circuit transformation 
ratio at the point indicated by the dotted line of Fig. 1(a), and, 
since under these conditions it is usual for the secondary voltage 


to lead the primary voltage by a small angle @, this ratio © 
complex. The angle @ is arg [Z,,/(Z; + Z,,)]. In an inductio) 
motor with equal numbers of primary and secondary phases tk’ 
transformation ratio required is that obtained when the axe) 
of the two phases concerned are coincident. In squirrel-cag)- 
machines the secondary terminals are not available and the rati it 
cannot be measured directly. Its argument 0, but not its modulu}, 
can, in theory, be obtained from measurements at the primar} 
terminals and, since actual secondary quantities are not require« i! 
ignorance of the modulus is not a disadvantage. The modult)) 
may be abitrarily chosen in these circumstances, and it is tk F 
authors’ practice to take it as unity, implying a turns ratio fc 
the machine of |(Z,; + Z,,)/Z|- In a practical machine @ is 
the order of 0-5° and it cannot be measured, by primary measur 2 
ments only, to better than about +0-5°. Its precise value |) 
only of importance when determining the stator leakage reactanc|) 
X, from the reactance X,, and it is the authors’ practice, if thet)) 
are no good reasons to the contrary, to choose a value of » 
which makes X, and X, equal. For this reason @ is not quote: 
in Fig. 1; it has been taken as 0-51°. ! 
With the modulus of the transformation ratio taken as unity 
the reactance X, is the reactive component of (Z,Z,,,)/(Z; + Zy. 
plus X3, and the resistance R, is the resistive component (7 
Z:Zml(Z; + Zm) Plus any component, AR}, of the secondar) 
resistance which is proportional to slip. Such a component | 
present owing to hysteresis loss associated with the secondar 
leakage flux. There are additional components proportional t® 
s* due to skin effect and eddy-current loss associated with tk 
leakage flux, but the experimental accuracy is insufficient t 
separate these, and they are satisfactorily dealt with by a 
appropriate resistance proportional to slip. R, cannot & 
divided into its two components by electrical measurement!) 
confined to the primary terminals, but this can be done by { 
consideration of the torque produced by the normal inductior}) 
motor action of the fundamental field. ' 
This torque cannot be measured directly, because of the add ! 
tional torques produced by the high-frequency stray losses an) 
harmonic fields. The stray losses are zero when the rotor * 
stationary, and hence the standstill torque should be used. Thi!! 
however, introduces the possibility of locking torques due t? 
reluctance effects, and the standstill torque is best obtained eb 
the mean of the output torques obtained with the machin): 
rotating slowly, first forwards and then backwards. Harmon} 
torques can be minimized by keeping the speed of rotation we 
below the lowest harmonic synchronous speed which, in practict 
is that of the (2S/p + 1)th harmonic. Unfortunately this doe! 
not entirely eliminate harmonic torque, so that some correctio}! 
must be made. In the experimental machine this was limited t 
the fifth harmonic, higher ones being small as shown in Fig. * 
The fundamental torque is taken as the sum of the output an 
fifth-harmonic torques, the latter being obtained by calculatio/: 
from an experimentally derived equivalent circuit. In practi ; 
it would probably be more convenient for the designer to calculaii: 
the harmonic circuit parameters. | 
The slope of the graph showing the fundamental torque as | 
function of the square of the voltage can be used to derive th: 


resistance AR; from the equation 


T __3(R, + AR)) , | 
V2 — (R, + RD? x2 Vochroncus| watts aa 


The result for the experimental machine is shown in Fig. 1@ 
where the resistance R, is given as the sum of two resistances, tk 
smaller of which is the quantity AR;. 

The a.c. resistance of the stator thus calculated is about 16‘ 
higher than the d.c. value, and the increase is entirely due to iro 


(loss, since the stator conductors are far too small to produce 
| skin or proximity effects. 

The constant component of the rotor resistance in Fig. 1(b) is 
due in part to iron loss and in part to skin effect in the rotor 
bars. Theoretically, only the hysteresis loss should give rise to 
a constant resistance, since eddy currents and skin effect lead to 
}a quantity which is the product of a resistance and the slip. 
‘However, the experimental technique is insufficiently accurate 
(to show up these finer details, and errors due to their neglect 
are extremely small. By analogy with the increase in stator 
| resistance, the 0-42-ohm extra rotor resistance comprises approxi- 
imately 0-36 ohm due to iron loss and 0-06 ohm due to skin 
‘effect in the bars. The latter figure is a reasonable average for 
| the calculated skin effect over the experimental speed range. 


(3.2) Standstill Test 


Although the multiplicity of results used in the previous test 
iend confidence to the final result, it is much too complicated for 
‘routine purposes. However, since, in general, only the stator 
resistance is required, it can be replaced by a much simpler test 
i) m which the input power, current and output torque at standstill 
are measured. ‘The stator loss, and hence resistance, is obtained 
2s the difference between the input power and air-gap power plus 
iron loss. The iron loss is usually negligible, but the air-gap 
rower cannot be directly derived from the output torque because 
» of frictional, reluctance and harmonic effects already discussed. 
These may be allowed for by the methods of the previous Section, 
‘ but, from experience with the experimental machine, the authors 
consider that the corrections may be greatly simplified in many 
cases. In wound-rotor machines harmonic torques are negligible, 
_and in squirrel-cage machines only the one of lowest order need 
)be considered. The effect of this can be estimated with sufficient 
_accuracy from a calculated equivalent circuit. Static friction is 
only likely to be of importance in machines with sleeve bearings; 
{for example, the experimental machine with ball and roller bear- 
/ings had a friction torque of 0-03lb-ft. Reluctance effects in 
'skewed machines are small—they were negligible in the experi- 
mental machine—and can be allowed for by taking sets of results 
with the rotor moved successively through appropriate fractions 
of a stator slot pitch. 

This test gave the stator resistance of the experimental machine 
as 2:72 ohms, i.e. 2% higher than that given in the previous 
Section. This is within the accuracy of the experiment. 


(3.3) Determination by Ware’s Test 


A second alternative is the test proposed by Ware,” in which 
the power input to the stator, with polyphase excitation at the 
normal frequency, is measured with the rotor removed. The 
stator a.c. resistance is then taken as the ratio of the power per 
) phase to the square of the phase current. ‘ 

This test does not reproduce the normal flux conditions, the 
. Zigzag leakage flux being much reduced, and there is a small 
»component of main flux present. Hence the resistance so 
i measured will not include the loss associated with the zigzag 
‘Jeakage, but, as some compensation, will include a small loss 
| 28sociated with the main flux. It is evident that in most cases 
' these two effects, though opposed in sign, will not exactly neu- 
-alize one another. This was observed to be so for the experi- 
~ental machine, where the test gave a resistance of 2-5 ohms, 
hich was appreciably lower than that given in the previous 
est. Hence it appears that, although better than a d.c. measure- 
ent, Ware’s test cannot be expected to give a completely 
_¢ curate result except in exceptional cases. 
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(4) STRAY LOSSES AT TOOTH-RIPPLE FREQUENCIES 


Stray losses are due to tooth ripples in the main and zigzag 
leakage fluxes, the mechanism of loss being illustrated in Fig. 2, 
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. 2.—Modifications in the rotor tooth flux due to the stator slots. 


(a) Effect on the main flux. 
(6) Effect on the zigzag leakage flux. 


which shows the stator and rotor teeth in various relative posi- 
tions. Fig. 2(a) shows the disposition of the main flux, and it is 
evident that the flux passing down tooth A is a maximum whilst 
that down tooth B is a minimum. It is this variation of tooth 
flux at the slot-ripple frequency which is responsible for the 
voltage-dependent component of the stray loss. 

Fig. 2(6) shows the zigzag leakage flux. Here, because of 
their symmetrical disposition relative to the stator teeth, the 
fluxes down teeth A and B are zero, whilst for all other positions, 
the zigzag leakage tooth flux is not zero. This variation of 
tooth flux is responsible for the current-dependent component of 
the stray loss. From Fig. 2 it is seen that the two kinds of 
high-frequency tooth ripple due respectively to voltage and 
current are in time quadrature; and hence, since the loss is 
approximately proportional to the square of the ripple amplitude, 
the two losses may be considered separately and numerically 
added to give the total loss. In both cases the frequency of 
tooth ripple is proportional to the speed of rotation; whilst, in 
the first case, the amplitude is proportional to the main flux 
density (i.e. to the ratio V/f), and, in the second case, to the 
current. It is known that iron loss in machine laminations can 
be represented by an equation of the form kf“B®, where « and 
6, although approximately constant over limited ranges of fre- 
quency and flux density, tend to decrease somewhat with increase 
in both quantities. Hence it is to be expected that the high- 
frequency loss can be expressed by equations of similar form—an 
expectation borne out in practice. 

The two losses can be separated by the tests described by 
Rawcliffe and Menon,? and by Morgan, Brown and Schumer.! 


(4.1) The Rawcliffe and Menon Test 


The Rawcliffe and Menon test? consists in running the machine 
on no load and measuring the total input power, slip and voltage 
over the widest possible voltage range consistent with the slip 
being extremely small. Under these conditions the air-gap power 
is, to a high degree of approximation, equal to 3V*5/R>. This 
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supplies the friction and windage losses, which can be assumed 
constant, and the no-load stray loss, which can be taken as com- 
prising the loss due to high-frequency tooth ripple in the main 
flux, and in the leakage flux produced by the magnetizing current. 
Although R, is not known accurately, especially in squirrel-cage 
machines, a scale is fixed for the quantity 3s in terms of power 
by plotting both the product V2s and the input power against 
voltage, and extrapolating to zero voltage when the two quantities 
must be equal. V%s can be measured accurately and easily, but 
the authors find that the extrapolation is easier if the graphs are 
plotted to a base of V7. When calculating the results allowance 
must be made for the synchronous-hysteresis torque, whiclr is 
readily calculated to the required degree of accuracy. 

The stray loss due to the leakage flux of the magnetizing current 
is small and can be obtained from the reverse-rotation test. This 
gives the total loss due to corresponding currents in both primary 
and secondary windings, whereas the secondary current on light 
load is very small indeed, compared with the primary current. 
The ratio of the two components of these losses can be calculated,* 
but it will be sufficient in the majority of cases to take one-half 
of the total loss given by the reverse-rotation test, at a primary 
current equal to the magnetizing current. 

The stray loss associated with the main flux, as determined by 
this test, is shown plotted in Fig. 3(a) for a series of fixed flux 
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Fig. 3.—Stray loss associated with the main flux in the experimental 
machine. 


(a) Constant flux densities. 
(b) Constant speeds. 


densities (i.e. fixed ratios of V/f) over a range of speeds. It is 
also shown in Fig. 3(b) for a series of fixed speeds over a range of 
flux densities. The loss in the experimental machine was found 
to be expressible as 


Px, = 0:51(n/1500)!:7( V/f)2-2 watts (2) 


This should be compared with the expression predicted in a 
previous paper,* which was 


Ps, = 0°85(n/1 500)!°5(V/f)2-9 watts 
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It is noteworthy that the latter expression gives a loss of 54 watt 
at 400 volts, 50c/s, 1500r.p.m. compared with the measured los) 
of 50 watts. 

; 


(4.2) Reverse-Rotation Test 


The reverse-rotation test was proposed by Morgan, Brown anc 
Schumer,! and has been adopted by the American Standard 
Association.7 It consists in measuring the primary electrica}) 
input power and the shaft power of the machine when driveil) 
backwards at synchronous speed, the primary being excited by) 
the low voltage necessary to circulate full-load current and thi 
secondary being short-circuited. The stray loss, except for thi} 
small effects of harmonic fields, is then obtained as the differenci 
between the shaft and air-gap powers, and is extrapolated by! 
assuming it to vary with the square of both speed and current! 
The test is easy to perform, but, since much of the input power 1 
lost in the stator windings, it is essential to have an accurate valu: 
of the effective stator resistance when calculating the air-gay)- 
power, and, in view of Section 3, this may prove much mori 
difficult to obtain. The results of the authors’ investigations) 
indicate that it is more accurate to take the index of extrapolatio1 
with speed as being 1-5 rather than 2:0. The method measure: 
stray loss due to both leakage and main fluxes, but the latter i 
usually small enough to be neglected. 

The results for the experimental machine are shown in Fig. 4° 
and can be expressed as > 


P., = 210(m/1500)!-5(/Tp)!-9 watts . . . GI 
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Fig. 4.—Stray loss associated with the leakage flux in the experimental 
machine, { 

(a) Constant primary currents. . 


(6) Constant speeds, ; 
This result is not significantly different from that obtained by the 
much more complicated method described in an earlier paper,4 . 
and it is concluded that, provided that the speed is well removed 


| 
| 


from the harmonic synchronous speeds, Morgan’s method is 
satisfactory. 

For the highest accuracy this result should be divided into 
rotor and stator components. This cannot be done experi- 
entally, but the ratio of the two components can be calculated 
rom the design data by the method described earlier,4 and the 
idivision can then be performed, the result for the experimental 
achine being given as 
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However, for the majority of purposes it is sufficiently accurate 
0 apply the result given in eqn. (3), using the stator current as 
the parameter. This approximation is only liable to appreciable 
tror at very small loads, under which circumstances the stray 
‘loss is small. 


(5) STRAY LOSS AT SMALL SLIPS 


The stray loss at small slips has been measured in the experi- 
‘mental machine by comparing the air-gap and output powers, 
iand has been calculated from a combination of eqns. (2) and (4). 
‘The results are shown in Fig. 5, where the lines are calculated and 
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Fig. 5.—Stray loss in the experimental machine at small and 


moderate slips. 
© Measured at 400 volts per phase. 

_ xX Measured at 200 volts per phase. 

eS Predicted, at 200 and 400 volts per phase. 

'—--— Predicted, at 400 volts per phase, using only the results of the reverse rotation 
| test. 


ithe points are experimental. The agreement between calculated 
jand measured results is good below synchronous speed but poor 
jabove this speed. This difference has been found in another 
imachine, and it is noteworthy that in both cases the difference 
\disappeared at the large negative slips obtained by running the 
/machines at maximum speed whilst operating at half the normal 
(frequency. The authors at present have no quantitative explana- 
/tion of the effect, but consider that it may be due to the additive 
‘action of the zigzag leakage flux and main-flux slot ripples 
/when the machine is generating at a high power factor. Under 
i these circumstances the square of the sum of the ripple amplitudes 
'should be considered, rather than the sum of the squares, and 
would result in a much higher calculated loss. 


(6) D.C. DYNAMIC BRAKING 


There is little difference between operation with d.c. excitation 
aid normal operation, except that a stationary primary m.m.f. 
wave of constant amplitude, rather than a rotating flux-wave of 
© nstant amplitude, is used. It is to be expected that the stray 
loss will be of similar form to that obtained in the reverse- 
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rotation test, except at low speeds when the machine saturates, 
This has, in fact, proved to be the case, the results being shown 
in Fig. 6. The currents are the equivalent a.c. values, and the 
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Fig. 6.—Stray loss in the experimental machine when it is excited by 
direct current. The currents shown are equivalent a.c. values. 


(a) Constant primary currents. 
(6) Constant speeds. 


results are, within the limits of experimental error, identical to 
those obtained from the reverse-rotation test. It follows, there- 
fore, that the latter can be used as the basis for calculating the loss 
with d.c. excitation. 

The braking torque produced by the induction motor was sub- 
tracted from the torque required to drive it, to obtain the retard- 
ing torque due to high-frequency stray losses. The braking 
torque was calculated from the equivalent circuit of Fig. 1(@) 
but with slip replaced by fractional speed. Allowance was made 
for the variation of rotor resistance with temperature, frequent 
measurements of the resistance being made during the experiment. 


(7) THE EFFECT OF STRAY LOSSES ON THE PERFORMANCE 

Stray losses adversely affect the performance of a machine by 
reducing its efficiency, pull-out torque and acceleration time. 
The stopping performance is improved when either plugging or 
d.c. injection is used, and the starting torque is not appreciably 
affected. The effect on the torque/speed curve of the experi- 
mental machine is shown in Fig. 7. 


(7.1) Effect on Efficiency 


The efficiency is reduced by both supply-frequency losses and 
tooth-ripple-frequency losses. In the experimental machine the 
latter component is 0-7°% of the rated output at no load, and 
4:5°% at full load. This loss must be supplied from the mech- 
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Fig. 7.—Torque/speed characteristics of the experimental machine 
showing the effect of stray loss. 


~--~- Torque which would be obtained if the stray loss was zero. 
—— Torque actually obtained. 


ie) 
—1600 ~-1200 


anical output of the machine, and therefore compels additional 
supply-frequency input, so that the total stray loss at full load 
is about 5°% and the full-load efficiency is about 85%. The 
stray loss at full load in this machine is therefore about equal to 
one-half of the total of the other losses—a figure which is typical 
of small and medium-size induction motors. The importance 
of stray losses is self evident, and it is seen that the process 
recommended in B.S. 269, whereby the stray losses at full load 
are arbitrarily taken as 0-625°% of the rated output, is liable to 


Table 1 


ACCELERATION AND RETARDATION CHARACTERISTICS OF THE EXPERIMENTAL MACHINE WHEN COUPLED TO A LOAD OF INERTW, 
J LB-FT? i, 


The friction torque is assumed constant at 2 lb-ft. 


Relative values, taking the value including the effect of stray loss as unity 
are given under the actual values to facilitate comparisons. 


Time to complete operation 


gross error. Only the measurement and analysis of the toll 
for example by the reverse-rotation and the Rawcliffe and Menor), 
tests, is sufficient for a true estimate of its effect. 

Such a procedure is, however, too complicated for routine 
purposes, and the question therefore arises as to the possibility 
ofasimpler test. This is, in fact, available in the reverse-rotatior 
test. If the results of this test are applied directly to norma: 
operation, without any attempt to divide them into rotor anc 
stator components and with no allowance for the loss associate 
with the main flux, a close approximation to the actual loss is 
commonly obtained. This has been done for the experimenta} 
machine, with the result shown by the dotted line in Fig. 5, whick) 
refers to 400-volt operation. The fact that such a procedure: 
overestimates the loss due to the rotor currents compensates tc) 
some extent for the neglect of the main flux loss. The value o} 
the reverse-rotation test is shown by its inclusion in the Americat) 
Standard Test Code.7 

A similar detailed series of experiments has been performec: 
on another squirrel-cage motor rated at 10h.p., 1420r.p.m., 50c/i! 
(machine No. 2 of Reference 4) with similar results, but it woulc: 
be of interest if the reverse-rotation test were performed for < 
number of substantially differing machines, under widely varying: 
conditions of flux, speed and load current, in order to check iti) 
probable accuracy as a test for stray loss. As the authors of the 
present paper have no opportunity for performing a considerabk 
number of tests, it is hoped that someone else will find thi 
opportunity to do so. 


Energy liberated in motor Revolutions during operation 


RETARDATION CHARACTERISTICS OF EXPERIMENTAL MACHINE, WHEN EXCITED BY A DIRECT CURRENT EQUAL TO 1:6 TIMES TH 
FULL-LOAD CURRENT, SHOWING THE EFFECT OF STRAY Loss | 


Acceleration, 0-1 450r.p.m. 


Excluding 
stray loss 


Including 
stray loss 


Excluding 
stray loss 


Including 
stray loss 


Excluding 
stray loss 


Including 
stray loss 


sec 
0:0907 
(0-81) 


sec 
O-1lly 
() 


joules 


10547 
(0-75) 


joules 
1 4007 
(1) 


0-937 
(0-76) 


Retardation, using plugging, 1 450-Or.p.m. 


Total cycle 


OaISsy) 
(1-47) 


0-105 
() 


2 630F 
(1:35) 


1950 
(1) 


0: 2457 
(hey) 


0-216J 
(1) 


Table 2 


Time to complete operation 


3 6807 
(1:10) 


3 350J 
() 


Energy liberated in motor 


1-987 
(1-62) 


Excluding 
stray loss 


Including 
stray loss 


Excluding 
stray loss 


Including 
stray loss 


AONE 
GETS) 


The load is of inertia Jlb-ft*, and the friction torque is assumed constant at 2 lb-ft. 


Revolutions during operation 


Excluding 
stray loss 


Retardation, 1450-0r.p.m. 


sec 
0-467 
(1-2) 


sec 
0-387 
(1) 


joules 
1070/7 
(1-08) 


joules 
9807 
(1) 


pals 
(1-2) 


Including 
Stray loss 
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(7.2) Effect on Pull-out and Starting Torques 


The pull-out torque is appreciably reduced, that of the experi- 
mental machine being 88 % of the value which would be obtained 
in the absence of stray loss. This is typical of small and medium- 
size machines, and the fact that it has not caused trouble in the 

ast is probably due to the generosity of the various national 
standards when specifying pull-out torque. 
_ The tooth-ripple losses are zero at standstill, so that the effect 
pn the starting torque is limited to that due to the supply- 
érequency stray loss; the effect is therefore small. 


(7.3) Effect on Acceleration and Retardation 


_ Although induction motors generally operate at constant speed 
“here are many applications, such as centrifuge drives, where the 
Mrincipal duty is to start and stop a load. In these applications, 
ptray loss will increase the duration of the accelerating period 
and the heating which then occurs; but, on the other hand, they 
jwill decrease the time of retardation and also the corresponding 
eating. The magnitude of the effect in the experimental machine 
when coupled to a pure inertia load is shown in Tables 1 and 2, 
‘which were calculated from test values of losses. 

The results for d.c. braking are shown separately since they 
“iepend on the exciting current; in the Table this has been taken 
348 equivalent to 10 amp, which was | -6 times the full load current. 
{fe relationship between those values including the effects of 
stray losses and those excluding these effects will not be signi- 
“xantly affected by the current, since the induction torque is 
‘proportional to J? and the stray-loss torque to J!°9. 

Referring to Table 1, it will be seen that the effect of stray loss 
ron the performance over one complete cycle of starting and 
‘topping is not great, being of the order of a 12% improvement. 
‘This is, however, made up of two much greater effects, comprising 
ja deterioration of about 20% in the starting performance and an 
amprovement of about 40% in the stopping performance. In 
‘the case of d.c. braking the improvement is less, being about 20%. 
It is therefore evident that a knowledge of the stray loss could be 
‘of great help to the designer of such a drive when faced with 
‘difficult duty schedules. 


(8) CONCLUSIONS 


There are three sources of stray loss in induction motors— 
veddy-current and iron losses at the supply frequency, tooth ripple 
i the main flux and tooth ripple in the zigzag leakage flux. In 
‘the small and medium-size motors the latter component pre- 
‘dominates, but in large machines all three sources will be of 
comparable importance because of the reduced relative impor- 
tance of zigzag leakage in such machines. The losses can be 
separated by three simple tests, the standstill test, the Rawcliffe 
and Menon test and the Morgan Brown and Schumer reverse- 
rotation test. Ware’s test for the determination of the a.c. 
resistance of the primary windings is subject to certain inac- 
curacies, since it does not reproduce the flux conditions existing 
in the loaded machine, but, because of its simplicity, it is possible 
that it would be acceptable for routine purposes, especially if 
limits as to its accuracy in particular cases could be established. 

The Rawcliffe and Menon test is suitable for the determination 
of stray loss associated with tooth ripple in the main flux, 
although an allowance must be made for loss associated with the 
leakage flux of the magnetizing current. The loss can be taken 
2» constant over the working range, but, if necessary, can be 
e»trapolated according to the law (V/ fyrn'->. Itis advantageous 
t> plot the results to a base of V2 rather than V as suggested by 
Pawcliffe and Menon, since extrapolation of the graphs is then 
e»sier. 

The Morgan, Brown and Schumer reverse-rotation test is easy 
f» perform, but since a large proportion of the input power 1s 


lost in the stator, it is essential to use the best possible value for 
the stator resistance at the supply frequency. This is usually that 
obtained by Ware’s test and its possible inaccuracy reflects on the 
reverse-rotation test. The indices of extrapolation of the result 
with current and speed should be modified from 2 as suggested 
by the originators of the test, to 2 and 1-5, respectively. No 
allowance is normally required for the loss associated with the 
main flux in this test, but it may be necessary to divide the loss 
into stator and rotor components. This can be done by the 
method given in Reference 4. 

When calculating the stray loss from the results of the above 
tests, little error is caused in most cases if the loss associated 
with the main flux is neglected, thus eliminating the need for 
the Rawcliffe and Menon test. Machines where this procedure is 
inadvisable are those having an abnormally low zigzag leakage 
reactance, such as large machines with relatively long air-gaps 
and open slots. 

Although the recommendations of B.S. 269 may be reasonable 
for large machines, they are totally unrealistic for the majority of 
induction motors, and it appears that the specification should be 
amended to include a more precise and scientific determination of 
the stray losses based, say, on the reverse-rotation test. 

Stray losses do not significantly affect the starting torque but 
do appreciably reduce the pull-out torque. Since the authors 
have found no record of complaint: on this account, it appears 
that the standard specification on the subject is sufficiently 
generous to mask the effect. Nevertheless, with the present 
tendency towards better utilization of material and smaller 
factors of safety, it is an effect that should be borne in mind. 

The effect on start-stop performance may or may not be 
favourable, but it is small. However, the effect on the start or 
stop taken separately is appreciabie, the starting performance 
being worsened and the stoppiny performance improved. 
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SUMMARY 


A method of approximate analysis is given for linear and non- 
linear circuits subjected to sinusoidal or non-sinusoidal applied 
voltages. In brief, the method may be said to be a periodic analogue 
of the technique of time series. Waveforms are represented by an 
n-component operator giving the values of the wave at each of 7 
ordinates. For waves containing only odd harmonics, the half-cycle 
is divided into n parts, while for those containing even harmonics the 
complete cycle is divided into n parts. The central feature of the 
method is the use of a shift operator, u, which translates any waveform 
to the right by 1/nth of a half-cycle or of a complete cycle as the case 
may be. The fundamental relations uv”? = — 1 and uv” = 1 are obtained 
in the two cases respectively. 

For linear circuit work the method is advantageous where the 
periodic input is numerically or graphically specified and where a 
similar description of the output is required. The procedure is then to 
form, according to certain rules, an impedance operator for the circuit 
and to operate on the inverse of the impedance operator, i.e. the 
admittance operator, by the input wave of applied voltage. The wave- 
form of the current, or the output in the case of a transfer-function 
operator, is then obtained. From this, r.m.s. values and powers are 
easily computed. Since the method relates basically to operations on 
non-sinusoidal waveforms displaced with respect to each other, it is 
also suitable for e.m.f. calculations in distributed coil groups moving 
in non-sinusoidal fields. 

In the solution of non-linear circuits, e.g. those containing iron- 
cored coils or non-linear resistors, the current is obtained by a process 
of continued approximation. This can be done very simply. An 
initial solution is assumed or a very rough calculation made in order 
to start the procedure. One particular method of doing this is to 
assume that all of the applied voltage acts across the non-linearity. 
From the static characteristic of the non-linearity a second estimation 
can then be made of the voltage acting across the non-linearity using 
the imposed circuit equation. The two estimations are averaged and 
the procedure is repeated until there is only a small change in any of 
the waveforms. The method appears to be of fairly general application. 
Both sinusoidal and non-sinusoidal applied voltages may be handled 
with the same amount of work. It is suitable for instantaneous and 
non-instantaneous non-linearities, and since it provides a response 
waveform, r.m.s. currents and powers may be obtained. It is also 
suitable for circuits containing more than one non-linearity. 

The method, however, is approximate, numerical and relates to a 
fixed frequency. The accuracy is generally within 5°% of the maxi- 
mum ordinate in the waveform with the normal ordinate spacings 
employed. R.M.S. values and powers, however, may be obtained 
more accurately, the error in these seldom exceeding 2%. 


LIST OF PRINCIPAL SYMBOLS 
f(t) = Function periodic in time 27/w. 
n = Positive integer; number of ordinates of f(/) in res) 
or 277/w. 
7 = Interval between ordinates = 7/nw or 27/nw. 
fj, = Ordinate height of f() at t = kr. 
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Ao(t) = Waveform of isosceles-triangular pulses of unit height): 
and base 27, repeated with alternate sign in half; 
period 7/w; Ao(0) = 1. 
A.(t) = As above, but repeated with same sign in period 27/w 
{S(0) = 1, 4) 
te Shift operator for periodic functions; uf(t) = f(t — 7) 
i.e. u translates to the right by vsec. 
f = Operator form of waveform f(); 


f= % Sat™ =fo + fiu + fou? SIO S06 + f,— eh 
tg dae! 
A = >) A,u*; general form of n-component or u-operator. 
n—1 


p = Differential u-operator. 
p~! = Integral u-operator. 
AB = Product of two operators; AB = BA. 


[= N : >See! 2); r.m.s. value of current waveform. 
nN n-1 


(1) INTRODUCTION 


in the calculation of network and system responses by numericali” 
methods based on the expression of time functions as a number}! 
series giving the ordinates of the function at regular intervals.} 
These methods have been developed especially for dealing with’ 
transient inputs of arbitrary form, and the work has been directed} 
to the study of both linear and non-linear circuits. In the latter!) 
the expression of time functions as a number series having aj 
definite starting-point allows the response to be obtained in a 
step-by-step fashion, by which manner the non-linear relation 
may be set into the problem point by point. 

In using the method of time series, Tustin! represented time 
functions by a series of delta units or isosceles triangles of varying 
heights and showed also how other shapes of pulse or other units 
might be used. His approach was from a geometric viewpoint. 
Since then, various authors?~7 have attempted to organize the 
method on a theoretical basis and to relate it to existing Laplace 
or Fourier transform theory. 

The question which the present paper takes up is whether a! 
steady-state analysis exists for general periodic inputs based on 
the representation of such waveforms by a series of displaced) 
unit waveforms of varying magnitude—in short, whether there’ 
is a periodic counterpart of time series. Such an analysis would,’ 
in fact, be suited to the non-linear problems which Moullin’»9! 
and Slemon!® have tackled using Fourier components and 
successive approximations, and to more general circuits con-! 
taining non-linear resistors and iron-cored inductors. It would) 
also be applicable to linear circuit analysis with arbitrary and: 
numerically specified periodic inputs. An analysis can, in fact,) 
be performed and is the subject of the paper. As it happens, the! 
theory bears many resemblances to normal vector algebra’ 
concerning the j operator and, in fact, a simple form of the 
analysis very like vector algebra results when the periodic inputs | 
are of sine waveform. One particular point which emerges is 
that the method of polynomial division which can be used in 
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>valuating time series having a definite starting-point is now not 
generally applicable, and an inversion process takes its place. 

is is also the case with Thomson’s? theory, which employs 
double-sided series. The method, however, is essentially different 
from that used by Thomson, in that the basic building-block of 
the waveform is itself periodic and not an isolated pulse. Further- 
more, it is concerned distinctly with steady-state responses as 
gainst pulse responses. 

The application of this method in calculating the forced 
oscillations of certain non-linear circuits is by a method of 
successive approximation and convergence. The non-linear 
lement may be given analytically, or its characteristics may be 
idisplayed graphically as, for instance, by giving a set of mag- 
metization loops for an iron-cored coil. An example is given of 
he calculation of magnetizing current waveform in such a coil. 
In linear circuits the steady-state response to non-sinusoidal 
inputs may be obtained; the use of the method in this case would 
be justified when the periodic input was known numerically or 
graphically and a similar description of the output was required. 
‘In these circumstances the method dispenses with the need for 
Fourier analysis of the input and subsequent point-by-point 
calculation of the output, both of which are extremely tedious 
processes. However, if the Fourier components of the input are 
Known there would be no particular value in employing the 
method. With non-linear systems, whether the periodic input is 
‘given numerically or by its Fourier components, the method has 
very definite advantages. 

The theory is for simplicity restricted first to periodic wave- 
(forms containing only odd Fourier components, and in these the 
negative half-cycle is a replica in time of the positive half-cycle, 
japart from sign. Later the analysis is extended to cover the 
‘case of both odd and even harmonics. This requires extra 
computational labour. The cardinal feature of the theory is the 
i use of a shift operator u, which translates any function in real 
/time to the right by an amount 7. The operator u is analogous 
(to z—! of z-transform theory and is in some respects similar to 
|the normal operator j of vector algebra. Finally, it should be 
/ stated that calculations carried out by the theory are not exact, 
» owing to the polygonal approximation of the waveform which is 
imade. It is obvious that the order of accuracy will improve as 
) more ordinates are chosen to represent the waveform. 


(2) U-OPERATORS 
(2.1) Basis 


Consider Fig. 1(a), which shows a periodic input f(4, of 
arbitrary waveform but containing only odd harmonics. This 
‘may be divided into a number of superposed and displaced 
triangular pulse waveforms of heights corresponding to the 
_ ordinates f(0), f(7), f(27), . . . {(7), where n is an even integer 
and nz is equal to the half-period (the reason for restricting n 
-to even values will be apparent later). The triangular pulse 
waveforms corresponding to the ordinates at t= 0 and t=T 
are shown in Fig. 1(b). Consideration of any polygonal element 
such as ABCD in Fig. 1(a) will show that it can be reduced to 

the isosceles-triangle element OPQ in Fig. 1(6). The representa- 
tion is, in fact, the periodic analogue of that introduced by 
Tustin.! For waveforms having only odd harmonics the negative 
talf-wave is a replica in time, apart from sign, of the positive 
falf-wave and the ordinate at (n + 1)7 is the negative of the 
ordinate at r. For the particular waveform shown in Fig. 1(), 
© = 6, which is a fairly coarse spacing in view of the waveshape. 
fet the triangular pulse waveform corresponding to an ordinate 
<f unit height at t = 0 be denoted by Aj(¢), as shown in Fig. 2(a). 
) et there now be a shift operator, u, which translates any wave- 
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Fig. 1.—Polygonal approximation of periodic input with only odd 
harmonics. 


Fig. 2.—Integration of unit triangular-pulse waveform. 


form one interval 7 to the right, i.e. u operates in the domain of 
real time and corresponds to a lag of rsec. Then, if we write 
f(n7t) = f,, {( may be given the polygonal representation 


{OQ ~ W% + uf, + wh +...tu™ f,_pAQ . () 


The series uf consists of a finite number of terms equal to the 
number of ordinates chosen to represent the half-wave. The 
series of n terms can, of course, commence with any particular 
ordinate desired, but after m terms the ordinate values fo, fi, 
etc., repeat, apart from a negative sign. Hence f(‘) may be 
written 


GT, ate ie Be SP ou SF a eerie )Ao(?) 


r being any integer or zero. In the above expression u~’ is 
defined by u~'uv’f(t)=f(), ie. for r a positive integer the 
operator u~’ shifts any time function r intervals to the left. 
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The representation of f(t) given in eqn. (1) may be written 
f(t) ~ fA Q(t), where 


f=fothfuthwt...th ww! = 2 fe 


Le 


In this expression u, u?,... u* are simple shift operators. More 
generally, a w-operator will be defined by an expression such as 
aut ive + id “So ae Oe) 


containing a finite number of terms, and where some of the 
coefficients may be zero and q, r, s, . . . are positive or negative 
integers. Since, however, 7 is 1/nth of the half-period, we have 
the fundamental relation 

ur = — 1 eee es HE) 


It follows that any expression of the form in eqn. (2) may be 
reduced to the form 


a Pub ae eid ee er ee, 4) 


containing m terms only if none of the coefficients are zero; e.g. 
if n= 6, 5u-3 + 3u-2 +1 +44 4u’ =1 — 3u — 5u3 — 3u4. 
This is analogous to reducing a normal vector operator such as 
a+ jb + j2c + j3d to the form a —c + j(b — d) by substituting 
j* = —1. In fact, all of the rules to be given for u-operators 
have their counterparts in j-operator theory, as might be expected. 
One can think of the u-operator as a generalized form of the 
j-operator, with the exception that u-operator theory is confined 
to the domain of real time so long as the waveform is non- 
sinusoidal. If, as a special case, the waveform is sinusoidal, a 
simplified version of u-operator theory is still applicable, but 
this will not generally hold any advantages over normal vector 
techniques. 

The expression (4) may refer to the impedance, admittance or 
transfer-function operator for a circuit. An impedance operator 
will be denoted by Z, and admittance and transfer-function 
operators will be denoted by Y. 


(2.2) Operation on a Waveform 


The operation by an operator Z on a wave f is written Zf. 
It is simply defined by the rule of polynomial multiplication, 
followed by reduction using wv” = — 1. An example will make 
this clear. 

If n = 6, let us suppose that fis given by 


fo + fu + fou* + fau? + faut + feud 
Let Z be a + bu + cu?. Then the multiplication is 


fo + fiu + fou? + fau? + faut + feu 
a + bu + cu 


af a, ay af; af, afs 
—=bfs bio Soft of bf bh 
Cia Os fo fy cf, cf; 


etc. etc. etc. (af; + dbf,ete. ete. 
+ of, pw 


The ordinate series of the product will, of course, be periodic, 


and the waveform of the product is defined completely by any 
set of m terms. 


* In further work f(f) is represented simply by f, where it is understood 
still to operate on Ao(f) in order that the equation f(t) ~ fAo(t) may he echoed 
similar to writing a voltage V=a-+ jb, where to be complete, the sine wave of 
voltage v(t) should be written v(t) = VS = (a + Jb)S, S being a reference sine wave. 
Also, in further work the operators uk may appear before or after the numbers upon 
which they operate. Logically they should always precede the operand, but since the 
handling of u-operators resembles to some extent the manipulation of polynomials, 


it is convenient sometimes to put the uk after the operand, which i 
riper baer p 4 is then regarded as 


Consideration of the above procedure leads one to the con- 
clusion that the process of polynomial division will not be 
available when an interpretation is sought of the form f/Z, and + 
this isso. This is in contrast to numerical analysis with transient) 
inputs, where any series has a definite starting-point, say at 
t = 0, from which the division may be commenced. In ve 
present case an inversion process has to be found in order to 
convert the problem to the usual operating procedure given’ i 
above, i.e. f/Z is interpreted as Z~'f. This is similar to the 
evaluation of (a + jb)/(c + jd) in vector algebra by a process of f 
rationalization. | 


(2.3) Differential and Integral Operators 
Previous work!)5 in the field of time series and z-transform 
theory has shown that the form [2(1 — z~!)]/[7(. + z—})], when) 
operating on a series gg + oc ar eoae etc., representing a 
non-periodic time function g(/) starting at t = 0, produces the. 
derivative g’(t). This operator is also applicable to periodic 
functions, and in terms of w it is 


ee 8 Bre 
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p 
What is different in this case, however,. is that the u-operator © 
in the denominator is to be evaluated by a process of inversion | 
instead of division. 
The integral operator is the inverse of the differential operator, 0: 
the integration of a periodic waveform being defined in a steady- > 
state sense, i.e. having zero average value. Hence i 


ere ley 
20 — un) 
An alternative form of this can be deduced geometrically. } 


Fig. 2(a) shows the unit triangular-pulse waveform Aj(t), and 
the full line in Fig. 2(6) shows its steady-state integral having! 


f 
1, 0, 0, 0, 0, 0, while those of the integral are 0, 7/2, 7/2, 7/2, 
7/2, 7/2. One or two trials will show that the operator producing | 
this result is 


pi=sute ++i +0) «a. Gl 


Since this holds for the unit waveform A,(d), it will also hold | 
for any waveform built up from displaced triangular-pulse 
waveforms of varying magnitudes, and in general, therefore, the 
integral operator can be written | 


ph=lwtwt... +e ae 


Eqn. (8) represents, in fact, the evaluation of eqn. (6). This | 
will be shown later when the inverses of u-operators have been « 
discussed. It will also transpire that 


p=—(—u+v—8+...—uv-. . | Ge 


T 


is the general operator form of eqn. (5). 


(3) ALGEBRA OF U-OPERATORS 


(3.1) Unit Operator: Addition and Subtraction | 

The unit operator is one in which all the coefficients of powers 
of u vanish, except that of u°, which is unity. | 
The sum or difference of two operators R and S is found be 
taking the sum or difference of corresponding components, i.e. 


E 


femeeR =|R, + Rye + Row...+ Rw! = > Rut 


n= 


nd Ss » Suk, then R 36 Oy = p> se sis Suk 


n—1 


(3.2) Multiplication 


The reduction of an operator whose terms contain any powers 
of u to the normal form >) R,u* by substituting uv? = — 1 has 
1 


i= 
n dealt with in Section 2.1. The product of two operators is 
: Yormed according to the normal rule of polynomial multiplica- 
cion, followed, if necessary, by reduction using uv? = — 1. This 
is the same process as the operation of a u-operator on a wave- 
form. Miultiplication of u-operators is commutative, i.e. 
IRS = SR. For practical computational purposes, multiplica- 
(tion or operation on a waveform is carried out with a desk 
alculating machine. If desired, the calculating-machine-and- 
‘strip method for forming successive sums of products may be 
advantageously applied here. 


(3.3) Division and Inversion 


The ratio of two operators may be evaluated by polynomial 
idivision, provided that an exact quotient is obtained, i.e. a finite 
wumber of terms in powers of u. This is not usually the case. 
In general, therefore, the ratio of two u-operators is evaluated 
‘by inverting the operator in the denominator and multiplying 
iit by the numerator; in symbols, R/A = RA™}. 

The inverse of the general operator A = 2, A,u* is defined by 


ithe relation AA~! = A-14 =1. As cnowee 7" Section 9.1 the in- 
‘verse A—! is another operator B= >) B,u*, where By = A,.44/A, 
es 

jand A, ,,, is the cofactor of the element in the first row 
iand (k.+ 1)th column of the determinant A. It therefore 
follows that a condition for the existence of an inverse operator 
‘is that A ~ 0, and for practical circuits this condition is nearly 
jalways fulfilled. Although the inverse of A has been formally 
{stated in terms of the determinant A and the cofactors of the 
jelements of its first row, in practice it is better simply to solve 
‘the set of m simultaneous equations given in Section 9.1; it is 
isuggested that Crout’s!! method is superior to most others in 
(accomplishing this. Nevertheless, the calculation of the inverse 
of a general n-term operator requires a fair amount of arith- 
metical labour. This may be reduced by the use in appropriate 
/ circumstances of the forms for p and p—! given in eqns. (5) and 
((6), rather than those in eqns. (9) and (8). Also, a branch-by- 
/ branch analysis of a particular circuit, or similar approach, will 
(restrict the order of the operators which have to be inverted. 
Circuits having characteristic equations of the first, second 
_... mth order will give u-operators in the denominator having 
‘two, three . . . (m+ 1) terms respectively (where m <n, the 
‘number of ordinates chosen). In the formation of the inverses 
of these simple operators the matrix A in Section 9.1 will then 
contain a large number of zeros. The use of a desk calculating 
machine is essential in performing the arithmetical work. 

For non-linear circuits, where the solution is obtained by 
successive approximations, inverses are not required. This 
od can equally well be applied to linear circuits, although 

+ is not done in the linear-circuit examples in the paper, for which 
“ exact inverses are given. 

The inverse of a 2-term operator may be worked out in general 
symbols using the rule given. If A = x + yu, we have 


a- 


= (x% + yr)—1er—! — x" yu 
we xy?—2y"-2 ee yr—Tyn-l) (10) 


= (x + yu)! 


Ze xn 3y2y2 aie 
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In particular, for x = y = 1, 


QQ +u)-!=40 —a+2v .— ul) 
ANGH Oiler yal 
G—-w'=40 +4u+v+...4 47) 
Evaluating p = Z = 7 ; gives, for example, 
1 
=(l —wd —ut+u?...—u") 
==(- utu—wW...—u") 
Another convenient form of (x + yu)~! is 
xd + a)—'0 — au + atu? — Bu? .. . — ay!) 


where a = y/x. 

It is appropriate to explain at this stage the choice of an even 
number of ordinates to describe the half-cycle of a waveform 
containing only odd harmonics. Since uw” = — 1, one solution 
of this when is odd is u = — 1. Hence, if m is odd the inverse 
of 1 + u will give a zero denominator. This means that, when 
n is odd, an exact inverse will not exist for the operator 1 + u, 
and this occurs in the denominator of the differentiating 


operator p. The integrating operator p~! 5 (Pe 
other hand, can be evaluated when 7 is odd. Both p and p™!, 
however, may be evaluated exactly if is restricted to even values. 
This is the sole reason for the restriction. 

This particular difficulty and any similar one may always, of 
course, be avoided by taking an approximation to the operator, 
e.g. in the above case with n odd by inverting (1 + 0-99w) 
instead of 1 + u. Such a process is quite logical in an approxi- 
mate method of calculation, where the error introduced by so 
doing is less than that originating from the segmental repre- 
sentation of acurve. The approximation to a particular operator 
may, moreover, be improved indefinitely if one is prepared to 
accept the larger number of significant figures necessary in 
performing a calculation; this usually can be done without 
effort if the number is still within the capacity of the calculating 
machine available. The procedure of approximation to an 
Operator is necessary when more general waveforms are con- 
sidered, as in the next Section. A further point to bear in mind 
is that pure differential or integral operators are seldom required. 
In the course of normal circuit analysis an operator which does 
not have an exact inverse is not likely to arise. 


(3.4) Extension to Waveforms containing Even Harmonics 


The theory so far given has been restricted to waveforms 
having only odd harmonics, and in consequence, a negative half- 
wave which is a replica in time of the positive half-wave, apart 
from sign. This has been done, first, because a large number 
of engineering waveforms are of this type and many non-linear 
elements have input/output relationships which are symmetrical 
about the origin; secondly, the theory for only odd-harmonic-type 
waveforms can be made more complete than that for even and 
odd harmonic waveforms in the sense that, by restricting ” to 
even values, there is no need to have approximate operators— 
which is not so in the case about to be considered, where an 
approximate integral operator must be introduced when it is 
required; finally, it is possible to consider general waveforms by 
adding only a few remarks to the foregoing theory. 

There remains, however, one case not generally covered but 
which can be dealt with if the operator contains only differential 
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yO mney nt 
Fig. 3.—Polygonal approximation of general periodic input. 


components, namely that of a periodic function having a d.c. 
component, or non-zero average value. The procedure here is 
to consider the d.c. component separately. This will be valid 
for both linear and non-linear systems, provided that the informa- 
tion about the non-linear element is in terms of an input/output 
relationship about the working point determined by the d.c. 
component. 

The building-block of a general waveform is the triangular- 
pulse waveform, A,(f), in Fig. 3(6), of unit height and of period 
equal to that of the waveform being represented. If this period 
is divided into x intervals of length 7, m being odd, a segmental 
approximation of the periodic function f(?) is 


f= (E fuk) M00 


In other words, the representation is of the same nature as 
previously used but summation takes place over a whole cycle. 


The waveform may be written as fA,(‘) = ( Sy fut) A), or 
simply f. n—I 

The results regarding the formation and the algebra of 
u-operators remain the same as before, with the exception that 
the fundamental relationship uv” =1 now holds. In conse- 
quence, the inversion matrix is slightly different, the signs of the 
elements being all positive. Formally, however, we have the 
same rule. The inverse of A = >» Aue is B= 25 B,u*, where 


By = Ayx41/A and Ay 414 is oe cofactor of "the element in 
the first row and (A + 1)th column of the determinant A of the 
inversion matrix. 

Since u = + 1 are solutions of uw” = 1 for m even, the operators 
1 + u and 1 — u do not have exact inverses. However, if n is 
odd, the operator 1 + w has an exact inverse but the operator 
1 — u must be approximately inverted when required. This is 
necessary in the case of the integral operator. 

When n is odd the inverse of x -+ yu is 


CoP yi)! = Gey) NGG dm a 2y ns Syne 

2... xy 2yn- 2 a yn—lyn-I) 
or alternatively 
(x + yu)! = x10 + a) 101 — au + ar 


= ae q'—2yn-2 ae q?—lyn-1) 
where a = y/x. 


Petes ih evese Popldaees u) tI 

The differential operator is p = Tee ae } | 
ee aa | 

t y 

: ‘ ete Dhl ee) i 
The integral operator is p Ty, | | 


in the demominator by, say, (1 — 0:99u). This is quite ar 
arbitrary choice, but one which is reasonable in that sufficien’ 
accuracy is obtainable for the ordinate spacings which have beer)< 
employed and yet the coefficients of the resulting operator “f 
not become too large. A number of integral operators basec' © 
on this approximation are given in Section 9.2 for various “a 
| 


This can be approximately evaluated by only replacing 1 = 


of n. 
The application of the foregoing theory to linear and non: 
linear circuits with both sine-wave and arbitrary inputs is “I 


considered. 


(4) APPLICATION TO LINEAR CIRCUITS 
(4.1) Circuit Analysis: Power and R.M.S. Values 


In the application of the u-operator method to linear-cireuit » 
analysis in the steady-state, the general procedure is to form™ 
impedance, admittance and transfer-function operators by 
replacing jw by 2(1 — u)/7(1 + uv) throughout. The resulting’)! 
expressions are arranged in ascending powers of uw in the numer- a 
ator and denominator, and by inverting the denominator, ajt 
u-operator in the general form A = >) A;ué is obtained. This is) 

= | 
operated on by the non-sinusoidal driving function, current or} 
voltage as the case may be. In more complex circuits, the usual 
results for series and patallel combinations of operators apply. | 

In view of the waveform representation given by the method,), 
particularly simple expressions for the r.m.s. values of voltages) 
or currents are obtained, and also for the power supplied to ab 
circuit. If the supply voltage and current in a circuit are given| 
by V = 2) Vuk and I = es I.u*, the r.m.s. voltage is 


and similarly for the current. The instantaneous power wave is 
Pe > V,I.uk 
n—1 


of which the average value is 


P= PALL 


This may be denoted by P = (V.J)/n, the point signifying the 
scalar product of the V and J operators, i.e. the sum of products: 
of corresponding components. 


(4.2) Linear Circuits 


The two simple examples first given illustrate the procedure 
and accuracy to be expected from the method. The solution of 
a series-parallel circuit is then given, and it is suggested that 
3- or 4-term demoninators could be inverted by an alternative 
factorizing process. Finally, an example concerning the r.m.s. | 
voltage generated in a distributed coil group moving through 
non-sinusoidal flux indicates a possible application in machine- 
theory calculations. In the first two examples, inputs have been : 
chosen consisting of a fundamental and one harmonic; this has. 
been done purely to facilitate checking by working out the 
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individual harmonic currents and by subsequent point-by-point 
scalculation of the total value of the complex wave. So far as 
ithe present method is concerned, arbitrary periodic inputs may 
(be handled with only a little extra labour, depending upon the 
‘frequency components present and the accuracy desired. 


(4.2.1) Simple RL and RC Circuits. 


| Consider the impedance R + pL to which the voltage shown 
on Fig. 4 is applied, the waveshape containing only odd harmonics. 
{Dividing the half-cycle into, say, eight intervals, gives 


VV =0-4 + 0:°5358u + 0-4243u? + 0:5543u3 + 1-0u4 
+ 1-293 5u° + 0-9899u® + 0-2296u? 


’The above figures are, in fact, the ordinates of sin wt + 0°4cos 3wt 


-0°:5 


Fig. 4.—Periodic input to RZ circuit and approximation. 


culated at 0, 7, 27, ..., where 7 = 7/8w. If the coil has 
‘wk = 1 and R = 1, say, the impedance operator is 

16 —w)— 6-0930 — 4:0930u 

ap (=) Lou 


Z=1+ 


Hence 


IZ! = put 
“~~ 609300 — 0-671 81) 

= 0-1576(0-9383 + 1-671 8u -+ 1-123 1u? + 0-754543 
+0-5069u* + 0-3405uS + 0-2278u5 + 0-1536u") 


The current is J = Z—'V, and the result is J = — 0:468 — 0-161lu 
-+0-050u? + 0-194u3 + 0-385u* + 0:635u> +0:802u° + 0:739u7. 
‘The calculation using frequency components and evaluating at 
10, 7, 27, . . . gives 


- —0-460, —0-144, —0-057, 0-188, 0-380, 0-644, 0-820, 0-749 


‘The error is nowhere greater than 0-02, and for all but two of the 
perdinates it is about half that value. Expressed as percentages 
iof the ordinates, this represents about 12% for the two lowest 
ordinates and between 1% and 3% for the remainder. If we 
wensider the errors introduced by the polygonal approximation 
10% the input (see Fig. 4), these are, in fact, 11% at 7/2 and 57/2, 
aid about 7% at 117/2. It may therefore be concluded that 
(he accuracy of the answer is much the same as that of input 
weoresentation. This is true, provided that sufficient figures are 
saced in the calculation to bring computational errors to a low 


figure in comparison with that due to the polygonal approxima- 
tion, and this, in turn, depends on the number of ordinates used. 

As a second example, consider the series RC circuit in which 
R=1 and 1/wC = 1, where w is the fundamental angular 
frequency of the applied voltage wave V = sin wt + 0-4 cos 2wt. 
It is necessary in this case to divide the whole cycle into n parts. 
Since we are at the moment concerned more with procedure than 
in obtaining an accurate solution, we shall take n = 9 and hence 
wt = 27/9. Therefore 


V = 0-4 + 0-7122u + 0-608 9u? + 0-6660u3 + 0-648 4u4 
— 0:0356u> — 1-0660u® — 1-3607u7 — 0:5734u8 


Gea) 11-3491 = 065092 
DCH) 


Z=14 i 
—u 
d —uV 


I=Z1y =. 
r= 43497 =0-65091 


= 0-7423V(0-9971 — 0:5175u — 0-249 7u? 
— 0-1205u? — 0-058 1u* — 0-0280u° 
— 0-013 6u® — 0:0065u7 — 0-003 iu) 
= 0-841 + 0-638u + 0:231u? + 0-154u3 
+ 0:061u4 — 0-478u° — 0-994u® 
— 0:698u7? + 0-247u8 


The ordinates of the current, computed from frequency com- 
ponents, are 


0-820, 0:602, 0-242, 0-162, 0-049, —0-499, —0-982, —0-652, 
=Oo2S 


The lower accuracy is due to the coarse spacing of ordinates 
employed (wr = 40°) and to the relatively higher harmonic 
content of the current wave compared with the voltage wave. 
It is emphasized that this method of calculating linear-circuit 
responses to non-sinusoidal inputs is being advocated only when 
the input is of arbitrary form and of unknown Fourier content, 
and when the total waveform picture at the output is required. 
If the Fourier components are known and the output waveform 
is not required, it is manifestly simpler to proceed in the orthodox 
fashion. 


R, Ly 


Fig. 5.—Illustrative series-parallel circuit. 


(4.2.2) Series-Parallel Circuit: Inverse of Quadratic or Cubic 
Denominator. 


The circuit shown in Fig. 5 has R; = R3 =1, Ry, =2, 
wl, = wl; = 0-9818, 1/wC,,= 15-2788, and 1/wC; = 5-0929. 
Consider its response to the trapezoidal wave 
V =0:04+ 0:5u + 1:0u? + 1:0u3 + 1-0u4 

+ 1-Ou5 + 1-0u5+ 0-5u7 
the break-point of V occurring at wt = 7/4. The choice of 
n = 8 will give an exact input representation. The operators are 
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2nwl, (1 —u) _ 6—4u 


gieeet arare Cla a) at 
5S+u 
Ze nen ema t 
7 1—u 
Vee 7 —8u+ Su? 


1 — wz 

The admittance of the circuit is 

J Z,+2Z, 

ZZ, + ZZ; + 232, 

e 11 — 4u — 6u2 + 4u3 — 5u4 

~ 1070 — 1°2150u + 0-8224u? — 0-4299u3 + 0-271 0u4) 


Za! = 


The inverse of the operator in the denominator is calculated by 
solving the set of equations given in Section 9.1, with Ap = 1, 
A; = — 1:2150, etc., As, Ag and A; being zero. This gives 


A7! = 1-1398 + 1°2206u + 0:566 1u? + 0-092 5u3 


— 0:1374u* — 0:3303u> — 0-402 1u® — 0-301 Ou’ 
and 


Vag 707095554 + 7-018 3u — 6-300 6u? — 5-5163u3 
— 6-094 6u4* — 7-477 3u> — 4-738 Ou® — 0-732 9u7 


The current is 


VZ—! = 0-2522 + 0-303 6u + 0-325 8u? + 0-2749u3 
+ 0:1563u* + 0-0450u> — 0-044 0u® — 0-149 2u7 


In the above example four decimal places were used throughout 
the calculation, although less than this number would probably 
do for practical purposes. It should be noted that each term 
in any product can be found in one machine operation (sums or 
differences or products) of a desk calculating machine. Similarly, 
the method of solving simultaneous equations given by Crout!! 
is particularly suitable for machine calculation. Nevertheless, 
there is considerable work attached to calculating general 
inverses, but it should be borne in mind that the alternative 
method of procedure, given a numerical or graphical input, is 
to perform a Fourier analysis, calculate the components 
separately, add and subsequently evaluate the resultant waveform 
point by point. 

An alternative method of obtaining the inverse of a quadratic 
or cubic denominator is to factorize it into real and, if necessary, 
complex factors. These may be inverted separately according 
to the rule 


(1 + au)“ = (1 + a"). — au + aw? —... + a,_ yu") 


where n is odd or even, and the inverses then multiplied together, 
e.g. 


G+ 2u + 5¢2)-! = {lL + d +72a) fd jag! 
[1 + G +72)u]-! = (— 526 +7336)- [1 — 1 4+72)u 


TORsI— oe 


The second inverse is the conjugate of the first, the product of 
the two being 


(1 + 2u + Su*)~! = — 0-0018 + 0-001 4u + 0-006 1n2 
— 0-0192u3 + 0-0080u* + 0-0802u5 — 0-2002u® + 0-0004u7 


This technique is recommended for quadratic and cubic denomi- 
nators, but there is no advantage for those of higher order unless 


To (3 J A)e (SU) 


exact factors result, and this is most unlikely. Note that, in 
forming the product of the complex inverses, only the real part . 
of each term in the product requires to be calculated, since the) 


imaginary part is zero. 


(4.2.3) R.M.S. Voltage in Distributed-Coil Group moving in Non-) | 
Sinusoidal Flux. 

The shift operator u is designed primarily for operations such) 
as addition and multiplication of arbitrary periodic functions), 
displaced with respect to each other. Hence it is convenient for| 
calculating the resultant e.m.f. in a distributed coil moving 
through non-sinusoidal flux. 

Consider an a.c. machine having a 3-phase winding on the 
stator and d.c. excitation on the rotor, which may be of salient- or, 
non-salient-pole construction. Let there be an integral number, 
g, of slots per pole. We shall consider the fluxes in the successivels 
teeth 7, t, . . ., fg_1 throughout one pole pitch at the successive: 
instants t= 0, tT... (a — 1)7, where nz is equal to the half-7 


i 
period and n is even. At ¢ = 0 we have the set of tooth fluxes): 


ie 

Yo; == Foo NP aie Yoo aiene ToG=he at f=T, the set Nene = Yaa It 
Pip Yio... Vg_1; and so on up to t=(1—1)7. These 
fluxes may be either those holding for the condition of open-§ 
circuit or those holding with some given load current (non-) 
sinusoidal in general). If the second condition is envisaged, it is) 
to be taken that the flux sets ‘V9;, ‘P'4;.. . ‘’@—1; are due to the) 
resultant m.m.f. of the rotor and the stator coils, each coil) 
current taking n successive values throughout the half-period. 
The flux linking a coil enclosing teeth fy-t,, takes in succession): 
the values Dyy = "Px9 + Pig +... + Vom k = 0,1, 2,...,7 — 
Similarly, the flux linking a coil enclosing teeth 7,-t,,,1 takes in? 
succession the values O,, = Vx, + Vig +.-- Paontty k= 0, 
1, 2, ...,2-—1, and so on with the remaining coils. These) 
flux-linkage waveforms in the successive coils may be written!) 
N®,)=N D> OD,ouk, N®, = ND Dau ..., N being the turns} 
iil n— | 

in each coil. The e.m.f.’s in these coils are then Vp = pN®p,) 
V, =pN®, ..., where p is the differential operator. 
If r coils are connected together to form a group, the e.m.f. 
of the coil group is V=V)+V,+...+V,_;. In terms of | 


p 


the ordinates, this is } V,w*, from which the waveform andi 
n—1 


Saoank 


{ 


r.m.s. value can be found. 
The above procedure is of general application, except when the) 
number of slots per pole is non-integral. In this case, if the slots): 
per pole pair are integral, the analysis may be performed over a is 
pole pair instead of a pole pitch. If the number of slots per! 
pole is even, it is possible to choose n = g, with a consequent 
simplification in the analysis. In this case, with no stator curren i 
flowing, the flux sets Y'o;, ‘V1; . . -. ‘Wq@—sy; will repeat, apart : 
from a displacement of one element to the right or left for each! 
interval of 7. If the first coil voltage is v, successive coils have ; 
the voltages uv, uv, . . .. u’—!v and the e.m.f. of the coil group i 
V=(1t+utwt+...tu ov. 

A substantial simplification of the above can be effected if the} 
common procedure is adopted of assuming a mean flux-density, 
distribution round the air-gap, either on load or on no-load. 
Taking m equal to the number of slots per pole, the flux-density) 
wave may be expressed by the ordinates B, = Bo, By,..., Bn-1 
throughout one pole pitch. The e.m.f. per coil side is then 
v, = > CB,uk, C being a constant of proportionality. If the 

se j 
coil spans m slot pitches, the coil e.m.f. is (1 + u™)v,. The 
e.m.f. of r coils forming a group is then V = >} Vuk = (1 + uw) 
GQtutw+...+u)w,. a= y 

At the moment, full investigation has not been made of the 
application of this type of analysis in machine theory. Ther 
would appear to be particular advantages in the method, however, 
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vhen the flux distributions in machines are known numerically 
rom the results of experiments and are therefore, as yet, of 
snknown Fourier content. 


(5) APPLICATION TO NON-LINEAR CIRCUITS 


(5.1) Procedure 


_ Since the method of generalized operators is capable of dealing 
vith non-sinusoidal waveforms, it is immediately applicable, by 
_ process of continued approximation, to the steady-state analysis 
of non-linear circuits, and it is chiefly with this objective in mind 
dnat the method has been evolved. It is clear that, for any one 
yeriodic input to a non-linear element, there corresponds an 
‘npedance or admittance operator for the element. This impe- 
ance, admittance or transfer-function operator may be obtained 
“y considering the output which results on applying the input 
waveform to the static or d.c. characteristic of the non-linearity, 
wr to the series of static characteristics in the case of more 
»omplex non-linearities such as hysteresis. The real problem is 
chat the input waveform to the non-linearity is unknown when 
ene non-linear element is part of a series circuit. While it is 
cherefore evident that u-operators are an adequate tool for 
ielving the problem, the solution has to be taken out by a number 
‘© approximations. This can be done in a simple manner. 

| Consider a linear impedance Z, in series with a non-linear 
iement (Fig. 6). The information about the non-linear element 


’ Fig. 6.—Non-linear impedance in series with linear impedance. 


s given by its static characteristic or characteristics, and the 
vvaveform of the applied voltage—which is not necessarily 
inusoidal—is given. The procedure is then as follows: 


(a) Assume or calculate, using linear approximations, a first 
approximation of one of the variables, V, entering the non-linear 
relationship. 

(6) Form the waveform, J, of the second variable entering into the 
non-linear relationship by considering the effect of V on the static 
characteristic (V/J relation) of the non-linearity. 

(c) Calculate the waveform of the first variable from the known 
_ circuit equation, given 7; this calculation of the first variable from 
the circuit relation will be denoted by V’. 

(d) Average V and V’, and use V,, to repeat (6) and (c). 

(e) Continue the calculation until V = V’ = Vay; from this the 
final J may be found. 


This procedure is best shown schematically as 


a 


— a 


V———non-linear-—__> I—circuit_—> V’ 
(assumed or relation equation 
‘ approximate) 


non-linear——-> etc. 


BV a V y= Vay L 
relation 


' The circuit equation for Fig. 6 is V’ = V, —IZ,. For the 
itarting-point of the calculation the whole of the supply voltage 
snay be taken as acting across the non-linearity (i.e. take supply 
voltage equal to V). If, however, any guidance can be obtained 
wom the values of the circuit components as to the probable 
“nanner in which V will develop, it should be used to reduce the 
wumber of approximations which have to be made. In the 
bove scheme it will be realized that we have been thinking of 
(he non-linear relationship as being of the nature of an impe- 
lkaace. This is not always the case, but the procedure remains 
‘u>stantially the same with other types of non-linearity. 

A further point to note is that there are a variety of methods 


of carrying out the approximating process. Also, where possible, 
the circuit relation should be arranged to contain integrating (or 
smoothing) operators rather than differentiating operators. This 
will help the general accuracy of the computation. These 
principles are illustrated below. 


(5.2) Non-Linear Resistor in Series with a Capacitor: 
Non-Sinusoidal Applied Voltage 


The problem of the steady-state analysis of a non-linear resistor 
in series with an impedance has received consideration by 
Moullin®»? and Slemon.!®9 The work of Moullin has been 
directed mainly to the calculation and prediction of r.m.s. values 
rather than to waveform study. Slemon’s method enables the 
fundamental and third-harmonic current components to be 
obtained, the first mentioned being dependent upon a correction 
estimated from the third-harmonic component. Both analyses 
are approximate. The method advanced here abandons the 
Fourier concept and instead deals with waveforms described by 
ordinates at regular intervals. Corrections are then applied to 
the waveforms by stages. It has an advantage in that complex 
applied-voltage waveforms may be handled with ease equal to 
that of sinusoidal waveforms. 

The circuit for illustrative purposes is shown in Fig. 7 and the 


eee 


: : 


Fig. 7.Non-ohmic resistor in series with capacitor. 


Fig. 8.—Voltage-current relation for non-ohmic resistor. 


non-linear characteristic is given in Fig. 8. Since it is symmetrical 
about the origin, only odd harmonics will occur in the waveforms 
and the half-wave will be divided into eight parts (1 = 8). The 
applied voltage is non-sinusoidal and given by 


V, = 68:3 + 69-1u + 33-9u? + 14-8u3 — 30: 9ut4 
— 50-9u5 — 62-7u® — 66-1u? 
It is shown in Fig. 9. The scheme of calculation is 


V >I 
(assumed 
equal to V,) 


circuit ———> V’ 
equation 


non-linear 
relation 


4V + V’*) = Vow) 


84 
60 
40 
2 
5 20 
— 
we < 
} £ 
5 5 
8 i 
& 
7 =) 
a 6) 
a -20 
Ww 
=40 10 
-60 


Fig. 9.—Applied voltage wave and resultant current for circuit shown 
in Fig. 7. 


—————._ Waveforms taken from oscillograms. 
—— —w— Calculated current waveform. 


The circuit equation giving V’ in terms of J is 


ay I 
Ve aneerd V, pC 

whereas ee eee eT) aie eageng are 0? 

ete iGe 20 cw ie Tha eno Yeuy 


The calculation is given in Table 1 with the values of current 
expressed in milliamperes. 


Table 1 
best sa 0) Ts 2G 3t 4t 5t 6T Tt 
V .. 68-3 69-1 33:9 14-8 —30:9 —50:-9 —62-7 —66-1 
lies eee 144.0015: 4 Os3 a0 —0:2 -—2:9 —9-2 —12:1 
(UO Pes | PAGE Tilosy TKSc0) Sci Se) TISjoih los) By 
V’ -» 65:7 57-8 17:9 —1:3 —46:9 —66:0 —74-2 —71:-3 
Vavaty -.. 67:0 63:4 25:9 6-7 —38:9 —58-4 —68-4 —68-7 
Ls Bis ACO SCT KN 0, —0:'6 —6:2 —14-6 —14-9 
etc. 
Var) 632775920) 21-2) 2" 0) —43)-5— 622-70. 167.6 
a3) -- 60°9 56°6 19:1 0 —45-4 —63-3 —69-4 —65:3 
Vaya) «.. 59°6 56:0 18:9 —O-2 —45-5 —62-8 —68-1 —63-6 
ays) -+ 39°6 56:4 19-5 0:4 —44-8 —61-9 —67-:0 —62:9 
ae Ges) Soll OO @ 1:6 8-4 —13 OD, 
I hen -. @4 4-5 0-1 —0-7 2°3 9-3 —11-:9 —10:1 
(experiment) 


The calculated and measured current waveforms are shown 
in Fig. 9. There is a divergence of the order of 10% between 
the two, except at the low values of 27, 37 and 47. It should 
be borne in mind, however, that both V, and the measured 
current wave are obtained from oscillograms, where there is 
probably room for about 5% error. The rest may be debited 
to the errors incurred in representing the waveforms by a series 
of eight segments. Although the calculation may seem tedious, 
more so because the description in words is lengthy, the whole of 
the work in Table 1 can, with some familiarity and the aid of a 
desk calculator, be done in less than half an hour. 


The r.m.s. current and power supplied may be easily calculated. 
We have 


1/2 
R.M.S. current = - >; i) =7-1mA 
a 
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and Power = — py Vl, = 340-3 mW 


n—1 
(5.3) More Complex Circuits with Non-Linear Impedances 


The procedure only is indicated here. In the two cases given Ni 
Figs. 10 and 11, the non-linearities are described by current/vol: i\ 
tage relations a the instantaneous type or otherwise. hy 


Fig. 11.—Series-parallel circuit with two non-linear impedances. 


In Fig. 10 the calculating scheme would be as before, with ; 
I = {(V)as the non-linear relation, and V’ = V, — Z,1+ VZ> 1 X : 
as the circuit equation. | 

For a similar circuit with two non-linear elements (Fig. 11)/ 
1, = {(V,) as the non-linear relation of A, and V, = V, — Vl 
as the circuit equation, where 


Ve =ey + Va 


i.e. the non-linear relation of B. 
Calculations would be carried out until V = V’ in the firs | 
case and V4 = V,, in the second. 


Zp") = (Ip) 


(5.4) Iron-Cored Coil in Series with Impedance: 

Non-Instantaneous Non-Linearity aif 
The non-linear relationship introduced here is more compli 
cated than before, because both saturation and hysteresis los: 
are present; nevertheless, the general method of procedure i rh 
the same. The information about the non-linearity is given by) 
the series of flux/current relationships shown in Fig. 12. In the 
circuit considered here (Fig. 13) the series impedance is a simp 
resistor, although no difficulty arises if this is replaced by ¢) 
general impedance or more complex circuit. Similarly, althougt) 
a simple sine input was taken here to facilitate experimenta | 
checking, the applied voltage wave can be of any form. Thi! 
scheme of calculation is 


® ——— non-linear ———_> I circuit +b 
(calculated from __ relation equation 
linear 
approximation) 
4@ + DB) = ®,,1 non-linear ———> etc. 


relation 
The circuit equation is 


V, = IR + Np®'’ 


arranged as — IR) 


FLUX, MILLIWEBER 


- 0:08 


(0) 
CURRENT, AMP 


Fig. 12.—Flux/current relation for iron-cored coil. 


AWW 50000 
a eee Cl 


Fig. 13.—Iron-cored coil in series with resistor. 


For this example, R = 334 ohms, N = 1000 turns and the supply 
woltage is the waveform 50-6 sin 3147. With a division of the 
inalf-wave into eight parts, we have 


V, = 19-37u + 35-78u? + 46-75u> + 50-60u4* 
+ 46-75u> + 35-78u® + 19-37u7 
and 1/Np = (u+ v2 + u3+...+ u7)/(1600 x 10%). 
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In this particular example the calculation will be started by 
making a linear approximation to ®, taking a relation 
@/I = 0-08 x 10—3/0-06 indicated by the broken line in Fig. 12. 
This gives 


® = 0-126 x 10~3 sin (314¢ — 0-895), ice. 
®@ = 10-3(—0-099 — 0-061u — 0:014u? + 0-035u3 
+ 0:079u* + 0-110u° + 0-125u® + 0-121u’) 


The calculation is shown in Table 2, with the fluxes given in 
milliwebers. 

In making the calculation, ®/J relations for which experimental 
loops are not provided have to be sketched in as shown by the 
broken loops in Fig. 12. This, of course, is bound to introduce 
errors, which mean, in fact, that the calculation will have to be 
taken further before agreement between successive values of 
@_,, is obtained. Furthermore, since the actual time at which 
maximum flux and current are reached will not necessarily coin- 
cide with a particular value of 7, the shift of the maximum 
ordinate in ®,,.) from the time 67 to the time 77 in O,,,3) 
indicates that the limit of accuracy with this selected number of 
ordinates is being approached. The fact that the value of the 
maximum ordinate is not changing is more important. 

Although the calculated values of current do not in some cases 
show very close agreement with those obtained experimentally, it 
should be remembered that quite a number of experimental errors 
may be accumulated in the process of obtaining the loops and in 
recording and abstracting from oscillograms. On this basis the 
figures are not unreasonable for a method of this nature. It 
should also be noted that if the impedance in series with the coil 
were more complex, the only requirement would be to evaluate 
its operator form, Z = >) A,u*, for substitution in the cireuit 
equation. ut 


(6) CONCLUSION 


An approximate method has been given for the steady-state 
analysis of linear and non-linear circuits having sinusoidal or 
non-sinusoidal applied voltages. In short, the method is a 
periodic counterpart of the time-series technique. The general 
properties of the shift operator u, however, and the rules which 
have been found to govern the various manipulations required, 
indicate it to be more aptly described as an n-component algebra 
of generalized operators. 

In its application to linear circuits there is one situation where 
the method will prove advantageous, namely when the non- 
sinusoidal input is known graphically or numerically but not in 
terms of Fourier components and a similar waveform picture of 
the output is desired. In these circumstances, the alternative 
procedure of performing a Fourier analysis, working out the 
harmonics and evaluating the total by subsequent point-by-point 
calculation would be more lengthy. Although this would appear 


Table 2 
t OG 0) 16 2t 3t 4t 5T 6T Tt 
Vs; rue 0 19-37 35-78 46-75 50-60 46:75 35°78 19-37 
fo) ae —0-099 —0-061 —0:014 0-035 0-079 0-110 0-125 0-121 
if a —0-033 0-007 0-024 0-035 0-059 0-085 0-103 0-081 
V,—IR 11-02 17:03 27:76 35-06 30-89 18-36 1:38 —7-68 
fo) 2 —0-077 —0-059 —0-031 0-008 0-049 0-080 0-092 0-088 
Day 1) —0-088 —0-060 —0-023 0-022 0-064 0-095 0-109 0-105 
I —0-028 0-003 0-020 0-029 0-050 0-072 0-084 0-067 
etc. 

Dox2) —0-090 —0-067 —0:034 —0-010 0-053 0-086 0-103 0-102 
Do7(3) —0-092 —0-:075 —0-045 —0-003 0-051 0-080 0-100 0-103 

—0-042 —0-014 0-012 0-024 0-042 0-060 0:077 0-080 
If —0:-035 —0-007 0:016 0-031 0-045 0-062 0-079 0-070 


(experiment) 
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to be the only situation in normal linear-circuit analysis where 
the method would be justified, the application of the method to 
studies of torque and e.m.f. production in machine windings 
situated in non-sinusoidal flux has yet to be fully explored. It 
is felt that development on this and other similar lines is possible. 

It may also be interesting to mention, before leaving con- 
sideration of linear problems, that should the applied wave be 
sinusoidal, the substitution of u = e 4®* will reduce the theory 
to a 2-component operator theory similar to normal vector 
algebra but with the components measured in oblique instead of 
rectangular co-ordinates. At the moment the author cannot see 
any real advantage in this. Moreover, the theory for sinusoidal 
waveforms is none other than the theory of n symmetrical 
components, of which the case n = 3 is well known. 

For non-linear circuits having sinusoidal or non-sinusoidal 
applied voltages the theory has some very definite advantages, 
the first being its generality. It would be unwise to claim that 
the method could deal with all forms of non-linear steady-state 
response, but the nature of the method seems to indicate that 
there are few situations with which it could not deal. It is 
available for both instantaneous and non-instantaneous non- 
linearities, and for both sine and non-sine waveforms. Since 
it provides essentially information about waveform, it also pro- 
vides values of r.m.s. currents and of powers. The method is 
also capable of dealing with circuits containing two non-linear 
elements in combination with linear impedances. The non-linear 
elements in this case do not necessarily have to be of the same 
nature, as for example two non-linear resistors, but may be of 
different types. 

Against the method it might be said that it is complex and 
necessarily lengthy, if an accuracy within 1-2 % is to be attained. 
This it cannot fail to be, in view of the amount of information 
which the method is providing. It is necessary to recognize that 
accurate waveform studies of non-linear circuits will require 
considerable labour. If, on the other hand, less information 
than a complete waveform study is sought, there are probably 
simpler methods available. This question would seem to be one 
of expediency. 

Another point which at the moment has not been the subject 
of much investigation is the calculation of the response of non- 
linear circuits as an explicit function of frequency. The method 
here is essentially numerical and holds for an assigned frequency. 
The problem of waveform transmission in non-linear circuits as 
the frequency varies is certainly more complex. 

Finally, accuracy depends—or should be made to depend— 
almost entirely on the number of ordinates used to represent the 
waveforms. While an appropriate choice can be made for the 
known input waveform, it is sometimes difficult to judge whether 
other waveforms occurring will not, in fact, require more ordi- 
nates for the same accuracy in description. It is impossible to 
reach a general conclusion on this question. It can only be said 
that the accuracy in general will increase as the number of 
ordinates used increases, and that the choice is a compromise 
between the desired accuracy and the amount of computational 
work which will have to be done. The calculations which have 
been performed so far without special effort, with eight ordinates 
in the half-cycle, indicate that an accuracy within about 5% of the 
maximum ordinate is attainable. The accuracy of r.m.s. value 
and power calculations is certainly greater than this, the error 
being seldom greater than 2%. 
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(9) APPENDICES 


(9.1) Inverses of U-Operators 


Consider first the case of only odd harmonics present in the) | 
waveform. Let A = Ag + Ayu + Anu? +...+A,_,u"—! bel! 
the operator whose inverse is Heelies Let the required inverse)» 
be A-'=B=By4+ But Bu?+...+B,_,uv"-!. Fromm 
the definitions AA~!' =1 and the multiplication rule there) 
results the set of linear equations in which the coefficients B,. 
are regarded as the variables and the coefficients A, as the! 
equation constants, namely 


ApBo — An—1By — An—2Bo 
T+ ++ = AsBy a — ApBn—2 — Ar By_1 =H 
A Boa yB ete of 
— 22. — AgBy_3 — AxB,_2 — A2By_1 =O 
ALBo AGB, AaB, I 
—..«. = AsB,_3 — AsBi=> = A,B eee C. 

A, 2Bo + An—3B, + An—4Bo | 
+... + ABy3 + AgBy_2 — An—1Bn—1 = 

A,_1Bo + An_2By + An_3By 
+... + A,B, 3 + AjBy_2+ AgBr_1 =¢ 
The required coefficients B, are therefore given by By = Aj kit |A,_ 
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where A; x41 is the cofactor of the element in the first row and 
ik + 1)th column of the determinant 


eps, ae ear oe” ee 
Te Ch gl Pe bc ah ay 
Fp | 42 Ay Ay As = A4.— A; 
A, 2 An 3 Ay Ai ererie A, Ao ce 
Byet A,=5 Ans 0) WAY Ay Ag 


Although this formally demonstrates the result, it is better in 
practice to employ a short method of solving the equations, e.g. 
Drout’s'! method, rather than to evaluate the cofactors separately. 

When even harmonics are present in the waveform, the expres- 
‘ion for the inverse is formally the same as that given above. 
since, however, the fundamental relation for u is now uv” = + 1, 
the negative signs of those elements above the principal diagonal 
in the above determinant are replaced by positive signs. 


(9.2) Approximate Integral Operators 


The following operators are intended for use with waveforms 
maving even harmonics only, or even and odd harmonics together. 
in all cases they are based on the approximation 

Site Ew) 
~ 2 (4 — 0-99u) 


The number of ordinates, n, by which the complete cycle is 
described is odd. Each column gives the operator in ascending 
powers of u starting with u°, apart from the factor 7/2 by which 
each must be multiplied. 


VALUES OF 1 


Power ofu 9 11 13 15 7 19 
0 22-2278 18:1891 15-3992 13-3575 11-7849 10-5552 
1 23-0058 19-0067 16:2450 14-2245 12-6671 11-4499 
2 22:7757 18-8166 16:0825 14-0823 12-5405 11-3354 
3 22-5480 18-6285 15:9217 13-9415 12-4151 11-2220 
4 22:3226 18:°4422 15-7625 13-8021 12-2910 11-1098 
5 22-0994 18-2579 15-6050 13-6641 12-1681 10-9988 
6 21-8786 18:0755 15:4490 13-5276 12-0465 10-8889 
I 21-6601 17-8949 15-2948 13-3925 11-9292 10-7801 
8 21-4428 17-7154 15:1413 13-2581 11-8065 10-6720 
9 17:5377 14:9895 13-1252 11-6881 10-5649 
10 17:3629 14-8401 12-9943 11-5717 10-4597 
11 14-6915 12-8643 11-4558 10-3549 
12 14:5446 12-7356 11-3412 10-2514 
13 12-6084 11-2279 10-1490 
14 12:4818 11-1153 10-0471 
15 11:0045 9-9470 
16 10:8944 9-8475 
17 9-748 5 
18 9-6513 
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A NOTE ON THE EVALUATION OF THE RESPONSE OF A NON-LINEAR 1 
ELEMENT TO SINUSOIDAL AND RANDOM SIGNALS 
By J. L. DOUCE, M.Sc., Ph.D., Graduate. 


(The paper was first received 25th April, and in revised form 11th July, 1957. It was published as an INSTITUTION MONOGRAPH in | 
October, 1957.) I 


SUMMARY 


A simple method is developed for analysing the response of non- 
linear elements to sinusoidal and random signals. Special cursors are 
presented which enable the effective gain of the non-linear unit to be 
determined quickly. 

For sinusoidal signals the technique provides a rapid means for 
finding the Fourier components of fundamental frequency of the out- 
put waveform, for both single-valued and for hysteretic forms of non- 
linearity. The gain of any single-valued non-linearity when subject to 
a random signal is also evaluated. The amplitude probability dis- 
tribution of the signal can be any known function. 

The method of analysis is invaluable for deriving the response of 
non-linear control systems subjected to random or sinusoidal inputs. 


(1) INTRODUCTION 


Many cyclic control systems incorporate non-linear elements 
within the closed loop. These non-linear effects may be inherent 
in the system, e.g. motor saturation, hysteresis and backlash, or 
may be introduced intentionally to improve the performance of 
the system. Jn either case it is extremely difficult to derive an 
exact analysis of the behaviour of the system for a given input.! 
As a result, approximate techniques have been developed, giving 
results with a minimum of computation with sufficient accuracy 
for all engineering applications.?>4 

All practical methods of evaluating the overall performance 
consider the complete system in two distinct parts. First there 
is the linear portion, whose response is frequency dependent but 
independent of amplitude, and can usually be determined 
accurately from theoretical information or by measurement. 
For completely linear systems, knowledge of the open-loop 
response enables the closed-loop response of the system for any 
input to be determined. Secondly there is the non-linear portion, 
whose response is assumed to be independent of frequency and 
entirely dependent on input amplitude; to obtain an approximate 
representation of its behaviour, all distortion introduced by this 
element is neglected. Thus, if a sinusoidal signal is applied to 
the non-linearity, only the output components of input frequency 
are considered. Similarly, if the input to the non-linearity 
consists of a random signal of known spectral density, its output 
is considered as a random signal with the same spectral density, 
intermodulation terms and harmonics+ being small compared 
with the direct component. This neglect of the harmonic terms 
is legitimate in practice, since the response of the linear system 
must fall with increasing frequency. The approximation usually 
introduces an error of less than 10°% between observed and 
theoretical performance of the overall system. Once the 
responses of the linear and non-linear parts of the system have 
been found, graphical techniques enable the overall performance 
to be evaluated quickly. 

Frequently, the objection to carrying out the above calculation 
arises from the labour involved in determining the response of 
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the non-linear element for all possible inputs. Fourier analysi tL 
becomes complex when hysteretic effects are present in the non) 
linearity, and graphical techniques are likewise laborious. Thi 
method of analysis presented in the paper enables the behaviou| 
of a non-linearity to be evaluated extremely rapidly, so that it if 
feasible to analyse the system for many different non- linearitielp 
with little additional labour. | 


The mathematical technique ha - 
been described previously by Lewis.® } 
| 
r 


(2) SINUSOIDAL ANALYSIS 


Consider a signal v; = x = a sin 6 applied to the non-linearity, 
defined by 


Vy = fv) =| 
i 


The in-phase and quadrature components of the output ar 
given by 


ee 

4, = 4 t(asin 6 sin 6ad a 
1 +r 

By = 2 | Hla sin cos 648 . a 


Substituting x = a sin 6 in these equations gives 


x 1 x 
A | ©® ee (2) 
sea | ed, Q-5 3 
and 2,=2| t@a(=) eee « 


A= 


This expression shows that the first Fourier coefficient, A, is the 
area under the curve of f(x) plotted against «/[1 — (2/a?)] 
from x = —a to x =a. This area can be evaluated con: 
veniently from the known curve of f(x) as a function of x. 


Eqn. (3) is rewritten 
uf (x) all li -( an)" 


Aas 
TT 
Thus the coefficient A is found by summing the values of f(x) ai 
values of x which correspond to equal changes in the functior 
/ [1 — (x/a)*]. Similarly, the out-of-phase component is deter k 
mined by summing values of f(x) for values of x corresponding 
to equal intervals of the function x/a. | 
Taking ten spot values of x/a in the range 0-1, Table 1 show 


ea 


¥ 
[88 ] 


ee 
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he values of x/a corresponding to variations of 0-1 for the 
unction +/[1 — (x/a)*]. 

For ease in determining the required values of x at which 
(x) has to be found, a transparent cursor has been prepared 
Fig. 1). The horizontal axis, x, is divided to give equal intervals 
o the function +/[1 — (x2/a2)], for all values of a. Thus, to 
ind the in-phase component of a waveform produced When a 
signal a, sin @ is passed into a non- linearity f(x), the particular 


Table 1 enables this integral to be evaluated approximately, 
giving 
x=1 
i xd\/(l —-x”) =2 3 x5 54) 1-572 
x=—1 


2 
Therefore Ag eS — he OOC) 
7 


Fig. 1.—Cursor for deriving sinusoidal response. 


ratue a = a, is taken on the cursor. The horizontal line a = a, 
s divided into segments, each corresponding to equal changes 
wa the function +/[1 — (x/a,)?]._ Thus, at each value of x the 
*orresponding value of f(x) is found, and the total Xf(x) is 
letermined. 


The out-of-phase component is proportional to the area 
enclosed by the hysteretic effect introduced by the non-linearity, 
and is zero in this case. 

Proceeding in this manner, the response of several simple non- 


Table 1 
DERIVATION OF RESPONSE TO SINUSOIDAL INPUT 


0-15 0-25 0-35 


V(t) 0-05 


0:9987 0:-9887 0:9683 0-:9368 


| For a symmetrical non-linearity with no hysteresis, the wave- 
orm is an odd function and the Fourier coefficient is 


1% 7/2 


Ay es | asin sin 840 = 2 | f(asin 6) sin@d@ = (5) 


0 
At 2 
= “| rood (1 ve =) 
T a 
x=0 
dence, only one quadrant need be evaluated, giving ten spot 


values, and the required component is 


A=2x 75 Bf) 


As an illustration of the method, consider a signal x = 1 sin @ 
isolied to a linear element of unity gain, such that f(x) = x. 


Substitution in eqn. (3) gives 


x=1 
a2] sal) 
x=-—1 


0:45 


linearities has been determined for sinusoidal signals. The 
0-55 0-65 Os7> 0-85 0-95 
0:8930 00-8352 0:7399 0:6615 0-5268 0-3122 


particular non-linearities were chosen since they have been 
encountered in non-linear servo mechanisms, and have pre- 
viously been evaluated by Fourier analysis. 

Fig. 2 shows the forms of non-linearity assumed, while the 
exact and approximate analyses of the output waveforms are 
compared in Figs. 3 and 4, the error being less than 5%. These 
approximate results were found with ten spot values for f(x), 
and this is considered adequate for all practical applications. 


(2.1) Hysteretic or Double-Valued Non-Linearities 


When the non-linearity is double valued, such that the output 
corresponding to a given input depends on the previous input, 
the output waveform is no longer a purely odd function and so 
eqn. (5) no longer applies. It is now necessary to evaluate the 
coefficients over half a cycle of the waveform, for a symmetrical 
non-linearity, so that the expressions to be evaluated become 


Ate 2! f(a sin 8) sin @d0 
fn) 


B= ral f(a sin 0) cos 0d0 
0 
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Fig. 2.—Non-linear characteristics. 


(a) Saturation. 
(b) Cubic, v9 = v3. 


(e) 1 2 3 “4 5 6 7 8 
INPUT AMPLITUDE,a 


Fig. 3.—Response of non-linear characteristic shown in Fig. 2(a) 
to sinusoidal input. 


Exact analysis. 
x X X Results from cursor. 


As an example, consider the non-linearity shown in Fig. 5(a). 
This gives zero output for inputs less than |h|, and for v;>h 
the output is constant at +h. As the input is reduced, the 
output remains at +/ until v; < — h, when the output jumps to 
—h. For all sinusoidal inputs of magnitude greater than h the 
output is a square wave. Since the square wave passes through 
zero after the input sinusoid, the fundamental of the output lags 
behind the input, the phase change being a function of input 
amplitude. 

The in-phase component of the output is given by 


AS 2) f(a sin 0) sin 0d@ 


0) 
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Fig. 4.—Response of non-linear characteristic shown in Fig. 2(5) t 
sinusoidal input. 


Exact analysis. 


x x x Results from cursor. 
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AMPLITUDE OF FUNDAMENTAL OF OUTPUT, h 
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Fig. 5.—Analysis of double-valued non-linear function. 
(a) Non-linear characteristic. 
(b) Response of non-linearity. 


Exact analysis. 
x X X Results from cursor. 
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Since sin @ is positive for 0 << 0 < m, this expression becomes, 


sas before, 
Ax =) rosy) a (2) 


‘Thus the values of f(x) are summed at values of x corresponding 
to equal intervals of the function 1/[1 — (x?/a?)]. Where f(x) 
is double valued the lower value is taken for the first quadrant 
tof the input signal and the remaining value for the second 
quadrant, exactly as when constructing the output waveform 
wraphically. 

_ The out-of-phase component is given by 


B= 2] f(a sin 8) cos 6d0 
0 


din the first quadrant of the input sinusoidal cos @ is positive and 
s0 the partial sum is found to be 


9) BMG 35 
ars f te 
7 > Oe 
Here again the lower value of f(x) is taken, corresponding to an 


iaput asin? for 0<@< 7/2. For the second quadrant the 
iterm cos 8 is negative, and so the required sum is 


{Here f’(x) represents the output corresponding to the input 
Ww; = asin 0 where 7/2 <@< 7. Hence, the resultant out-of- 
yphase component is given by 


Dy ; x 
Be = UlEeD =f (x) ]o- 


/A negative result indicates a phase lag for the output waveform. 
‘This shows that the out-of-phase component is directly related 
ito the area enclosed by the non-linear characteristic, the latter 
‘being given by 


Ba i [f(x) — f(a) Jax 


For the hysteretic non-linearity shown, approximate and 
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K,, is chosen to minimize the mean-square error between the 
true output of the non-linearity and the calculated output wave- 
form assuming an equivalent gain Wap 

Calculation of K,, requires knowledge of the amplitude 
probability distribution P(x) of the random signal and of the 
mean-square value, o, of the input signal. 

As shown in Reference 4, Booton’s method gives the equivalent 
gain as 


+ 0 
1 
Ke al xf (x)P(x)dx 


where f(x) is the non-linear characteristic. 
Proceeding as before, this expression is rewritten as 


j x=+oa 
pee | foal | xPQ)dx| 


Thus, K,, is found approximately by summing f(x) for values of 
i x P(x)dx. 
This integral is independent of the form of the non-linearity, and 
is simple to evaluate for typical forms of P(x). 


Two amplitude probability distributions have been considered, 
namely the Gaussian distribution, where 


1 


(6) 


x corresponding to equal intervals of the function 


ee — x2/262 
P(X) a pe se (7) 
and a uniform amplitude distribution such that 
1 
RG) Se 
@) = 5. Isl _ 
Pig) Opel 


For the Gaussian distribution, eqn. (6) becomes 
1 


—x2/262 
ware to 
0 


2G) aa 


Thus, Xf(x) is found for values of x corresponding to equal 
variations in the function ¢—%7/2°*, Table 2 shows the values 
of x/o corresponding to variations of 0:1 in the value of e~*7/?9, 


Table 2 


DERIVATION OF RESPONSE TO RANDOM INPUTS 


(a) Gaussian Amplitude Probability Distribution. 
0-05 0-15 0225 0:35 


@—x2/202 


Z 2-450 1-950 1-665 1-450 


(b) Uniform Amplitude Probability Distribution. 


x2 


= 0-05 0-15 0-25 0-35 

a- 

sd 0-224 0-387 0-500 0-592 
zact analysis gives the results shown in Fig. 5(b). It is seen 


‘hat the errors introduced are sufficiently small to be neglected 
for all practical purposes. 


(3) THE RESPONSE TO RANDOM SIGNALS 


When the input to the non-linearity is a random signal, ihe 
e‘uivalent gain, K,,, is determined by a method due to Booton. 


0:45 0:55 0-65 Os) 0:85 0:95 
1-263 1-093 0-930 0-758 0-570 0-327 
0-45 0°55 0-65 0-75 0-85 0:95 
0-671 0-741 0-806 0-866 0-922 0:974 


As before, a cursor is constructed giving the values of x at 
which f(x) is to be determined, for all values of o. 

For the uniform-amplitude probability distribution eqn. (6) 
becomes 


pe 

3 x2 

Loy oe i | f(Qx)d 
0 
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nm 
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Fig. 6.—Response of saturation to random inputs. 


Exact, Gaussian amplitude distribution. 
—-—--— Exact, uniform-amplitude distribution. 
x x x Results from cursor. 


Hence, f(x) is determined at values of x corresponding to equal 
changes in x*/a*. With ten spot values, Table 2 gives the 
required values of x/a. 

The gain of two non-linearities has been found for these 
different random signals and compared with the exact evaluation 
of eqn. (6). Fig. 6 shows the approximate and exact gain of the 
saturation characteristic, Fig. 2(a), and Fig. 7 shows that of the 
cubic non-linearity in Fig. 2(b) as a function of input magnitude, o. 


(4) CONCLUSIONS 


The method presented gives a rapid means of determining the 
response of non-linear elements to sinusoidal and random signals. 
Simple cursors can be constructed to give the effective gain of the 
non-linearity with sufficient accuracy for all practical purposes. 
The technique is considered invaluable for the analysis of non- 
linear systems. 
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SUMMARY 


. Asurvey is presented of the automatic-gain-control requirements for 
arget-tracking radars of the conical-scanning type. A simple analysis 
‘f linear closed-loop a.g.c. systems is given, from which the required 
»erformance can be related to circuit parameters. Practical con- 
iderations regarding methods of controlling i.f. amplifier gain, number 
‘nd position of controlled stages, and means of extracting the conical- 
an modulation are briefly reviewed. 

' The frequency-response characteristics of the a.g.c. loop, as governed 
sy the conflicting requirements of stability, speed of response, and 
aithful reproduction of the scan modulation, are discussed from the 
Bode and Nyquist-diagram points of view. A simple graphical method 
f allowing for the sampling process in a pulsed radar system is given. 
" The design methods are illustrated by a description of the develop- 
nent of an a.g.c. system for a particular naval fire-control radar. 
“his system employs suppressor-grid i.f. amplifier control, the control 
stage being developed by a special d.c. amplifier having an exponential 
tharacteristic obtained by negative feedback via a series of biased 
lisdes. A filter embodying a twin-T network is employed to achieve 
aximum speed of response consistent with minimum modulation 
phase shift. 

' Target-tracking trials with this system demonstrated that a sig- 
uificant increase in aiming error can be produced by fast-acting 
\utomatic gain control unless the receiver noise level is sufficient to 
seep the loop closed during deep fades. 


LIST OF SYMBOLS 


v, = Echo-signal voltage. 
N(t) = Fractional fading modulation. 
m = Fractional scan modulation. 
f, = Conical scan frequency. 
f, = Pulse recurrence frequency. 
¢ = Conical scan modulation phase. 
S = Target echoing area. 
R = Target range. 
4, Kp, etc. = Arbitrary constants. 
K = Zero-frequency loop gain. 
Y = Loop frequency-response function, normalized to 
unity at zero frequency, ie. Y(O) = 1. 
M =1.F. amplifier gain. 
G = LF. amplifier gain, dB. 
V>, = I.F. amplifier video frequency output. 
V, = A.G.C. ‘set-point’ or ‘delay’ voltage. 
v = A.G.C. error voltage = V, — U2. 
| U = Ratio of dB change in v2 to dB change in 2. 
| V =A.G.C. control voltage. 
| B = Zero-frequency gain in the feedback path. 
P, QO, W = Arbitrary constants. 
2m = Mutual conductance. 
Vo = Magnitude of projected suppressor cut-off voltage 
for a pentode. 


’ Correspondence on Monographs is invited for consideration with a view to 
1b.ication. 
_ 1 «-Cdr. Field is serving in H.M.S. Girdle Ness. 
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(1) INTRODUCTION 


The automatic-gain-control system of a receiver associated 
with an auto-tracking radar system of the conical-scanning type 
should fulfil the following requirements: 


(a) It should prevent the receiver output from rising to 
a saturation value, which would result in the loss of scan 
modulation. 

(6b) It should maintain the mean receiver output within 
specified limits of a set value, so that the scan-modulation out- 
put voltage always corresponds to a given beam misalignment, 
within the same limits. The limits are set by the permissible 
variations in loop gain that can be tolerated by the auto-aiming 
servo system. 

(c) It should maintain an approximately constant receiver 
output, in order to limit the dynamic range of the succeeding 
strobing circuits. In this connection it should be noted that 
video-frequency pulses are inevitably lengthened and distorted 
to an approximately triangular form, and that any variation in 
peak amplitude therefore implies a corresponding alteration in 
pulse length. 

(d) It should suppress variations in receiver output due to 
target fading at all frequencies up to the cut-off frequency of the 
auto-ranging servo loop, so that there is no contribution to range 
jitter from this cause. 

(e) It should suppress variations in receiver output due to 
target fading over as large a frequency band as possible, in 
addition to the band specified by requirement (d), in order to 
reduce the possible effect of system non-linearities in generating 
higher-order product terms from the fading spectrum, which 
may fall within the servo bandwidths of the ranging or aiming 
servo loops, and thereby contribute jitter to the system. 

(f) It should avoid shifting the phase of the scan modulation 
by more than some specified small angle. m 

(g) It should recover as rapidly as possible from a transient 
input signal which momentarily saturates the receiver. 


(1.1) Nature of the Received Signal 


The echo signal, v,, received from the target will have the general 
form 


vy%=Vf1+NO][limsin(wt+ A] . . W 


where V, is the mean value, N(t) is the fractional modulation 
due primarily to target fading, m is the fractional scan modula- 
tion due to beam misalignment, w,/27 = f, is the conical scan 
frequency, and ¢ is the phase of the scan modulation, defining 
the direction of the misalignment. 

Egn. (1) becomes, on multiplication, 


v.=V.[1+N(@)+msin (wt +) +mN(O sin (wt +4)] 


This indicates that the received signal is modulated at the 
range of frequencies given by the Fourier transform of N(¢), and 
at the scan frequency f, = w,/27. In addition, there will be a 
further range of spectral components given by the sum and 
difference of f, and the spectral components of N(t), although 


P93) 


94 FIELD: THE DESIGN OF AUTOMATIC-GAIN-CONTROL 


these will be almost negligible while tracking, owing to the small 
value of m which then obtains. 

If any appreciable non-linearities exist in the system, a further 
range of higher-order terms will appear in the receiver output. 

Experimental evidence seems to indicate that the fading 
spectrum from modern aircraft targets at S-band frequencies 
exhibits a maximum at about 0-5c/s, and at Sc/s has fallen to 
a relatively low and almost constant value. The r.m.s. value 
of N(t) appears to be of the order of 5 dB (see Fig. 1). 


dB 


CONICAL SCAN 
aa MODULATION 


0-01 O1 10 10 100 
fics 


Fig. 1.—Typical fading spectrum from an aircraft target. 


The mean value of the received signal, V,, is given by the 


radar equation as 


S 
Ve = RE 
where K, is a constant embracing the parameters of the radar, 
S is the target mean echoing area, and R is the target range. 
Values of S range from about 1 to 100m/?, and for a typical 
medium-range anti-aircraft system, accurate tracking is required 
between ranges of 12000 and 1500yd, say. Thus the variation 
in V, due to range variation will be 40 log 8 = 36dB, and that 
due to target echoing area will be 10 log 100 = 20dB, giving a 
total variation in mean received signal of 56dB over the useful 
tracking range. 

Although, in this case, 56 dB (plus an allowance of, say, 10dB 
for fading) is the maximum range over which the a.g.c. system 
need meet the overall system requirements, it is nevertheless 
desirable to have a margin to allow for variations in K;. Thus 
it would appear that 70-80dB should be taken as the total 
dynamic range over which automatic gain control should operate 
effectively. (Similar calculations for other practical cases yield 
comparable figures.) 


(1.2) Types of A.G.C. System 


There are two basic methods of achieving automatic gain 
control in radar receivers, namely 

(a) Closed-loop error-actuated gain control of a linear if. ampli- 
fier (usually known as ‘linear automatic gain control’). 

(6) Open-loop gain control according to a logarithmic law, i.e. by 
the use of an if. amplifier having logarithmic output/input 
characteristics. 

Method (a) involves the selection of the ‘wanted’ echo, com- 
paring its amplitude with a ‘set-point’ voltage, and feeding the 
resultant error signal back in the correct sense to control the 
if.-amplifier gain. In this way, variations in the level of the 
‘wanted’ signal can be kept below an arbitrarily small amount. 
Other signals weaker than the ‘wanted’ one will normally be 
eliminated from the displays, while stronger ones will saturate. 

Method (b) involves the provision of an i.f. amplifier whose 
output is proportional to the logarithm of its input. Such an 
amplifier can be constructed by arranging for each stage to 
saturate in turn, and adding together the rectified outputs of 
each stage. With a sufficient number of identical stages, each 
of a small dynamic range, the input/output curve is smooth and 


logarithmic in form. A typical design might have ten stages an 
cater for an input range of 80dB. The output would vary Ove 
a range of 10 : 1, i.e. 20 dB, for this input variation. 
The logarithmic system has the attraction of simplicity, an) 
gives constant scan-modulation voltage per degree of misalign| 
ment, without introducing any phase shift of the modulatior 
It also gives a closer approach to a sinusoidal modulation wave 
form when the aerial polar diagram approximates to a Gaussia 
error function. In spite of these advantages, however, it has ne 
yet found application in auto-tracking systems where the rang) 
co-ordinate is important, owing to the practical difficulty c! 
avoiding small range shifts when changes in echo amplitudl 
| 


occur. This effect, although small, is liable to result in a con 
siderable increase in range and range-rate jitter. 

Further information on the design of logarithmic i.f. amplifier 
is given by Croney! and Rozenstein.2 The remainder of th: 
paper will be restricted to a discussion of linear a.g.c. systems. 


(2) LINEAR AUTOMATIC GAIN CONTROL 


Fig. 2 is a block schematic of a linear a.g.c. system. The if 
amplifier, of gain M, produces a gated video-frequency outpu 
V2 = Mv, which is compared with a fixed ‘set-point’ voltage, V, 


TO DISPLAYS 
AND RANGING CIRCUITS 


STROBE 


TO AUTO ~AIMING 
CIRCUITS 


FILTER 
Y (Ww) 


. 
Fig. 2.—Block schematic of linear a.g.c. system. 
The difference (V, — V2) is the error signal v, which, after passin, 
through a filter whose transfer function is taken to be unity a 
zero frequency, is amplified by a factor B and fed to the iJ 
amplifier as a gain-control voltage. The arrangement is thu 
seen to be a servo system in which the input is V, and the outpu 
V2. Variations in Vv, are of the nature of disturbing signals, ani 
the criterion of effectiveness of the system as a servo mechanisn 
or regulator is the degree to which v2 is kept equal to V, in spit, 
of such disturbing signals. 

In practice, V. is normally a ‘delay’ voltage, such that th 
error voltage is zero when Vv, is smaller than V,. In other words 
the loop is broken when 2, falls below 7%/M,ngx- (The loop will 
in any case, be broken when v, falls to zero, unless the inpu 
noise level is higher than v/M,,,,x)- 


(2.1) Static Control Characteristics 
The following treatment is based on that of Oliver:3 


The loop gain of the system can be determined by breaking thi 
loop at a point such as X in Fig. 2. Then, with a constant signa 
v,, the voltage V, is adjusted so that v, is at its normal controlle 
level, and the fed-back voltage, V,, is equal to V,—so that thi 
loop could be closed again without disturbance. If V, is nov 
changed by a small amount AV,, V, will change correspondingh 
by an amount AV,. The loop gain of the system is defined a 
AV,/AV, = K at zero frequency. 

By analogy with feedback amplifier theory, it follows that am 
output (v2) variations due to any disturbing factor will be reducec 
by a factor 1/(1 + K). In particular, the fractional change in v 


due to a fractional change Av,/v, in input signal will be given by 


Av, = Av, 5 1 
V> OF boot 
Since iE i Ns : i 
ls) = x? we can write 
at > — : a v1) 
Dictan (eK donee 
dB increase of v. | 1 


’ dB increase of v, on eek 


Thus if the ratio U is specified, the required loop gain K can 
ébe found, and is given by 


1 
Ae eee > GQ) 

For the typical medium-range system being considered, Sec- 
tion 1.1 showed that the expected range of v, would be of the 
vorder of 80dB. It therefore only remains to specify the maximum 
olerable range of vz to determine the necessary loop gain. In 
this respect it is advisable not to make the limits any smaller 
than really necessary. As will be seen later, a price has to be 
qpaid for high loop gain in terms of slow recovery from overload 
jand tighter tolerances on components. 

An average i.f. amplifier will overload at about twice its normal 
scutput level (operation at lower levels would tend to militate 
jagainst linear second-detector operation), and therefore it would 
jappear that a variation of +3dB about the mean level is the 
mmaximum that could be tolerated. A figure of +2dB would be 
reasonable, allowing modulation of 4dB or 60% before positive 
\clipping occurs. 

Thus the required loop gain would be 


80 
———— | — 195 
K a i 


i.e. 26dB approximately. 
This is therefore the minimum loop gain required to keep the 


joutput of the receiver sufficiently within its linear range. With 
this value a 10dB fade would be reduced to 0-5 dB. 


(2.2) Calculation of Loop Gain from Circuit Parameters 
Assuming, as before, that a constant input signal, 6, is applied 
to the amplifier, we have 
= Me, 
If we now open the wee and change V, by a small amount 


AV, ¥2 will change correspondingly by a small amount Avy, 
I Wwhere 


Auer (FG Nes AV, 


We also have 
AV, => BY(w)Av, 


a 


Therefore ee = BY()® 


AV, 
But Oy 7 
Therefore 
; A V, 1 a 
AY, = BY (295 (Gy vav, 


Let G be the amplifier gain, in decibels. 
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Then G = 20 logig M decibels 


1 dM _ log. 10 dG dG 


d a 
a M dV ae 


Thus the loop gain is given by 


AY, dG 
ie (a) Oo eee 


where B = D.C. gain in the feedback path. 
= Output voltage. 


dG 
aq = Rate of change of amplifier gain, dB/volt. 


Y(w) = Frequency-response function of the loop, normalized 


to unity at zero frequency, i.e. Y(O) = 1. 


It is thus seen that, if dG/dV is constant (i.e. if the amplifier has 
logarithmic control characteristics) and if v, is held approxi- 
mately constant, the loop gain may be written 


AV, dG 
AY, = KY(@), where K = 0° 115Be27, 


which is approximately constant. 

The fact that K is proportional to vz accounts for the well- 
known fact in relation to communication receivers that tight 
a.g.c. control results from the use of a large delay voltage, V., 
and also accounts for the comparative success of undelayed 
a.g.c. systems in simple receivers. 

It should be noted that if v2 is allowed to vary to a considerably 
greater extent than the 4dB maximum quoted above, the exact 
calculations should take this into account, and a process of suc- 
cessive approximations will be necessary to compute the final 
performance curve. 


(3) METHOD OF CONTROLLING LF. AMPLIFIER GAIN 


The gain of a linear i.f. amplifier may be controlled, in prin- 
ciple, by applying the control voltage V to any one or more 
electrodes of a number of valves. For practical reasons, the 
choice is limited to 

(a) Control grid. 
(6) Suppressor grid. 
(c) Combination of (a) and (6). 


(3.1) Control-Grid Control 


Method (a) depends on the relationship between grid voltage 
and mutual conductance of normal high-slope amplifying pen- 
todes. Valve designers often endeavour to achieve an exponential 
control characteristic such that the anode current i, is given by 
an equation of the form 


i, = (P+ 90), 
di, 


Thus ae 


where P and Q are constants. 
Qe? <QV 


Since the gain of a single stage is given by M, =—g,,Z,, where 


Z, is the anode load impedance, we have 

= QePeQVZ_ = WeO' 
log: M, = log: W + QV 
Let G, be the stage gain in decibels; then 


and 


G; == 2() logyo M, = log. M, 


20 
log. 10 
ie. G, = 8°68 loge Mj. 
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Differentiating once more, we obtain finally 


dG, 


p= 8680. . . . - . 6) 


Thus the rate of change of gain, expressed in decibels per volt, 
is constant. This fulfils the requirement of Section 2 for con- 
stancy of a.g.c. loop gain. 

If the fractions a, b, c, etc., of the control voltage V are applied 
to individual stages, we obtain for the control characteristic of 
the complete amplifier 


If a=b=c, etc., are all equal to unity, dG/dV = 8-68nQ, 
where 7 is the number of controlled stages. 

In practice, owing to the close grid-cathode spacing and the 
necessity for making efficient use of cathode area imposed by the 
requirement for large gain-bandwidth products, valve charac- 
teristics are only very approximately exponential. Moreover, 
considerable variations from one sample to another of the same 
valve type are likely to be encountered—again owing to the 
small clearances which magnify the effects of manufacturing 
tolerances. 

The author has no exact figures for actual valve samples, but 
would estimate that for an average type CV138 (EF91), dG,/dV 
varies by a factor of about 4:1 for a change in G, of 27dB. 
Thus, in an amplifier having three similar controlled stages and 
handling a dynamic range of 80dB, the a.g.c. loop gain could 
vary by 4:1 or 12dB. Similar figures are found for the type 
6AKS pentode. 

This variation can be reduced only by employing more con- 
trolled stages. However, it is generally desirable to restrict the 
number of controlled stages to three or four, except possibly in 
very wide-band systems. 

There will be an additional variation in dG,/dV between valve 
samples at given values of V, of the order of 24:1. It thus 
appears that a variation of +10dB in a.g.c. loop gain should be 
expected and allowed for in design when using grid-bias control. 


(3.2) Suppressor-Grid Control 


If the control voltage V is applied to the suppressor grid of an 
amplifying stage, the mutual conductance is reduced by the 
mechanism of electrons being turned back and collected by the 
screen grid. Owing to the screening effect of the latter, the total 
cathode current remains constant, and is shared between the 
screen grid and the anode in proportions determined by V. One 
consequence of this is that stabilized power supplies are not 
essential, although it is still necessary that there should not be any 
large resistance in series with the screen grid. In practice, there 
is a danger of exceeding the maximum allowable screen dissipa- 
tion with this method; in some cases this difficulty may be over- 
come by gating the i.f. amplifier so that it is operative only for 
the duration of the range scan. 

The form of the suppressor-grid control characteristic is 
approximately linear, and can be expressed by 


8 m(max 
fs ceca ace Uta ml ae 5 SEG) 
0 


where Vo is the (negative) voltage required to produce anode- 
current cut-off and is a function of anode and screen voltages 
(Fig. 3). 


Thus the stage gain M, is 


M. 
SEY at V) 
Vo 


IDEALIZED ——-Miax I 
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Fig. 3.—Stage gain of pentode as a function of suppressor voltage. ‘ 


and for the whole amplifier, we have 


M, 


M = Vo) 5 eee C) 
Thus ae = Mow, Fa) fi ae : : = os 
ie. mi Hot ee — a 
Se tae 


This varies from 8-68/V 9 to infinity as V varies from 0 to — Vo, 

Hence it is necessary to make V some non-linear function of ¥,) 
the error voltage, if constant a.g.c. loop gain is to be achieved. 
The required relationship between V and v is given by the 
differential equation 


dv 
for, if we substitute for dV = K(V + Vo)dv in eqn. (8), we obtai 
d(ogM) _ 1 
KV + Vo)dv V + Vo 
: d(log M) | | 
Le. as fa == K, ‘ . ‘ a A (10) 


A solution of eqn. (9) is 
V = Vo(ek — 1) 


The conclusion reached is therefore that, to make effective use 
of suppressor-grid control for a.g.c. purposes, the control voltage, 
V, must be produced from the error voltage, v, by means of an) 
amplifier having an exponential characteristic of the type given 
by eqn. (11). There is no difficulty in principle in achieving sic 
a characteristic to any desired accuracy by systems such as those} 
shown in block form in Figs. 4 and 5. 

Sources of error in practice are (a) departure of the suppressor-) 
grid characteristic from strict linearity, and (6) variation of the! 


Fig. 4.—Curve-fitting circuit. 


OEE OR CR ee Ve eV OE eS es ae 
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Fig. 


5.—Alternative curve-fitting circuit. 


cut-off voltage Vj from valve to valve. With regard to (a), it is, 
principle, relatively easy to achieve a reasonably linear spacing 
lof the suppressor-grid coil. Clearances are relatively large in 
his region, thus making reproducibility in manufacture an easier 
mroblem. Against this, however, valve specifications seldom 
«cover suppressor-grid characteristics in any detail. 
Departures from linearity will, in any case, occur in the region 
V = 0, owing to space-charge effects in the screen-anode space, 
and near V = Vp owing to the impossibility of achieving an 
abrupt cut-off. The non-linear region near V = 0 extends over 
a range of less than 1 dB, and can be neglected. The curvature 
at the other end starts when the stage gain has been reduced by 
tabout 20 dB, after which the gain/voltage curve is approximately 
‘exponential. Thus, in practice, the exponential characteristic of 
the a.g.c. amplifier will be arranged to change at this point to a 
‘giear characteristic. This is a fortunate circumstance, as it 
reduces the voltage-handling capacity required of certain stages 
im the a.g.c. amplifier. 
With regard to variations in the projected suppressor-grid 
‘cut-off voltage, Vo, it is apparent that the effect will be most 
serious in the vicinity of the —20dB point mentioned above. 
Detailed investigation leads to the conclusion that a variation 
in the numerical value of Vo of —10% to +20% causes varia- 
cions in loop gain of +6dB to —10dB. In the case of the type 
©V 1091, the spread in Vo is such that in 90% of samples tested 
‘t lies between —5% and +15% of the nominal figure. It can 
cherefore be concluded that the effect of valve variations with 
suppressor-grid control will not exceed, and will normally be 
appreciably less than, those associated with control-grid control. 
In practice, a curve should be plotted from the actual amplifier 
\t is proposed to control, under working conditions. If change 
pf gain in decibels is plotted horizontally against control voltage 
V, as in Fig. 6, the shape of the curve is precisely the form of 


NEGATIVE SUPPRESSOR VOLTAGE, VOLTS 


CHANGE OF GAIN, dB 


Fig. 6.—Typical i.f. amplifier gain-control characteristic. 


®haracteristic required from the a.g.c. amplifier. A suitable 
Jirear scale for v can therefore be marked alongside the decibel 
acale. 
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(3.3) Combined Control-Grid and Suppressor-Grid Control 


It is found that the variations in both the conductive and 
susceptive components of the input admittance of a pentode, 
such as the type CV 1091, at high frequencies vary in opposite 
directions with the application of control bias, according to 
whether the bias is applied to the control or suppressor grid. 
There is therefore a possibility of maintaining the input admit- 
tance approximately constant if the control bias is fed to both 
grids simultaneously in the correct proportions. This is very 
desirable, in order to avoid mistuning and change in bandwidth. 

Considerable care is necessary if any useful improvement is 
to be obtained in practice, owing to the effect of the inductance 
of cathode leads and other small stray feedback couplings. 
However, this approach has been successfully applied in one 
particular naval radar equipment. 

The relationship between gain and control voltage in this case 
is intermediate between an exponential and a linear law. A non- 
linear a.g.c. amplifier is therefore still required, although it may 
be rather easier to design, since it need not provide such large 
changes in gain as are required with pure suppressor-grid control. 

There is no difficulty in avoiding excessive screen dissipation 
with this system; in fact, on the whole, it probably represents the 
optimum in design in cases where the highest performance is 
sought. 


(3.4) Number and Position of Controlled I.F. Stages 


The gain of an i.f. stage does not become zero even when the 
valve transconductance vanishes, because there is an irreducible 
minimum coupling between grid and anode via the inter-electrode 
capacitance, apart from any extra stray coupling. It is found 
that the maximum gain reduction that can be obtained in a single 
stage when the valve is completely cut off is about 40dB. Thus 
at least two stages must be controlled, and in practice three 
is usually the minimum number that can be controlled without 
excessive variation in a.g.c. loop gain. 

At the same time it is desirable that the number of controlled 
stages, expressed as a fraction of the total number of stages, 
should be as small as possible, in order to reduce the effect of 
mistuning. Thus a compromise has to be reached between a 
large proportion of controlled stages, giving high consistency of 
a.g.c. loop gain, and a small proportion, giving a small mistuning 
effect. In practice, the compromise usually results in there being 
three controlled stages in amplifiers of about 4 Mc/s bandwidth, 
containing about seven amplifying stages. Amplifiers of about 
10 Mc/s bandwidth, containing 12 or 14 stages, generally have 
a.g.c. voltages applied to four stages. 

The actual stages to which control should be applied require 
to be chosen with care. The first stage (the one immediately 
following the mixer) should always operate at full gain, other- 
wise the noise factor of the amplifier will be increased. For the 
same reason, it is also prudent to allow the second stage to 
operate continuously at full gain. These two stages are normally 
located in a head amplifier close to the crystal mixer. 

The maximum undistorted output of an amplifying stage is 
reduced when its gain is reduced by the application of a control 
voltage. For this reason, the last i.f. stage, and preferably the 
one before it, should not be controlled. 

We can therefore summarize by saying that the third stage 
should be the earliest to be controlled, and that there should be 
at least two uncontrolled stages following the last controlled 
stage. 


(4) METHODS OF EXTRACTING THE SCAN MODULATION 


Although the question of the frequency response of the a.g.c. 
loop is to be treated in more detail in Section 5, it will already 
be clear that, if the modulation at conical scan frequency is to 
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be extracted without distortion from the video-frequency output 
of the receiver, the a.g.c. loop gain must be much less than unity 
at the conical scan frequency. Thus a filter is necessary in the 
feedback loop which attenuates the conical scan frequency by 
a sufficient amount. 

Alternatively, it is possible to maintain the a.g.c. loop gain up 
to frequencies much higher than the conical scan frequency, so 
that all scan modulation is effectively suppressed at the video- 
frequency output of the receiver. This output is then used only 
for the ranging circuits. 

The a.g.c. voltage will now be modulated at scan frequency 
(as well as with the fading spectrum) and this modulation can be 
extracted via a band-pass filter and fed to the aiming circuits. 
If the control characteristic is intrinsically exponential, as is 
approximately realized with control-grid control, the scan 
modulation voltage per degree of target misalignment will be 
constant. With suppressor-grid control, or mixed control, the 
scan modulation must be derived from a point in the feedback 
loop ahead of the non-linear amplifier. In either case, the per- 
formance when the scan modulation is derived from the feedback 
voltage is equivalent to that of a logarithmic i.f. amplifier. 

With regard to the merits of the two methods of extracting the 
scan modulation, the second should give a superior ranging per- 
formance, owing to the complete elimination of all frequencies 
in the bandwidth of the range servo Joop—particularly if the 
latter has a short time-constant. On the other hand, there is 
perhaps more chance of increased cross-product noise being fed 
to the aiming servo mechanisms, as with logarithmic systems. 


(5) FREQUENCY-RESPONSE CHARACTERISTICS OF THE 
A.G.C. SYSTEM 
If the input signal v, is modulated at an angular frequency w 
with a percentage depth of modulation m,, the corresponding 
percentage modulation of the output, 7, is given by 


My em 1 
m 1+ KY(w) 


(This follows from normal feedback theory.) 

Since Y(w) is a complex guantity, m, will, in general, be 
complex also (assuming m, to be real). Eqn. (12) thus enables 
the amplitude and phase of the output modulation to be cal- 
culated as a function of w, when K and Y(w) are specified. 

In a radar system in which the scan modulation is to be 
extracted from the receiver output, it is important that the phase 
shift of m with respect to m, shall be less than some arbitrary 
figure, otherwise the co-ordinates into which the target mis- 
alignment is resolved will not coincide with the vertical and 
lateral co-ordinates of the auto-aiming system. Such a rotation 
of co-ordinate axes, or phasing error, has a deleterious effect on 
auto-aiming stability, owing to the cross-coupling it introduces 
between the vertical and lateral auto-aiming loops. The maxi- 
mum tolerable phasing error will depend on the inherent stability 
of the auto-aiming loops, and may be as little as 2° in some 
applications. For a particular case of identical second-order 
aiming loops, it has been shown that the ‘phase margin’ of the 
loops is reduced precisely by the amount of phasing error. For 
a conventional auto-follow radar system, the maximum tolerable 
phasing error will be of the order of 10°. 

It might be suggested that phasing errors produced by the 
a.g.c. system could be compensated elsewhere. Two factors 
prevent much advantage being taken of this fact; one is the 
variation of K due to imperfect valve characteristics, discussed 
in Section 3; the other is the fact that, in many systems, it 
is a requirement that auto-following should be possible with 
signals below the a.g.c. threshold level. Provided that adequate 


(12) 


means are available for setting up a phase-correction circuit, | 
however, there seems no reason why error should not be halved 
by arranging to correct for half the maximum a.g.c. phasing 
error, since this will normally be always in one direction. When 
the signal falls towards a.g.c. threshold level, the phasing error 
will fall to zero and then increase again with reversed sign. 


(5.1) Performance of a Simple RC Filter 
If the filter in the a.g.c. loop is a simple RC low-pass structure, 
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YO) ean 
where T is the filter time-constant (T = CR). 
Therefore 
ee ree et 
my K 
ity 1 + jwT 


At the conical-scan angular frequency w,, jwT will be 
numerically large compared with unity, and we can therefore 
write approximately 


My a2 1 
my, a 
' Pod. 
The phase shift is given by 
K 
@ = 
tan Aue 
and since it is to be small, 
ea 
mo k 


The quantity K/w,T is the approximate value of the loopy 
gain at the conical scan frequency. We can therefore say that! 
if 0 is not to exceed 10° or 7/18rad, the loop gain must have f 
fallen to 7/18 or —15dB. 

As the modulation angular frequency, w, falls, the loop gain} 
increases at the rate of 6dB per octave. Thus if K = 27dB, a) 
total of (27 + 15)/6 = 7 octaves must elapse before the loop} 
gain is restored to its zero-frequency value. (This is an asymp-) 
totic approximation—actually it would then be within 3 dB of} 
this value.) 

It can therefore be seen that, if the scan frequency is, say,} 
32c/s, full a.g.c. action will be obtained only for frequencies) 
below 0-25c/s. Fading at 2c/s will be reduced by a factor of 
about two only. The time-constant T is given by the relation~) 
ship T = 1 at the —3dB point—in this case 0:25c/s. Hence: 

= 1/Qzm x 0:25) = 0: 64sec. 

ee is apparent from this example that fast a.g.c. action cannot) 
be obtained with such a simple filter. For a constant phasing’ 
error, an increase in loop gain would call for an increased filter! 
time-constant (double for each 6dB increase) and the effective 
loop gain at fading frequencies would remain the same.. | 

If, on the other hand, the scan modulation is to be derived) 
from the a.g.c. voltage, the frequency response of the a.g.c. loop” 
must be such that the loop gain is as high as possible at the. 
conical scan frequency; above this frequency it must fall in suck 
a manner that it is well below unity at half the pulse-repetitior 
frequency (Section 6). If f/f, > f/f, where f, is the highest 
fading frequency it is desired to suppress effectively, this condi 
tion will normally be easier to meet than in the alternative system 

By reasoning somewhat similar to that used in the previous 


— 


:case, it can be shown that for the phasing error not to exceed On 
the loop gain must not fall below 15dB at the conical scan 
frequency. In the case of an American system described in the 
literature,* a filter time-constant of 0-02sec is employed. 
Although full details are not available to the author, it seems 
likely that the design value of loop gain at half the repetition 
frequency, i.e. at 1500c/s, will be about —13dB. Since the 
‘interval between this frequency and the conical scan frequency 
\of 30c/s is 5-7 octaves, the simple filter will allow the loop gain 
to have increased by 5:7 x 6 = 34dB over this interval. Thus 
ithe loop gain at the scan frequency will be 21 dB, and the system 
sis just satisfactory if variations in loop gain do not exceed about 
/-+6dB. The asymptotic 6dB per octave line extends a further 
1-9 octaves down to f= 1/(27 x 0:02) = 8c/s at which 
frequency the loop gain, on the previous assumption, would be 
3dB down on its zero-frequency value of 21 + (1-9 x 6) = 
132-5 dB. 

It can be concluded that very fast a.g.c. action and high loop 
gain can be achieved when the scan modulation is derived from 
the a.g.c. control voltage, provided that the pulse-repetition 
frequency is about 100 times the conical scan frequency. It is 
‘probably true that the method is not feasible, even with complex 
filter networks, if the ratio of pulse-repetition frequency to scan 
frequency is less than 30. 

On the other hand, when the scan modulation is derived from 
ithe receiver output, high loop gain requires large filter time- 
constants, resulting in slow recovery from overload. With a 
‘simple filter there will be little attenuation of fading above one 
yer two cycles per second, unless the conical scan frequency can 
(be considerably increased. It will be shown, however, that this 
isituation can be substantially improved by the use of more 
scomplex filter networks. 


(5.2) Stability of the Feedback Loop 


The a.g.c. system has the characteristics of a class-O0 servo 
echanism, the output being v, and the input V,. The relation- 
ship between output and input is given by 


Ue ICY (@) 
V, 1+ KY) 


Cc 


(13) 


In common with all feedback systems, instability can occur if 
the phase shift round the loop reaches 180° at some frequency 
(at which the gain is more than unity. More formally, in order 
that the system be stable, the roots of the equation 1 + KY(p) =0 
must all have negative real parts. This condition may be 
\llustrated by drawing a Nyquist diagram for the loop, i.e. a plot 
pf the locus of KY(w) expressed as a vector quantity on an 
/Argand diagram. Nyquist’s criterion is then that the locus must 
30t enclose the point (—1, /0). 

For design purposes, these and other stability criteria are not 
articularly useful, since the problem is to synthesize an optimum 
system with an adequate margin of stability, rather than to deter- 
mine whether an existing system is stable or not. For this pur- 
ose, the graphical method of Bode® is undoubtedly the most 
‘convenient, although the Nyquist diagram is advantageous when 
overall system phase shift is being examined. 

In Bode’s method, the loop gain in decibels is plotted against 
a logarithmic scale of frequency, and the loop phase-shift is 
separately plotted against the same frequency scale. This has 
‘he advantage that all common networks have simple, sym- 
metrical response curves against a logarithmic scale of frequency, 
lwrich can therefore be sketched after a minimum of computation; 
“exthermore, a change of frequency or time-constant requires only 
h bodily shift of the whole curve along the frequency axis. Where 
» 90p consists of several networks in tandem, the individual 
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amplitude and phase curves can be added directly to give the 
overall response curves. 

The problem of devising a suitable filter reduces to one of 
manipulating the Bode curves of ‘likely’ networks in such a way 
that the overall amplitude curve has the desired shape, con- 
sistent with an adequate phase margin at the frequency of gain 
cross-over. The overall phase and amplitude curves are, of 
course, related by the ‘minimum phase theorem’, so that the 
average rate of cut-off that can be employed in the region of the 
gain cross-over frequency cannot exceed about 9dB per octave 
if a phase margin of the order of 45° is required. 

For any filter other than the simple RC structure there will 
be a frequency, normally somewhat higher than that of gain 
cross-over, at which the magnitude of 1 + KY(w) is less than 
unity. This means that the a.g.c. system will magnify variations 
in v, at this frequency. As a rough rule, this magnification will 
not exceed about 1:4 if the phase margin is 50°. 

The existence of a peak of this nature in the system frequency- 
response curve is always associated with the presence of over- 
shoots and possibly undershoots following the application of a 
step function. Again very roughly, the maximum overshoot will 
not usually exceed 40% if the phase margin is 45° or more. 


(6) DISCONTINUOUS NATURE OF THE DATA 


In a pulse radar system, information about the amplitude of 
the ‘wanted’ signal is available only for a brief interval once in 
every pulse-repetition period. It follows that the a.g.c. loop is a 
pulse-monitored control system, operating on a ‘periodic check- 
up’ basis rather than as a continuous controller. This fact 
immediately brings it into the general class of sampling servo 
mechanisms. 

It is intuitively obvious that, if the sampling rate is very high 
compared with the essential filter time-constant of the system, 
operation will be negligibly affected by the sampling process. 
With radar a.g.c. systems, however, it cannot be generally 
assumed that this will be the case, and the system characteristics 
may be considerably modified by the fact that the loop is only 
closed intermittently. 

The classical approach to the problem is by linear difference 
equations, whose solution yields values of the output at successive 
sampling instants. Other mathematical approaches are the 
pulsed transfer function and the Z-transform, developed by 
Hurewicz, Ragazzini, and others.®»7»8»9 These methods tend to 
suffer from the same limitations as the corresponding analytical 
methods for continuous servo mechanisms, in that they can be 
readily applied only to the analysis of an existing system. For 
design purposes, a presentation is required such that the effect 
of varying system parameters is made readily apparent, preferably 
with a minimum of calculation. In the author’s opinion, the 
approach by Linvill!® is by far the most satisfactory from this 
point of view. 

Briefly, Linvill’s method is to assume that the sampling process 
is equivalent to the inclusion within the servo loop of an impulse 
modulator. This is defined as a linear modulator whose ‘carrier’ 
is a uniform succession of unit impulses spaced at the sampling 
interval. (N.B. A unit impulse is a pulse of unit area but 
infinitesimal duration.) The output of such a modulator will be 
a succession of impulses of individual areas determined by the 
values of the input to the modulator at the successive sampling 
instants. Such a sequence of impulses will have a Fourier trans- 
form which is periodic in frequency, i.e. the spectrum will contain 
an exact replica of the input spectrum, centred on zero frequency, 
together with an infinite array of ‘complementary’ signals, each 
being a replica of the input spectrum, but centred on frequencies 
of +f, +2f, etc., the complete spectrum extending between 
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frequencies of minus infinity and plus infinity. All the ‘comple- 
mentary’ signals and the ‘pure’ signals are equal in amplitude at 
this point. The expression for the Fourier transform is 

(Wie 22 
a a F(@ + nw,) 


1, n=— oo 


(14) 


The output of the impulse modulator is now fed to low-pass 
filter elements, and after traversing the loop, it arrives back at 
the input with the ‘complementary’ signals attenuated with 
respect to the ‘pure’ signal. If the attenuation is sufficient for 
the complementary signals to be negligible at this point (and this 
implies that no frequencies higher than f,/2 can pass the filters), 
the system operates essentially as if it were a continuous servo 
mechanism, except that the pulse-storage device introduces a lag 
that would not otherwise be present. If, however, appreciable 
amplitudes of ‘complementary’ signals remain at the input to the 
impulse modulator after traversing the loop, the modulator will 
operate on them to produce additional infinite periodic spectra, 
each containing terms centred round zero frequency, and thus 
contributing to the ‘pure’ signal. It follows from this that the 
performance of the loop will be modified as compared with its 
continuous counterpart, and moreover it is not possible to define 
a transfer function with which to multiply the continuous loop 
transfer function in order to obtain this modified performance. 
It is therefore impossible, unfortunately, to devise a simple 
modification to the Bode-diagram procedure for shaping loop 
transmission characteristics, unless one restricts oneself to the 
case in which the loop transmission is negligible at and above 
f,/2. (N.B. By ‘negligible’ is meant less than —30dB, say.) 

Linvill’s method of dealing with sampling servo mechanisms 
consists in the construction of a modified Nyquist diagram from 
the ‘continuous’ Nyquist diagram of the system. The per- 
formance of the sampling servo mechanism is then effectively 
the same as that of a continuous servo mechanism described by 
the modified Nyquist diagram. If K Y(w), expressed as a complex 
number, gives the point on the ‘continuous’ Nyquist diagram 
corresponding to the angular frequency w, the corresponding 
point on the modified diagram is obtained by the infinite 
summation 

n=+00 
K DY Y@ + nw,), where n is an integer. 
na=—@ 

This sum can be obtained by writing down the values of 
(w + nw,) for n = 0, 1, 2, etc., and reading the resultant values 
of Y(w + nw,) from the continuous Nyquist locus. Since Y(w) 
must have low-pass characteristics, the series will converge 
rapidly in all practical cases; a value of n greater than 2 should 
seldom be necessary. The sums of real and imaginary parts 
give new co-ordinates for the angular frequency, w, on the 
modified locus. The process is repeated for other values of w, 
enabling the modified locus to be sketched in. It should be noted 
that Y(—w) is the complex conjugate of Y(w), i.e. to find 
Y(w) for a negative frequency, look up the value for the same 
positive frequency and then reverse the sign of the imaginary 
part. Alternatively, the continuous locus of Y(w) for negative 
frequencies can be drawn as the reflection in the real axis of the 
locus for positive frequencies. It will be observed that, when 
@ = w,/2, the summation becomes 


Ww, 3w Sw 
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2 i 2 H 2) 
—wW —3w —Sw 
4 i Lie V6 r r 
) PF 5} ae ) ; 


It is thus seen that the imaginary components cancel, leaving 
a real number. Thus the phase shift at w,/2 will be 0° or 180° 
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(nearly always the latter, in practice) and the modified locus cuts 
the real axis at this frequency. This demonstrates the tendency | 
of sampling servo mechanisms to oscillate at half the sampling / 
frequency if the loop gain at this frequency exceeds unity. 

The modified locus for negative values of w is the mirror 
image of that for positive values of w, reflected in the real axis. |) 
There is therefore no need to plot this. There is also no need to } 
work out the summation for values of w greater than w,/2, since | 
the complete locus is retracted for such values. A typical example | 
is given in Fig. 20. 4 

(6.1) Pulse Storage Devices 


A practical pulsed system normally incorporates some form | 
of pulse-to-pulse storage following the sampling switch or | 
‘impulse modulator’. This storing process is often referred to / 
as ‘clamping’, particularly when the device is such that each | 
sample is held constant in the interval before the next one is | 
available. In radar systems, the ‘box-car’ detector and other 5 
similar triggered clamp circuits are used to perform this function. | 

The Laplace transform of a circuit whose response to a unit |; 
impulse is a rectangle of unit height and duration f, is 


ad a €~ Pr) 
P 


For the purpose of frequency-response analysis, we can © 
replace p by jw, giving for the frequency-response function of © 
the clamp 

4 1 
=e reas 
jw 
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(15) | 

In practice, a simpler storage device is often used; this consists | 
essentially of a condenser which is charged to the peak value 
of the pulse through a diode, after which it discharges exponentially / 
through a resistance to some fraction of its initial value, when it | 
is recharged by the next pulse. Such a circuit is frequently known | 
as the ‘third detector’. The discharge time-constant is usually | 
made equal to the repetition period, and the corresponding » 
Laplace transform is then 
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Again, on going over to the frequency domain, we have 
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1/t, = 500. 


for a repetition frequency, f,, of 500c/s. The functions have 
been multiplied by 1/t, to take account of this factor in the 
Fourier transform of the impulse modulator [eqn. (14)]. 


(7) DESIGN OF A PRACTICAL A.G.C. SYSTEM 


This ‘section describes the steps that were taken in designing 
a NeW a.g.c. system for an existing naval fire-control radar. The 
procedure is given in some detail, as it is thought that a similar 
approach may be found useful in other design problems of the 
same type. 

The design objective was to produce an a.g.c. system having 
the following characteristics: 

(a) Maximum suppression of fading up to the highest practicable 
frequency, i.e. fast regulating action. 


(6) Output not to vary more than 4dB for an input variation 
of 80 dB. 

(c) Peak magnification not to exceed 1-5. 

(d) Phasing error not to exceed 5°. 

(e) It must be easily checked and set up in service. 


D.C, 


100dB | LF. 
ATTENUATOR pores Ses AMPLIFIER 


For economic and administrative reasons it was desirable to 
use as much of the existing equipment as possible, and so 
(reduce the amount of modification to a minimum. Thus the 
ifinal design became somewhat more complicated than might 
otherwise have been the case. 

The radar in question operates at a nominal repetition rate of 
500c/s (determined by the frequency of the power supply) and 
/has a conical scan frequency of 28c/s, controlled by an electro- 
)mechanical governor. The receiver consists of a crystal mixer 
(followed by a 2-stage head amplifier, feeding a S-stage if. 
amplifier, which operates at 60 Mc/s with a 4Mc/s bandwidth. 
The first three stages of the main i.f. amplifier are arranged for 
gain control by variation of their suppressor voltage. The i.f. 
‘valves are all type CV1091. 

The video-frequency output from the if. amplifier is fed 
to various displays via individual video-frequency amplifiers, 
and is also fed to an electronic gate, which is opened for 
imicrosec by a strobe pulse generated by the ranging system, 
and occurring at a time corresponding to the range set. The 
estput of this gate is thus the ‘wanted’ echo only, and is amplified 
ard lengthened in subsequent video stages. The final pulse 
{siorage stage consists of a cathode-follower detector, whose 
scethode load consists of a 2:2-megohm resistor and 0-001 uF 
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capacitor in parallel. This valve conducts heavily on the arrival 
of the lengthened pulse, and charges the capacitor to the peak 
value. This charge leaks away in the interval before the next 
pulse with a time-constant of 2-2millisec, which is roughly 
equal to the repetition period. The circuit therefore provides 
exponential pulse storage. The output is fed away via a simple 
RC filter of 1millisec time-constant, which serves the dual 
purpose of reducing the peak ripple voltages to be handled by 
subsequent stages and of providing some integration for an 
auto-hold-rate relay circuit. 


(7.1) Experimental Equipment 


In order to obtain the necessary data on which to base the 
design, the equipment illustrated schematically in Fig. 8 was 
assembled. The modulator consisted of a single type CV138 
pentode with the modulation voltage applied to its suppressor 
grid. Careful screening and location of units was necessary, in 
order that attenuations of the order of 90dB could be measured 
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Fig. 8.—Arrangement of the equipment for measuring the performance of an a.g.c. system. 


with reliability. The attenuator actually consisted of a number 
of pushbutton units in series, so that the whole range could be 
covered in steps of 1 dB. 

With this arrangement, an i.f. pulse of normal width and at 
some arbitrary ‘range’ could be injected into the system and 
strobed in the normal manner. Gain-control characteristics of 
if. amplifiers, and static control characteristics of a.g.c. systems, 
could then be obtained by varying the attenuator. 

Dynamic characteristics could be checked by modulating the 
echo at varying frequencies. 

At each frequency, the sine-cosine potentiometer was rotated 
to null the phase indicator, after which modulation amplitude 
and phase could be read off. The zero of the phase scale was 
set each time with the automatic gain control disconnected and 
replaced by a manual gain control. 


(7.2) Design Procedure 


The first step was to determine a suitable value for the a.g.c. 
loop gain and devise a method of ensuring that it remained 
substantially constant for all signal levels above threshold. From 
consideration of the performance required, a figure of 20 
(26 dB) was chosen [egn. (3)]. 

It was necessary to retain the existing suppressor-grid control 
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of the i.f. amplifier, chiefly owing to the fact that the h.t. supplies 
were not stabilized. It was therefore necessary to include a 
logarithmic d.c. amplifier in the a.g.c. loop. In order to deter- 
mine the characteristics required for this amplifier, measurements 
were made of the control characteristics of six sample i.f. ampli- 
fiers. These measurements were taken on pulsed inputs with the 
normal radar pulse duration of 0-5 microsec, using the equipment 
depicted in Fig. 8. The output from the pulse storage circuit 
was brought to a standard level for each measurement, in order 
to avoid errors due to system non-linearities. From the resultant 
graphs of gain in decibels against suppressor-grid voltage, values 
of dG/dV were obtained by drawing tangents. Finally, curves 
of log dG/dV against V were drawn, and are reproduced in Fig. 9. 
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Hence, for a loop gain of 20, 
pie af 20 
dV 0-115 x 80 


The following values were therefore required for B, corre- 
sponding to the mean values of dG/dV: 


— 2-175 decibels per volt 


B, = 13°7. 
By = 6:8. 
B, = 3°84. 
B, = 2:08. 
B, = 1:14. 


The feedback arrangement shown in Fig. 5 was chosen, since it 


EQUIVALENT OF 


6dB CHANGE IN 
A.G.C. LOOP GAIN 


30 40 


50 60 


GAIN~CONTROL VOLTAGE , VOLTS 


Fig. 9.—Sample i.f. amplifier characteristics, showing ‘staircase’ approximation. 


(It should be noted in connection with work of this nature that 
simple measurements made with a c.w. signal generator are 
unlikely to yield sufficiently accurate results, owing to mistuning 
effects.) 

An examination of the log dG/dV curves, coupled with other 
information regarding the consistency of the suppressor charac- 
teristics of the type CV1091 valve, indicated that the maximum 
error if the mean curve were replaced by a ‘staircase’ of five 
sections would be unlikely to exceed 6dB, but that a greater 
number of sections would not be justified. A ‘staircase’ of five 
sections was accordingly sketched in, giving the following set of 
values for dG/dV: 


Range of V Mean value of dG/dV 


volts 


0 to —26 


dB/volt 
0:16 
0-32 
0-58 
1:05 
1-90 


—26 to —38 
—38 to —50 
—50 to —59 
—59 to —100 


From the loop-gain formula [eqn. (4)], we have 
dG 
I == OSS By 
a0 


For the radar equipment in question, the d.c. output of the 
pulse storage circuit was 80 volts at a suitable working point. 


avoids voltage-handling difficulties and the necessity for preset 
gain controls. 


—150V 


Fig. 10.—Basic curve-fitting amplifier. 


networks provide the different values of B required. These feed- 
back paths are switched into circuit at the appropriate values of 


V by the biased diodes. 


Current is fed into the ‘virtual earth’ presented by the input 


i 

| 
! 
. 
; 

i 
te 


The arrangement of the feedback networks is” 
shown in Fig. 10, from which it can be seen that five feedback 


| 


| 
| 


; 


; 


— — 


) 


terminal of the high-gain amplifier in the positive sense from V2 
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via R;, and in the negative sense via R, from a stabilized 
—150-volt supply. When v, is small, i, predominates and V 
would become positive, except that it is prevented from doing 
so by a diode clamp, not shown. When i; = i,, ie. when 
% = 150 Ry/Ro, i3 will be zero, and V will be zero. As V2 
increases beyond this point, V goes negative, and until the first 
ay ae Rs 
dv a Ry 
A convenient nominal value for R, is 0-075 megohm, giving 
| R; = 0-075 x 13-7 = 1-0 megohm approximately. For a 
‘threshold’ of 80 volts, R, =0-14 megohm. It is, in fact, 
_ necessary to be able to vary the threshold setting with this par- 
ticular radar equipment, which is allowed for by making R, 
J 
‘ 


diode conducts, the gain is given by B, = 


variable. This allows the threshold setting to be varied without 

varying the a.g.c. loop gain, since R, increases proportionately 
) with v2, so that the product B,v, = Rv/R, remains constant. 
_(N.B. In a completely new design the threshold would be fixed; 
there is no essential need for it to be variable, and a fixed setting 
: eliminates one source of variation in the ‘stiffness’ of the auto- 
' follow loops.) 

It is now necessary to compute the values of the three resistors 

) associated with each diode to satisfy simultaneously the following 
> conditions: : 

(a) The diode shall start to conduct when V reaches the appro- 
priate voltage. 

(6) The equivalent resistance of the circuit shall be such that, 
when placed in parallel with R3 (and the equivalent resistance of 


eo circuits already conducting) the overall gain has the required 
value. 


The detailed calculations will not be given. The general pro- 
cedure is given by Burt and Lange!! and is straightforward if the 
calculation is done in terms of conductance rather than resistance. 
Provided that the d.c. amplifier gain is adequate, and the +150 
and —150-volt supplies are stabilized, the circuit can be relied 
on to perform as calculated. Grade 1 5%-tolerance resistors 
are used. 

With regard to the d.c. amplifier itself, a gain of the order of 
300 is obtainable with two stages of push-pull double-triode 
amplification. A cathode-follower output stage provides a low- 
‘impedance output for driving the diode feedback network. A 
diode connected between the cathode-follower grid and earth 
prevents the output from going more than 2 or 3 volts positive. 
‘The amplifier itself was designed to be capable of an output 
iswing from +30 volts to —110 volts, giving a margin of 30 volts 
jeither side of the 0 to —80-volt range actually required. By 
using Grade 1 5% resistors, the need for a balance control is 
jeliminated, and production models can be relied on to pro- 
\duce a given output with a variation in mean input level not 
jexceeding +0-25 volt. A simplified circuit is given in Fig. 16, 

The loop gain round the d.c. amplifier is a maximum when 
jall diodes are conducting, and is high enough for instability to 
occur, owing to phase shifts produced by the Miller input 
‘capacitances of the amplifying stages and other stray capaci- 
tances. A ‘step’ network is therefore included, to reduce the 
(gain sufficiently before these phase shifts become large (R29, 
Cs in Fig. 16). 

The steady-state a.g.c. characteristics measured with the final 
amplifier design are shown in Fig. 11. The gain calculations had, 
in fact, to be modified before this performance was achieved, 
owing to the non-linearity of the pulse storage system. Eqn. (4) 
was derived on the assumption that the overall characteristic is 
linear, whereas in this case Fig. 11 shows that it has a slope of 
10-595. To compensate for this effect, the value of B requires to 
»be multiplied by approximately (1/0-595)*, ie. about 2:8; 
‘it was necessary to fall back on experimental measurement, how- 
‘ever, before the final adjustments to the calculated values could 
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Fig. 11.—Measured static performance of a.g.c. system with two 
different threshold levels. 


be made. Given complete freedom in the design, this non- 
linearity would have been eliminated. 

In Fig. 11, the ratio of the slopes above and below the threshold 
gives the value of U, from whieh loop gain actually achieved 
was K = (1/U) — 1, ie. 19 and 17, respectively, for the two 
threshold levels. 


(7.3) Choice of the Filter Network 


The problem of network synthesis in this context is best solved 
by a ‘cut and try’ process, making use of the Bode type of 
decibel/log-frequency diagram to minimize the labour involved 
in sketching the individual response curves of filter sections. 

The following typical sections were considered likely to be 
useful in synthesizing the complete filter: 

(a) Simple low-pass RC structure. 
(6) Low-pass ‘step’ network. 


(c) ‘Notch’ network. 
(ad) Symmetrical twin-T network. 


Response curves of these networks are plotted in Figs. 12-15. 
Since a change in network parameters only requires simple 
horizontal and/or vertical shifts of the asymptotes, these ‘master’ 
curves can be readily used in building-up the complete filter. 


Ole G2 C4 -O7tOr 2, 94'3°7 40 20 30 50 
c/s 
R 
Zc 
ee 


Fig. 12.Response curves of the simple low-pass RC-structure. 


fo = 0/27 = 1/2n7CR = 10ce/s. 
CR = 1/(2m x 10) = 1/68 = 0-0159sec. 


As a general guide in arriving at the overall Y(w) response in 
this way, the following principles were followed: 

(a) To keep phasing error below acceptable limits, the loop 

attenuation should be 20dB at the conical scan frequency of 28 c/s. 


For a zero-frequency loop gain of 26dB, this means that the Y(w) 
function must produce an attenuation of 46 dB at 28 c/s. 
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(b) The loop attenuation at 250c/s should not be less than 10 dB, 
. 4 ial ic. Y(w) = — 36dB, to avoid oscillation at half the sampling 
Eat frequency. ; 
6 Be @) The phase margin at low-frequency gain cross-over should | 
8 i il be of the order of 50°. \ : . 
10 a Ul (d) In order to keep the phase margin as high as possible con- | 
a C eral O sistent with the maximum rate of cut-off, the attenuation at fre- | 
r ~ a= 0:4 10 quencies above the conical scan frequency should be no greater than | 

2 2 4 20 necessary. 

Tay . | 
sie | a S.a=0:2 wok The last of these requirements strongly suggests the use of a _ 
a CTT Ct Nec +0:05 > 4:0:05150 9 twin-T null network centred on the conical scan frequency. By | 
26-—-- ; $eE 0.08 q ae the use of very stable components and the provision of preset } 
& H Tt BACitl a0 & ing adj ired ti Id be achieved | 

ai | T[taz6-o25 80 x tuning adjustments, the required attenua ion cou 
= Tall H SEALE Sea. by this network alone; however, the conical scan frequency + 
MoT 02 040710 2 34 SF 107 BO 30 50 100 200 500: 1000 would have to be maintained very accurately, and an additional | 
es rejection network would be required at 250c/s to prevent | 
a BR instability. A more realistic approach is to regard the twin-T \ 
i ES as a network which can be relied on in production equipment | 


to introduce an attenuation of at least 26dB over a bandwidth | 
Fig. 13.—Response curves of the low-pass step network. of +5%, when constructed of randomly-selected Grade 1 com- 
7 = Conn eanica a ponents of +5% tolerance. Production test specifications can | 
then be easily devised to reject the occasional case where an 
unfavourable combination of tolerances is encountered. The | 


on ut remaining 20dB of attenuation can now be provided by a low- | 
ech mea iil LEAD pass ‘step’ network. 
sLLUT 100 An alternative to the twin-T is the ‘notch’ network, of which | 
8 Ht a at least two in tandem are required to achieve the necessary 
8 con aie , |40 selectivity. The attenuation is under greater control with this 
14 LHe TH UH, HHI TTT 2 ase arrangement, and the effect of component variations is less. 
g ne SH eT rT aa On investigation, however, it was found that the improvement 
eu CT TTS ut iy “tt HE eo obtainable was only marginal, and in view of the greater number 
22} 4 f HAH ree of components required, this solution was rejected in favour of 
eA i i Se Hatat oan Hop the twin-T. 
Clea I | ll ional BAe A further possibility is the inclusion within the loop of a_ 
Isak lt CTT Miller integrator with a resistor in series with the feedback 
ae CO au 1 capacitor. This would replace the simple 20dB step network, 


Bea Oa a 4S OG ORGS 1G 00 Oe and would have the effect of extending the 6dB per octave slope 


of the step back to (theoretically) zero frequency; in other words, 
the system would become a Class 1 or zero-position-error servo 
mechanism. The advantages of this arrangement appear to be 
small; in view of its added complication and poorer overload — 
characteristics, it was not considered for the present application. 

The final arrangement decided on consisted of a 26dB ‘step’ - 
network of time-constant 0-16sec, followed by a symmetrical 
twin-T network centred on 28c/s. Cathode-follower stages were 
used to isolate the two networks, and to avoid loading the output 
of the twin-T. The actual arrangement is shown in Fig. 16, 
V2 being derived from a cathode-follower in the pulse-storage | 
chassis. The mean level of vz is about 30 volts positive in the | 
absence of a signal, rising to about 120 volts with a signal at 
saturation level. The ‘step’ section was put ahead of the twin-T 
to reduce ripple currents in the first cathode-follower, which 
might otherwise have produced undesirable interaction effects 
via the power supply. The combined loop frequency-response 
characteristic is shown in Fig. 17. The characteristics of the | 
exponential-decay pulse-storage circuit and of a 1 millisec low- 
pass section are included in this Figure. 


Fig. 14.—Response curves of the twin-T network. 
fo = 1/2nCR = 28c/s. 


(7.4) Nyquist Diagram 


Although the Bode diagram is the most useful during pre-) 
liminary investigation, it is necessary to construct a Nyquist. 
plot of the loop transmission in order to carry out a final check | 
that the design is satisfactory. The required values can be read» 
off the Bode diagram and transferred to the Nyquist diagram 
Fie 1s eR esaonike Curves OE Re MO eS with the aid of tables of decibel equivalents. Having constructed 

pike aNe me ‘ the ‘continuous’ Y(w) plot in this manner, it is then necessary to 

= Fi ——_———_ ttenuation. : . 
fo = 1/2nT = 28cs. iS SES p hades construct the 2 ¥(w + nw,) plot to obtain the ‘sampling servo- 
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Fig. 16.—Simplified circuit diagram of the a.g.c. amplifier. 


V1 and V4: Type CV455, 
V2 and V3: Type CV492. 


|mechanism’ locus, in accordance with Linvill’s method (Sec- 
‘tion 6). This only involves the use of dividers and a parallel 
\ruler, remembering that the vector response to a negative fre- 
|} quency is the complex conjugate of that for the same position 
ifrequency. An example of the construction is given in Fig. 20 
(for a frequency of 100c/s, from which it is seen that values of n 
yof 0, 1, —1, 2 and —2 have been taken, corresponding to 
i frequencies of 100, 600, —400, 1100, and —900c/s. In fact, the 
i first three terms give a sufficiently accurate result. 

With the ‘sampled’ locus sketched in, it is now possible to 

jevaluate the performance of the system. Referring to Fig. 19, 
(it is seen that a circle centred on the point (—1, j0) just touches 
!the locus at a point corresponding to 15c/s when its radius is 
}0°71. This shows that the peak magnification is 1:4 at a 
{frequency of 15c/s. Owing to the fairly constant phase in this 
(region, the peak magnification changes slowly with variation in 
(loop gain—for example, if the loop gain is doubled, the peak 
i magnification becomes 1-65 at 20c/s. 
_ An interesting point made evident in Figs. 19 and 20 is the 
(fact that the loop gain is no longer zero at 28c/s, in consequence 
) of the sampling process. It has a value of about —0-1, so that 
the loop magnification has a value of 1-11 at this frequency, 
i.e. conical scan modulation is increased 11% by the presence 
\of the a.g.c. system. This was checked experimentally by 
jswitching the if. amplifier gain-control lead from a hand- 
/ controlled gain potentiometer to the output of the a.g.c. amplifier, 
‘when it was found that the modulation rose by the order of the 
{ predicted amount. 

The loop transmission at 250c/s is —0-215, indicating that 
|the loop gain must increase by a factor of 4:65 or 13dB for 
i instability to occur at half the sampling frequency. This was 
» checked experimentally by altering the attenuation of the 26dB 
step network until oscillation was observed. This was also 
‘found to be a fairly reliable way of carrying out a quick check of 
‘Jeop gain variation over the working range of the system. The 
_ aspearance of the fine range display when the system is oscillating 
. a: half the sampling frequency is shown in Fig. 21. 

‘It will be noted from Fig. 20 that the relatively large margin 
) ©” stability at half the sampling frequency is due to the fact that 
| te ‘continuous’ phase shift at 250c/s is not much greater than 
) 9°. This suggests that, if the phase could be advanced to less 
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Fig. 17.—Overall attenuation and phase characteristics of a.g.c. loop. 
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Fig. 


than 90°, a sampling servo-mechanism could be made stable 
even if the gain at this frequency exceeded unity. 


(7.5) Overall System Frequency-Response Characteristic 


By drawing vectors from the (—1, 0) point to the ‘sampled’ 
Nyquist locus, the vectors 1 + KX Y(w + nw,) can be read off, 
and their reciprocals plotted in terms of amplitude and phase 
shift against a logarithmic frequency scale. The resultant 
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Fig. 20.—Locus of K Y(w) above 20c/s. 


Fig. 21.—Appearance of display when a.g.c. system is oscillating at 
half the repetition frequency. 


characteristic shows the effect of the a.g.c. system on modulation 
at various frequencies, and is illustrated in Fig. 22. 

It is seen from this characteristic that fading is suppressed by 
a factor of about 20 up to Ic/s, and by a factor of 2 at Tes. 
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Fig. 22.— Overall frequency response of a.g.c. system. 


The phasing error in the vicinity of the conical scan frequency © 
is well within the required limits, and the peak magnification at 
15c/s is such that the response to a step function would show 
an overshoot of about 40°% followed by one undershoot. The 
peak at 250c/s indicates the tendency for a damped sawtooth 
oscillation at half the sampling frequency to follow the applica- 
tion of a step function, as is normal with sampling servo 
mechanisms. 

This characteristic was checked experimentally at frequencies 
between 0:5 and 40c/s with the equipment shown in Fig. 8, and 
satisfactory confirmation of the design calculations was obtained. - 


(7.6) Provision of Test Facilities 


In connection with the design of electronic equipment for the ) 
naval service, it is axiomatic that means shall be provided for 
enabling maintenance personnel to check that the equipment is, - 
in fact, operating in accordance with the designer’s intentions. | 
In view of the limited maintenance effort available, the provision 
of built-in monitoring or testing equipment can with advantage 
be carried to an extent considerably beyond what might be con- 
sidered economic under different conditions. 

An appraisal of the problem indicated that, apart from obvious | 
catastrophic failures, the a.g.c. system could be reasonably relied 
on to be working properly provided that the logarithmic d.c. 
amplifier could be shown to be operating correctly, and provided } 
that no component in the filter network had developed an : 
open-circuit. 

On this basis, the test unit illustrated in Fig. 23 was designed ) 
for fitting on the front panel of the radar equipment. In normal 
operation, v2 and V are measured by the voltmeters, thus pro- . 
viding a rough check that the system is working whenever a 
target echo is within the strobe. In the case of complete failure, - 
the voltmeters will indicate which major unit has failed (e.g. 
strobing circuits, a.g.c. amplifier or i.f. amplifier). 

With the switch in position 2, v, is disconnected from the 
input to the a.g.c. amplifier and replaced by a variable voltage. 
obtained from RV,. This enables the threshold voltage to be 
checked. | 

With the switch in position 3, the voltage from RV, remains 
connected to the a.g.c. amplifier input, but a voltage from RV, 
is now connected via Ry, to the virtual earth of the logarithmic 
d.c. amplifier. The meter M, is also switched to read this voltage. — 

The method of carrying out the test is as follows: 

(a) Set RV>2 to zero. 


(6) Set RV to the threshold, as shown by M2 just beginning to 
move. 


(c) Adjust RV2 to give the series of readings of My specified in 
the instruction manual, and note the corresponding readings of M3. 
Switch to position 4 as necessary. 

In this way, the input/output curve is checked at selected 
points, so that, for example, the failure of one of the diodes 
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Fig. 23.—A.G.C. test unit. 


Voltmeter labels. 
My: Signal amplitude. 
M2: A.G.C. voltage. 
Switch positions. 


1. Normal. 


2. Check threshold. 
3. Inject test signal. 
4. Inject test signal x 10. 


Ry: 15kQ. M,: 
Ro: 15kQ M2: 


. Rs: 100kQ + 5% 


RY, 50kQ” (wire wound). 
RV>2: 50kQ (wire wound). 


would be detected. By feeding current into the virtual earth in 
this manner, readings are rendered independent of the setting 
ot the a.g.c. amplifier threshold control. 

Although the above test practically guarantees that the static 
performance of the system will be sufficiently close to the design 
figures, there remains the possibility of some derangement of the 
filter characteristics. However, a fairly good check can be made 
if a suitable fixed target echo can be found. If, for example, 
R, or C, became open-circuited, the system would oscillate at 
half the repetition frequency as soon as the strobe was moved 
over the echo. If a fault occurred in the twin-T network, there 
would be a large change in the misalignment outputs to the 
lateral and vertical auto-follow channels if the test unit were 
switched from ‘normal’ to position 4, and adjusted to give the 
same echo amplitude. 


(8) OPERATIONAL TRIALS 


Prototype models of the a.g.c. amplifier and test unit described 
in the preceding Section were fitted to an operational radar 
system during a series of auto-follow tracking trials. 

Arrangements were made so that the original slow-response 
a.g.c. system could be switched in, thus facilitating a comparison 
of the two under actual working conditions. Although the trials 
were far from exhaustive, there was every indication that the 
expected improvement in the range display, and consequent 
improvement in ranging accuracy, was in fact obtained; never- 
theless, this improvement was small in the case of propeller- 
driven aircraft, being largely masked by high-frequency flutter 
and propeller modulation. The steady-state accuracy of regula- 
tion was greatly improved. 

With respect to auto-aiming accuracy, no improvement could 
+> detected as a result of the greater suppression of low-frequency 
ts a this would seem to indicate that cross-modulation noise 

: the conical scan frequency was negligible in comparison with 
te direct contribution from the fading spectrum, in spite of the 
non-linearity of the system characteristic. However, the trials 
wore not very extensive, and this negative result can, at present, 
«aly be interpreted rather cautiously as evidence that cross- 


0-100 volts, 1 kQ/volt, 24in. 
0-100 volts, 1kQ/volt, 24in. 


modulation noise does not make a large contribution to jitter 
in aim. 

One very important result was, however, obtained from the 
records of auto-aiming performance. This was the observation 
that a significant disturbance was injected into the auto-aiming 
system each time the echo amplitude crossed the a.g.c. threshold. 
During a typical run this would occur three or four times, owing 
to exceptionally deep fades; the resulting increase in the standard 
deviation of aim over the whole run often amounted to as 
much as 25%. . 

This was regarded as serious, and was checked with the 
simulator equipment shown in Fig. 8 by applying slow sinusoidal 
‘fading’ modulation to the modulator, while allowing the velo- 
dyne to run at the conical scan frequency. In this way it was 
confirmed that a transient was produced in the auto-aiming 
channels each time the echo amplitude crossed the threshold. 
The effect can be explained in terms of the severe distortion of 
the fading modulation under these conditions, which can be 
regarded as equivalent to the generation of a whole series of 
higher harmonics of considerable amplitude. Some of these 
harmonics fall in the conical scan frequency band, and conse- 
quently produce spurious misalignment signals. 

The effect can be reduced to negligible proportions by slowing 
down the rate of response of the a.g.c. system, or by ‘rounding 
off’ the knee of the characteristic so that the transition from the 
non-regulating to the fully-regulating region is made more 
gradual. Either expedient involves a considerable sacrifice in 
performance, and the correct approach is undoubtedly to arrange 
for the receiver noise level to be of sufficient amplitude to operate 
the a.g.c. system at all times, so that the a.g.c. loop remains 
closed even during a complete fade-out of the echo. 


(9) CONCLUSIONS 
The design of a.g.c. systems for pulsed radar receivers has 
been shown to involve an interesting combination of the methods 
of pulse techniques, closed-loop regulators, electronic function- 
generators and sampling servo mechanisms. The particular 
example given represents a fairly difficult case, owing to the fact 
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that the repetition frequency is only about four octaves above 
the conical scan frequency. 

The design of fast-acting automatic-frequency-control systems 
for pulsed radar receivers is an analogous problem, which can 
be approached in a similar manner. 

The same general approach is, of course, applicable to c.w. 
systems, where the complications due to sampling do not arise. 
Alternatively, in the case of a range-only pulsed radar, the 
restriction due to the necessity for reproducing a band of modula- 
tion frequencies without distortion does not exist. In a tele- 
vision receiving system where automatic gain control is based on 
the amplitude of gated line synchronizing pulses, very rapid 
response can be achieved with simple circuits. However, care 
must be taken to avoid a significant change in output between 
sampling instants, otherwise the picture will suffer from left-to- 
right ‘shading’. 
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SUMMARY 
An account is given of some of the difficulties which beset the 


' calculation of the impedance of the finite-size probe in a waveguide. 


| tions made earlier. 


In the particular case of a probe completely spanning a rectangular 
guide and fed by a coaxial line, a solution is set up.in which the line 
is represented by an arbitrary loading impedance terminating the probe. 
An integral equation for the current in the probe is solved by a Fourier 
series in the waveguide modes, and an approximate summation of the 
double series involved is achieved using Poisson’s formula. An 
expression is derived for the probe impedance from which an equivalent 
circuit with determinate parameters is obtained. The quasi-static 
antenna solution is derived as a limiting case for small probe radius, 
and an interpretation is attempted of the physical significance of the 
individual terms in the expression for the inductance of an inductive 
post in waveguide. This is a particular case of the probe for which 
ihe solution is well known but for which the meaning of the formula is 
not too clear. 


(1) INTRODUCTION 


Recent years have seen the mathematical solution of a wide 
range of waveguide problems, including junctions, obstacles of 
various kinds, steps and other discontinuities, bends and twists, 
radiation from open ends and propagation in loaded or imperfect 
waveguide, to mention but afew. In most cases the problem has 
been formulated exactly and the mathematical solution has been 
either a rigorous one or has involved approximations of known 
type, e.g. the expansion in terms of a small parameter as in 
perturbation theory, or variational solutions in which only a 
second-order error appears as a result of first-order approxima- 
In contrast, problems involving coupling 


_ into a waveguide through a probe have been solved only in the 


| case in which the probe is very small. 


This type of problem 
includes coaxial-line-to-waveguide coupling, either via an aerial 


. or with a crossbar transducer, crystal pick-up probes, various 


types of waveguide-to-waveguide coupling, and many others. In 
general, it is not permissible to assume that the probe is small, 
and it may well be a quarter of a wavelength long or more. 
Under these circumstances, both the formulation of the problem 


and its solution become extremely difficult; the paper discusses 
_ the difficulties and presents in one particular case a solution 
' which may help to indicate the way forward. 


(2) CONNECTION WITH SOME RELATED STRUCTURES 
The configuration examined is shown in Fig. 1. A coaxial 


cable of impedance Z, feeds into a waveguide of cross-section 
_ a b through a probe of radius r and distance d from the side 


wall, the probe being short-circuited at the far end. Alter- 
natively, the waveguide may be considered as feeding via the 
probe into the cable. It does not matter which way the problem 
*s tackled, and if the target of specifying an equivalent circuit 
“ith determinate parameters is achieved, the configuration may 
ve used any way round that may be of use. 

’ As seen from the cable, the probe represents a top-short- 
-ircuited aerial feeding into an enclosed structure, whose effects 


Correspondence on Monographs is invited for consideration with a view to 
_ ublication. ‘ 
Mr. Lewin is with Standard Telecommunication Laboratories Ltd. 


RECTANGULAR WAVEGUIDE 
WAVE IMPEDANCE Z,) 


Y 


COAXIAL CABLE 
(WAVE IMPEDANCE 7Z,) 


Fig. 1.—Half-section of waveguide and cable-fed top-short-circuited 
probe. 


can be represented by a doubly infinite series of images whose 
mutual coupling with the aerial determines its input impedance. 
The association here is with ordinary aerial theory, but compli- 
cated by the mutual coupling. One can expect to meet all the 
problems of this theory, including the reactance effect which 
appears when the feed gap is improperly treated, and the diffi- 
culties which arise in solving the integral equation for the current. 
It is probably impossible to consider in any detail the hole in the 
waveguide wall at the entrance to the cable, with its effect on 
the multiple series of images; yet if the hole is ignored completely 
the cabie becomes short-circuited. 

A somewhat different aspect arises if we consider the probe 
from the point of view of the waveguide. First, take the 
simple case in which the cable is short-circuited. The probe is 
then just an inductive stub across the guide, for which the solution, 
in the main, is known.! If the cable is open-circuited the probe 
becomes a tuned post in the waveguide, and in this case, too, a 
partial solution is known.! This suggests that the problem be 
treated as that of a waveguide post terminated at one end by the 
cable impedance as shown diagrammatically in Fig. 2. 


Y 


Fig. 2.—Half-section of waveguide and probe, terminated at x = 0 
with an impedance, Z;, 1epresenting the cable. 


In the treatment of this configuration we must expect to meet, 
in addition to the points already mentioned, the aspects that arise 
in the treatment of the tuned post and the inductive stub. We 
will now consider the latter in a little more detail. 

When an electromagnetic field is incident on a metal stub in a 
waveguide, surface currents are set up in the stub of such a 
nature as to cancel at the surface and interior of the stub the 
incident electric field. These currents radiate into the wave- 
guide and are responsible for the reflected wave. When the 
stub radius is small, there is no appreciable phase change of the 
incident wave across the stub, and hence the effect of the surface 
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currents will be in phase all round the stub. Now a fictitious 
current filament at the centre of the stub would produce just 
such a field. Hence, so far as effects external to the stub are 
concerned, we can assume a current filament at the centre of the 
stub and of such amplitude as to cancel at the stub surface the 
incident field: the radiation from this filament then gives the 
disturbance in the waveguide due to the stub. 

When the stub crosses the waveguide completely and the 
incident wave is in the dominant mode, there is no field variation 
across the waveguide. Accordingly, we take the current filament 
also to be constant. The radiation from such a current filament 
constitutes a straightforward problem and the solution is relatively 
simple. By utilizing, in addition, filamentous current dipoles and 
quadruples, it is possible in a similar way to produce a variation 
of the field round the stub surface of just such a form as to 
simulate the variation of the incident field when the stub radius 
is not so small as to give negligible phase change across it. In 
this way an exact solution can be built up, although the process 
becomes very complicated for the higher-order solutions. 

When the stub does not cross the waveguide completely, the 
constancy of the field pattern across the guide is spoilt and it is 
no longer possible to take the current as constant. In fact, it 
must be zero at the open end, increasing approximately sinu- 
soidally along the post, with a period given by the free-space 
wavelength. This last result follows from an application of 
transmission-line theory, which may be considered approximately 
valid, at least for very small post radii. The non-constant 
current gives rise to a complete set of modes, so that this problem 
involves a doubly infinite series of terms whose manipulation 
constitutes an appreciable part of the solution. There seems no 
question here of being able to go to higher-order solutions, so the 
stub radius must be presumed to be quite small. However, in 
this case the question of variation of field over the stub surface 
cannot be overlooked. Since the field pattern consists of a 
complete set of modes, an order of mode will exist for which 
the variation period across the waveguide is comparable to the 
post radius. From this point onward the higher-order mode 
terms cannot be significant, since they take into account an 
order of variation which has already been ignored elsewhere in 
the problem. Provided that the solution is sufficiently rapidly 
convergent, the modes beyond this point will contribute negligibly 
and their retention is irrelevant. But if for any reason the solu- 
tion is not converging rapidly here, the higher modes must be 
discarded, although there may be no unique method of doing 
this. The justification for this procedure lies in the effects which 
must be presumed to arise from the hitherto ignored variation of 
field round the stub, and which would have to be investigated in 
detail if a more exact solution were required. This question of 
convergence is considered in more detail later. 

In the case of the tuned stub the equivalent circuit will still 
represent a reactance across the waveguide. Hence the current 
along the stub will be co-phased, and although its exact form 
may not be known, a variational solution using a sinusoidal 
variation should be adequate. However, when the stub is to be 
terminated in a cable whose impedance may contain a resistive 
element, there will be a power flow along the stub and energy 
will be taken from the waveguide. A simple sinusoidal current 
distribution, which is essentially reactive, is now no longer 
adequate: a quadrature component is necessary, and the form 
for this can be found only through the use of the integral equation 
of aerial theory, as modified for a waveguide environment. It is 
apparent that the difficulties inherent in several different problems 
are here mounting up together, and this is, no doubt, one of the 
main reasons why the probe problems have proved so intractable. 
We shall now show, in the particular case of a probe across the 
waveguide, how an explicit solution of the aerial equation may 
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be found, and with its help the equivalent circuit and impedance A 
| 


parameters will be deduced. 


(3) THE TERMINATED PROBE 


i" 
5 
i 


: : 5 \ 
Fig. 2 shows a probe spanning the waveguide, with an impe- 
i 


dance Z, at one end; this represents the input impedance of the 


cable, but is considered here as a small region of the probe fe 
having the property of causing a voltage drop Z,J when a on | 


I flows at the end of the probe. 


Using Dirac’s 5-function, the | 


corresponding electric field at the surface is therefore E = Z 15(x), | 


since this integrates to give a voltage Z,J. Accordingly, an} 


incident field Ej, = ¢~*’? sin (77y/a) in the waveguide will cause» 
currents to flow in the stub such that the field at the stub surface - 


is Z,I8(x), this being zero everywhere except at x = 0, where it : 


gives the correct voltage drop at Z;. As before, when the stub 


radius is small enough, we can consider a fictitious filamentary ip 
current, J, in the stub of such a form and amplitude as to give f 


rise to the necessary field. 


i 


Now the electric field produced by a current filament located )) 


at y = dis! 


E,=D DY (—j240a/kT,,,ab) 
1 m=0 


nu 


Em Sin (n7ry/a) sin (n7d/a) exp (— Vyan|z|) 


b 5 
 (K2 — mPx{b?) cos (mnx]b) | 1(€) cos (mm€|bydé . (1) 
0 


where k=2nfr, kh’ =2a]A, 


Dan = (nr? [b? + na? fa* — k?)'2 and Wo, = jk’ 


If we put z = 0 and take y = d + 1, this gives the field at the | 
If to this be added the incident field, 7 


post due to the current. 
the resultant is to equal Z,/6(x). This determines the following 
integral equation for the, as yet, unknown current: 


2 © 7 j240m 
sin (7rd/a) + 2s Pye 
En(k? — ae ee eS att ES zy ne Ee | 
: mr& | 
x | 1@ cos (7 dx = 17/50) (2) 


Since r is assumed to be small it is convenient later to ignore it, | 


except in terms where its omission could cause divergence. 
We note from eqn. (1) that the reflected wave (m = 0, n = 1) 
is given by 


= J120aie sin 


R 
ab 


(adja) ¢? 
ie | Mae 


In order to obtain a variational expression for the impedance of 


the stub as presented to the waveguide, multiply eqn. (1) by I(x) 
b 


and integrate, and then divide through by J? where J = I I(x)dx. | 
0 } 


This gives 
sin (zd/a) OAUTH 
sin (mdfa) (lee | 


| 


3) 


| 
| 


DMAP 2080 T5 
E(k m1*|b*) bere (ee) ae nr(d +r) 
daeee a a 
> POZ, 
ae J2 . . . 


x i (€) cos (mn 


_If we separate from the summation the term with m = 0, n = 1 
‘(using a prime on the summation symbol to indicate the future 
omission of this term) and utilize eqn. (3) to eliminate J from 
| the initial term in egn. (4), the first terms become simply 


isin(ad/a) 120ak Sep eOTK 5 1 
J Kab Fa penal 


sin? (zd/a) = 


(5) 


Now if the post acts as an impedance Z across a waveguide of 
wave impedance Zp, then ZZ/(Z + Zp) =(1 + R)/C — R), 
giving Z/Z) = — (1 + R)/2R—the form appearing in eqn. (5). 
‘Hence we can return to eqn. (4) and separate out the post 
‘impedance, thus ee 


| © 2. ip =. 9) 
< sin (Gs Be) wis 2 zy i cos cmd | } 


(6) 
‘In this equation it has been convenient to define the waveguide 
wave impedance Zp by the relation 


Zo = W0r(bjaa,J) . .. . . | 


which is consistent with the power-flow equation P = V7/Zp, 
where V is the r.m.s. voltage across the waveguide centre. 

It is readily verified! that eqn. (6) is in variational form, i.e. if 
| the current departs from that implied by egn. (2) by a first-order 
guantity, the impedance defined by egn. (6) will differ from the 
correct impedance by a second-order quantity. 

Before proceeding it is desirable to examine in closer detail 
‘the form of eqn. (2). Let us define a quantity X,,(m > 0) by 


| the equation 
es aiall - I) in ("4) oi af 2 fi 4] 4X, |B? 
(8) 


kab | Ae 
| X,, is closely related to the impedance of a short-circuited post 
|as seen by the waveguide working in the mth mode (which is 
assumed to be evanescent). 

Although the summation in eqn. (8) cannot be performed 
exactly, Poisson’s formula! can be used to express it as a series 
1of modified Bessel functions Ky. The arguments of these 
/ functions, which decay approximately exponentially, are all 
i large, except the first, and it is easily verified numerically that 
) only the first term need be retained to obtain an excellent agree- 
;ment. The only exception to this statement is when the spacing 
i d of the post from the wall is so small as to be comparable with r, 
in which case a further term may be retained. The approximate 
summation is used in the form 


© cos (nmrfa) — cos (2n7d/a) 


os Pe 


i|n=1 


= (al7)[ Kor.) — Ko(2a1,,)] 
(9) 
Eqn. (8) can now be replaced by 


(10) 


1 where I, = (m??/b? — k?)!/2, 

Xm = GBOBJAT2[KoVT,,.) — Ko(2a1,)] - 
This method fails when m = 0 because I’, is imaginary, leading 
series of Hankel functions which do not decay rapidly. 


ina 
From ai (2) in this case the relevant terms (omitting the 
» == 1, m = 0 term, which is treated separately) are 


dir) 
en 2 sin (“> “) sin n | ee = 


ieee frat os (n22/a2 — k?) 112 


(11) 
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Now the equation for the reactance, Xo, of a short-circuited post 
in a waveguide gives! 


XolZp = (14) cosec? (mda) ¥, SOT On aD 


and on comparison with eqn. (11) we get simply —jXo sin2(ard/a)/b 
for the m=O terms. [Eqn. (7) has been used for Z) and 
approximations involving small r have been made.] 

Egn. (2) can now be written 


b = 
sin (ndfa) + B| Wade + b-23° 4jX., cos (nx]b) 
0 1 


b 
| 1(2)cos (mné|b)dé = 1Z,8x) . (13) 
0 


where B = — sin* (md/a)(4Z) + jXo)/b? 
In order to solve this equation, put 


I(x) = Ay +2 > A,, cos (n7rx/b) 
1 


Since the cosines are orthogonal over the range 0 < x <b, 
eqn. (13) becomes 


sin (zrd/a) + bBAy + DIX bm cos (mmx/b) = IZ,8(x) . (14) 
1 


Integrate with respect to x from 0 to b, giving 
(15) 


Multiply eqn. (14) by cos (n7x/b) and integrate from 0 to 5, 
giving 


b[bBAy + sin (rdJa)] = 10)Z, . 


2jXpAn = I(O)Z, (16) 
From egn. (16), A, = WOZ,iX, (17) 
Since [(0) = Ap + 2 > A,, we get 
1 
_ I@)Z, _ sin (7d/a) ae 
10) = 5 bp LOZ DUX, - (18) 
This may be solved for J(0): 
1(0) = (6/B) sin wae (19) 
(Z,/B) — b* + Z,b* >) UX, 
1 
Accordingly, the expression for I(x) is 
b sin (ada) 1 — cos cee) 
ee ae SS |g CD 
I(x) BD 1-2, x 7X, (20) 
where D = (Z,/B) — b* + Z, D 1/iX, 
1 
The quantity J appearing in eqn. (6) is | I(x)dx, whence 
0 
b? sin (ndfa)( 1 aa, St 1iX,) 
1 
= : 21 
Si BD (21) 
co —2 
and [b10)/JP = (1 LS gah liXn) (22) 
1 
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Similarly, 
b 2 
| [ 16) cos (nmsx[b)ax | 
0 (oa) 2 
= Anl I? = (Z,12iX)*] (1 = ZB Mi%n) 
and on substituting in eqn. (6) we get finally 
Z = jXy + cosec? (nda) / (1 2, - 31 1X) . (23) 


This formula leads to the equivalent circuit shown in Fig. 3, in 
which the waveguide is presented with a reactance jXo feeding 
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Fig. 3.—Equivalent circuit of waveguide and post shown in Fig. 2. 


s a 2 md 2a . nd ] a 2 
Xo Zoxs_{ cosee 5 log rr sin z +s 


where s is a small correction term. 


WAVEGUIDE TERMINALS 
WAVEGUIDE TERMINALS 


into a transformer of turns ratio n = cosec(zd/a) and with 
impedances Z, (representing the cable input) and all the —/X,, 
in parallel at the secondary. An alternative form is shown in 
Fig. 4, in which the post reactance jXq is divided into a constant 
part and a part varying as cosec? (zd/a), the latter being repre- 
sented at the secondary of the transformer. This second part is 
recognizable as simply the inductance of a post of radius r in a 
casing of mean radius approximately 2a/7, a value which 
physically seems quite reasonable. No such simple explanation 
has been found for the constant part, which represents a nega- 
tive inductance, and whose interpretation arises primarily from 
attempting to represent the simple short-circuited post itself. 
The reactances —jX,, are seen, from eqn. (10), to vary in the 
long-wavelength region inversely as w. They are therefore 
approximately capacitive, and a capacitance, C, may be defined 


by wC = >) 1/X,,. It will vary somewhat with frequency. An 
1 


interpretation of this capacitance is given in Section 6. 


(4) A DIVERGENT SERIES 


The series for C and that in eqn (20) for the current both 
contain the reciprocal of X,,,, and it is now necessary to see how 
this quantity varies with m. 


From eqn. (10) we have 


2 
An= seus — 4b?]A?) [Ko(rT,,) — K,(2a7,,)] 
where LT, = (ma? |b? — k*)'2 ~ mb 


For m small to moderate we can use the approximation 
K(x) ~ — (y + log 4x) (where y is Eulers’s constant, ~0:577 2) { 
in the term involving r. If 2d is comparable to r, the same \) 
approximation can also be made in the second term. In this f 


case 
pe 307?m? a. e 
pied eee i 


and the series for 1/X,, starts converging as 1/m*. However, 
when m is large enough, rI’,,, ~ m7r/b will no longer be small. 

The function Ko(x) behaves like e~*x~? for large values of Xs 
so that it is obvious that the series diverges as €”™/$/m3/?,_ The | 


F (x) 


Fig. 5.—Curves illustrating convergence and divergence. 


F(x) = 


ae 
x2K o(x) 
pe eae 

x2K0(x) 
the value x ~ 4m and then increases. If we consider the | 
equation mmr/b = 47 as determining a value of m beyond | 
which the series is unusable, it is seen to correspond to the case | 
in which the mode considered is so high that a complete period | 
could be encompassed in the wire diameter. Now the approxima- 
tions implied at the beginning of Section 3, using a filamentary © 
current to simulate the effect of the currents in the post, cannot * 
be considered valid when the variation interval is comparable 
with the post radius, since other effects of this order have already | 
been ignored. Hence, although eqn. (20) may be considered to | 
hold with the correct values of YX,,, these values cannot be / 
obtained from eqn. (10) when m is about 5/2r or greater. t 
Probably the dominant effect invalidating eqn. (10) as it stands — 
arises from propagation in the waveguide from the front edge to 
the side of the wire, an axial distance equal to the wire radius. 
The dominant incident wave first impinges on the front edge of 
the post and sets up currents there. As it propagates past the 
post it envelops it completely, and the overall effect is approxi- 
mately positioned at the post centre. One would therefore 
expect from this source an error of the order of e~* : 1, which 
is negligible for small values of r. This is no longer so, however, 


pr an incident higher-order evanescent mode; in fact, if the 
mode number is high enough, the wave never reaches the back 

f the wire at all, only the front participating as a reflecting 
urface. Hence, an analysis based on a current positioned at 
se centre will lead to a result too small, by an amount given 
proximately by the attenuation of the wave from the front to 
ae centre position of the post, namely ef" ~ emrlb. Since the 
' have been interpreted in terms of the impedance of the post 
» the mth mode, an additional factor e”"/> is called for with 
ne present analysis. This is the dominant correction: a change 
ff effective post radius is probably also required, but an accurate 
walysis would be needed to give this effect. It is seen that the 
actor €~”"™"/> restores the convergence in eqns. (10) and (20), the 
anction é~*/x*Ko(x) corresponding to it being shown dotted in 
ig. 5. It is probable that, with this alteration, eqns. (10) and 
20) can be used as accurate approximations, and the remainder 
ff the paper will assume this modification. 

When the above considerations are applied it is seen that the 
"ries converges ultimately as Xm~3/*. It is possible that a more 
,gorous analysis would lead to a further factor m!/? leading to a 
»garithmic divergence. Such a situation could be avoided by 
jistributing the load impedance Z, over a small distance, 6, 
wading to an additional factor sin (n7r6/b)/(n76/b). This would 
sostore the convergence and give rise to a term in log 6, which 
would be interpreted in terms of a capacitance across the load. 
«uch a form would indeed be expected from aerial theory, being 
fe so-called ‘gap capacitance’ which short-circuits the aerial 
yput impedance if not correctly taken into account. In the 
resent analysis the load Z, is ultimately replaced by a physical 
coaxial cable and the question of a gap capacitance does not 
rise. Its place is taken by a ‘junction capacitance’, of an 
sssentially similar nature, which is considered in a little more 
jetail in Section 6. 


(5) THE CURRENT IN THE POST 


According to eqn. (20) and the remarks of the previous 
section the current in the post is taken proportional to 


© 1 — cos (n7x/b) 


Ji =i = é eanmr|b 
A Xn 


(24) 


Jsing the approximation to X,, which is valid when r and d are 
oth very small, we get 


| acme 2 Od = 2 
his series may be summed, using the general result 
) [ae A ee cos (eT) |, (0 <0 <2n) 
ia — 2 2a sin 7a 
eading to ee 
ei ane. 


From transmission line theory this current would be associ- 
ted with a voltage jZjdI/d(kx) where Z) = 60 log (2d/r), 1.¢. 

sin (kb — x) 
tsinkb ’ 
--=Q and V=0O at x =b. Thus the assumption of r and d 
‘ery small leads to the quasi-static aerial solution, with appro- 
‘rate boundary conditions, based on a modification of simple 
iné theory. Eqn. (24) can now be written, in the general case 


Y = — 


giving, as required, V= — ZI at 


IZ, 


cos (kb — x) — cos kb a 6F .»(27) 
60 log (2d/r) 


sin kb 


T=1+ 
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where 
iZ,kb & 1 — cos (n7x/b) 
67 =" 
ee ey a 457/02 
L ennnr|b 1 
K,(Dy7).Ko(U' 2d), log Cain) |e 


This last expression gives the correction to the quasi-static 
formula for the current in the post. 


(6) THE POST CAPACITANCE 
The capacitance C is defined by 


2 hl 
OC 6. Px. 

1 

1 eammnr|b 
n? — 4b*/\? Ko(mmr[b) — Ko(2mmd]b) 
where the amplitude correction factor has been included and the 
approximation [’,, ~ mmr/b has been made. 
When r and d are small enough this sums approximately to 


(1/kb — cot kb)/[60 log (2d/r)]. Denoting this value by wCp we 
get 


Kb 2 
~ 3072 2 2) 


C=C 6c. (30) 
where 
kb 1 
Oa LP aby? 
| ecmmnr|b 1 A 
Ko(mmr|b) — Ko(2mmd/b) log (2d/r) CB 


OC measures the departure of C from its quasi-static value Cp. 
In order to interpret this capacitance we return to the equivalent 
circuit, in which the impedance Z, is now replaced by its coaxial- 
cable equivalent. The circuit may, of course, be used any way 
round, and it is convenient to consider the junction as presented 
to the cable. The two waveguide terminals are now to be short- 
circuited at distances 41 from the post, so as to produce the 
circuit shown in Fig. 6: a coaxial cable of wave impedance Z, 


EQUIVALENT CIRCUITS 


Fig. 6.—Short-circuited waveguide section fed by probe. 


feeds into a short-circuited length of coaxial cable of rectangular 

cross-section, of sides a and L and length 6. The probe is taken 

to be central, so that no transformer effect occurs from offsetting. 
The total waveguide termination is 


ie ey : b x, aL 

4jZo tan (4k jt) =) 1207- +a tan (x) 
If we seek a quasi-static interpretation, the waveguide should be 
worked in the neighbourhood of cut-off, so that dg is very large, 
and the termination becomes /1207(zbL/Aa) approximately. This 
is in series with Xo ~ jZo(a/2A,) [log a/mr) — 2] = j1207(b/A) 
[log (2a/7r) — 2], so that the total inductive reactance across 


lj 
ie 
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the capacitance is j60kb [log (2a/mr) — 2 + mL/a]. The inter- 
pretation of the last two terms in this expression is bedevilled 
by the same difficulty that arises with the term —2 itself, a 
quantity giving a negative inductive component in the equivalent 
circuit of the simple short-circuited post. 

The terms under consideration cancel at L = 2a/7. For 
smaller values than this the effect of the short-circuits on the 
higher-order modes cannot be negligible and the formula will not 
apply. For larger values of ZL the formula seems to indicate an 
excess inductance, associated, perhaps, with the storage of energy 
in the waveguide extensions, which has no counterpart in a 
simple coaxial-line formula. If this interpretation is correct the 
—2 term has no other significance than that it sets an origin 
from which this excess inductance has to be computed, and below 
which the inductance contributes to the coaxial line—in other 
words it constitutes a demarcation between the coaxial line and 
waveguide aspects of the junction. In order to simulate a 
section of pure coaxial line we must on this basis take L = 2a/z, 
giving the post a resultant inductive reactance of jkb60 log (2a/7r), 
or jZ’kb, where Z’ is the wave impedance of the post. Now the 
expression for wC can be written [1/kb — cot (kb)]/Z’, where 
Z’ = 60 log (2d/r) when the post is near the side of the wave- 
guide but can be presumed to be given by the more general 


2 
expression 60 log E sin crate) | taken from the formula for 
TT 


the inductive post, when d is not small. 
60 log (2a/zr) when the post is central. 

The effect of 1/wCp and the post inductance in parallel is at 
once seen to be an impedance jZ’ tan kb, which is just the 
form expected for a section of short-circuited coaxial line. 
Accordingly, C is to be interpreted in terms of the capacitance 
between the post and the walls of the waveguide. 

When the post-terminating impedance Z; is replaced by a 
physical coaxial line, some disturbance of the field must be 
expected, owing to the annular gap at the junction. An analysis 
of a stepped junction in a coaxial line shows that a junction 
capacitance, Cj, appears at the discontinuity.2 This has not 
been allowed for in the formulae so far, so that a further 
capacitance across the post must be added. The complete equiva- 
lent circuit for this case is shown in Fig. 7. A formula for the 
junction capacitance is given in Reference 2. 


This gives the value 
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Fig. 7.—Equivalent circuit of cable-fed probe in waveguide. 


(7) THE TOP-LOADED PROBE 


The nature of the solution investigated so far depends on the 
extension of the probe fully across the guide, but is applicable 
with any (finite) number of lumped impedances inserted in the 
probe. In particular, if the probe is terminated at its far end 
in other than a short-circuit the solution can be found. This 
generalization covers a number of configurations met in practice, 
including the case in which the termination constitutes a tuning 
plunger for matching the probe. 

A dominant mode is incident in the waveguide and impinges 
on a probe which spans it at a distance d < 4a from the wall. 
The probe is terminated at its ends x = 0 and x = b by impe- 
dances Z, and Z,. The total electric field tangential to the 
surface of the probe must be zero except at the ends, where field 


strengths exist to give the necessary voltage drops across Ze 
and Z>,. The field can be represented by IZ, (x) + 1Z,5(b — xP 
since this expression is zero everywhere except at x = 0 an 
x = b, where it integrates to I(0)Z, and I(6)Z, as required. } 

The condition that the combination of incident field and th It 
field set up by currents in the probe shall equal the prescribe © 
form gives rise to an integral equation for the current. Apat) 
from a term in Z>, this is the same as eqn. (13) for the short): 
circuited probe, and quoting from there we get 


b oo \ 
sin (nda) + B | 1(@)dé + 6-? Y 4/X COs (mrx]b) | 
0 


ee 
rie naa 


b 
[ 1© cos (mat |b)dé = [Z,3(x) + 2,86 — UC) . G2 
0 


— 


= 


where the constant B is given by —sin? (md]a\(3Zo + iXo)|[6? 
The term X,,(m > 1) is given by the expression 4 
Xm ~ BO0b/K)T?,[KoCT,,.) — Ko(2aV,,) Je” (33) 
where the final exponential factor arises from consideration | 
explained in Section 3: for convenience it has here been absorbet') 
into the expression for X,,,. 
The radiation into the waveguide can be computed from thy 
current in the probe, and from this the reflection and transmissio1 
coefficients are deduced. The impedance of the probe, as pre 
sented to the waveguide, follows, and can be put in variationa 
form as in eqn. (6). This equation, modified to include thc 
effect of Z, and rearranged in terms of X,,, can be written 
Z =jXpy + cosec* (7d/a) 
2 2, 2 b 2 
[O21 A PO% _ 4j5 x5 | | 1 cos omnélorael| 
(J/ b)* 1 0 
(34) 


b 
where J = ia (€)dé 


In order to complete the solution it is necessary to solve eqn. (32 ) 
for the current, substitute in eqn. (34) for the impedance anc: 
deduce an equivalent circuit for the latter. 


(8) THE PROBE CURRENT 


The solution of eqn. (32) for I(x) can be found by assuming elt 
Fourier series for the current 


I(x) = Ay + 25, A, cos (n77x/b) (35) 

1 b 
Since the cosines are orthogonal over 0< x < b, eqn. (32) cal 
be written 


(ee) 
sin (7d/a) + bBAy + 46-2 $) jX,,bA,, cos (mzx]b) 
1 


= [Z,8(x) + Z,5(6 — x) ]I(x) (36). 
Integration with respect to x from 0 to b gives 
b[bBA, + sin (zd/a)] = 10)Z, + I(b)Z, . (37) 


This equation determines Ap. 


Mulaphdas eqn. (36) by cos (n7x/b) and integrating from 0 
to b, 


7 


2jX,An = 10)Z, + cos (nm)I(b)Z> : 8) 


Since IQ) = 49 +25 4, 
7 


ind I(b) = Ay + 2 A, Cos (nz) 
1 


ve get, on substituting from eqn. (38), the following pair of 
quations for J(0) and J(6): 


I(0) = Ay + 10)Z, ¥ + I(b)Z,Y’ . (39) 

IO) 45 + 10)Z, KAD ZyY ©. (40) 

ihere ie 2 1jX, and Y’ = x cos (n7)[jX, . (41) 
1 


- is not necessary to use eqn. (37) to eliminate Ay unless the 
ibsolute value of the current is of interest; but since eqn. (34) 
or the probe impedance is presented in terms of current ratios 
mly, eqns. (39) and (40) in their present form suffice. They are 
olved for 1(0) and 1(6), and eqn. (38) then gives A, in terms of 
lg, Whence the form for I(x) is deduced from eqn. (35): , 


L {1 i 5 Z,[1 —Z(¥ — Y’)] + cos(nm)Z,[1 —Z(¥ — Y)] 
1 jX,D 
xX cos (rnxfo)} (42) 
Jhere D7 VIZ Yee (43) 


(9) THE PROBE IMPEDANCE 
From eqns. (42) and (34), 


b 
cee | woae 


b 
I I(€) cos (mmE/b)dE]J is 
0 


6 just bAy. Similarly the quantity 
qual to 
Z, (1 — ZY — Y’%] + cos (nm)Z,[1 —Z(Y — Y)] 


peep 
On substituting into (34) we get, after some reduction, 


AA OPE ADE Ae 
YAU) OEE Aa VAS Oe 


% = jX + cosec? (zd/a) (44) 


= jX) + cosec? (7rd/a)Z say 


Chis represents an inductance given by /Xp in series with an 
mpedance Z seen through a transformer of turns ratio 
sosec (md/a). As before the reactance Xq may be split into two 
components, one of which can be placed at the secondary of the 
ransformer in series with Z, and the special points which arise 
when this is done have already been dealt with. It remains to 


nterpret Z. 


(10) AN EQUIVALENT CIRCUIT 
The expression for Z, on dividing through by Z,Z,, can be 
ut in the form 
7 WAZ + Y’— Y)4+d/2Z,+ Y’— Y) 
WAS YU Zia y= ¥2 
! we make the substitution Y;,. = 1/Z;,. + Y’ — Y we get 


ee 
Yan Ye i) 


(45) 


(46) 
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Dividing through by (Y, + Y,) and inverting both sides gives 


1 1 
2 UV Ys 


Thus Z consists of impedances represented by Y, and Y, in 
series, the whole shunted by — Y’. Y, and Y, themselves consist 
of the impedances Z, and Z, each shunted by (Y’ — Y). The 
equivalent circuit of Z itself is therefore as shown in Fig. 8, where 
all components are represented as impedances. 


Vo oe ak Pee ee 47) 


Fig. 8.—Equivalent circuit for Z. 


The quasi-static values of the parameters Y and Y’ are easily 
found by taking the limiting value of zero for r and d in eqn. (32). 
Then 


le 2 
AG 254" == 62/7?) 


where Z’ = 60 log (2d/r) and 6 = kb, the electrical length of the 
probe. This gives 


iS 20 Cos tim ACG 6) 
J f 2Z’ m= — @)n2 ~—jZ'\0 Ore 


Hence the impedance represented by (Y’ — Y),, is given by 
jZ’ 


|G — cosec 6) ~ G — cot a| 


equal to the impedance of an open-circuited probe of half the 
full length, and therefore capacitive (for short probes). 
Similarly, the impedance represented by — Y;, is 


~i2'|(G — cosec ) 


For small values of 6 this approximates to j/Z’(6/@) and hence 
behaves as a negative capacitance for short probe lengths. It is, 
of course, always associated with Y’ — Y, which is a positive 
capacitance in this region. 

As already discussed, the quasi-static values are those to be 
expected from transmission-line theory, using a suitable value 
for the wave impedance Z’. The expression 60 log (2d/r) is 
obviously correct for a small-diameter probe close to the wall of 
the waveguide. Nearer the centre the form 


eee, 1 Al 
eae x m2Z’ m* — 6/7? TaN ee 0) 
(48) 


and? Jou= 


= — jZ’ cot (46) 


Z' = 60 log (= sin ee) 


which comes from the formula for the inductive post, is appro- 
priate. If we multiply the parameters Y’— Y and Y’ by jZ’ 
and subtract the quasi-static values, we obtain two correction 
terms e and e’ as follows. 
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e=jZ'[(Y’ = Y) -—(Y'— Dal 


2a . md 
e—mmr/b log (= sin a) 
20 2 1 — cosmm Tr a 


m2 m2 — 0/2? | Ko(mar]b) — Ko(2mmd]b) = 


(49) 
é =jZ'[— ¥'+ Yoel 
e—mml? log € sin = 
ee COS 170 Yr Dehn 
mm — 0/7 | Ko(mmr/b) — Ko(2mrd]b) 
(50) 


These quantities express the departure of the circuit parameters 
from their quasi-static transmission line values. They are plotted 
in Fig. 9 for a central probe in a waveguide of width 2-5 times 


ADMITTANCE PARAMETERS 


nee et 


Fig. 9.—Variation of admittance parameters and correction terms 
with 25/A. 


its height for r/ = 0-05 and 0-1. The abscissa is 2b/A, which 
is proportional to frequency. Also plotted is y = jZ’(Y’ — Y)qz 
=—tan40 and y’ =jZ'(— Y)q5 = — 1/0 + cosecO. It is 
seen that in this example the correction terms are comparable 
with the quasi-static values—a strong indication of the inadequacy 
of making the usual approximations of aerial theory in dealing 
with probes in waveguides. The correction terms are insensitive 
to values of r/b in the range considered, so that the main effect 
of r on the circuit parameters is through the probe wave impe- 
dance Z’. 

The complete representation of the terminated probe can now 
be given. As before we consider the terminations as being due 
to the loading of the probe ends by coaxial cable with arbitrary 
loading impedances. The replacement of lumped loads by cable 
introduces a junction capacitance C;, and the probe inductance 
is broken down into two parts, one on each side of the trans- 
former. In the present instance it is convenient to maintain 
symmetry by dividing the probe inductance appearing at the 
secondary into two halves, one at each terminal. The equivalent 
circuit is given in Fig. 10, the post capacitances being as shown in 
Fig. 8. When one end of the probe is short-circuited the circuit 
reduces to that given in Fig.3, to which reference should be made 
for the details of the post inductance. 

Using the basic circuit shown in Fig. 10, it is now possible to 
analyse combinations of waveguides coupled by probes. If the 
waveguide walls are contiguous, the length of connecting cable 
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Fig. 10.—Waveguide-fed doubly-terminated probe and equivalent » 
circuit. 


is effectively that of the wall thickness and presumably may lt) 
lumped with the junction capacitances. However, the usu 
formula for the junction capacitance may here be inaceurat} 
because of the close proximity of the next junction. This coi) 
dition is very similar to that arising from taking the junctic} 
capcitance as being equal to half that of a diaphragm of the san: 
dimensions; an estimate of the error arising in this instance 
given by MacFarlane.? 


(11) CONCLUSIONS 


The method of analysis seems a fruitful one and is probabi 
capable of extension to a number of other useful and interestin| 
configurations. Difficulties of convergence require closer attet) 
tion, especially in relation to the impedance of stubs to high-ord¢) 
modes, for which the approximations used in more familiar case 
may not be valid. Difficulties also arise in the interpretation ¢ 
equivalent circuits, but here the crux of the matter seems to t 
contained in the simpler special case of the inductive post, an 
further work on this aspect would be worth while. 
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SUMMARY 


| Based on theory developed in earlier papers, equivalent circuits are 
stablished for a stator-fed 3-phase shunt commutator motor available 
or tests. Details are given of methods used in the measurement of 
iquivalent-circuit parameters. The measurement and separation of 
notor no-load losses are discussed. Test results obtained in no-load 
‘ad load tests are shown to give fairly good agreement with calculated 
behaviour. 


LIST OF PRINCIPAL SYMBOLS 


a = Electrical angle by which the regulator shaft is 
rotated from its neutral position, electrical 
degrees. 

6 = Brush shift angle, against the direction of rota- 
tion, electrical degrees. 

y = Angle by which the auxiliary winding e.m.f. 
lags the stator e.m.f. (neglecting transformer 
effect). 

= Pairs of parallel paths in the armature. 

i,, i,, iz = Currents in the motor primary, machine secon- 
dary, and regulator primary circuits, respec- 
tively. 

k = Effective turns ratio (secondary/primary) of the 
component single regulators of the double 
regulator. 

Km Kx = Effective turns ratios, motor-secondary/motor- 
primary and motor-auxiliary/motor-primary, 
respectively. 

P,, P, = Wattmeter readings in the two-wattmeter method 
of measuring power. 

R, = Carbon brush contact resistance for each brush 
set on the motor, also effective per phase value 
for the test-motor brush contact resistance. 

Rom Ri; = Loss component of the mutual and _ self- 
impedances of the primary winding, respec- 

| tively. 

Ro, R,1, Ry3 = Resistances of the motor primary, secondary and 

auxiliary windings, respectively. 

SI— lip: 

X51) X-1) X33 = Leakage reactances of the motor primary, secon- 
dary and auxiliary windings, respectively. 

X sm: X11 = Reactive components of the mutual and self- 
impedances, respectively. 

Zom,s Zi, = Mutual and self-impedances, respectively, of the 
motor primary winding. 

Z1; = Leakage impedance of the motor primary 
winding. 

Z,, Z, = Mutual and self-impedances, respectively, of the 
component single regulator primary windings. 

Z,,Z, = Leakage impedances of the component single 
regulator secondary and primary windings, 
respectively. 


All resistances, reactances and impedances are effective per- 
iphase values unless otherwise stated. 


‘orrespondence on Monographs is invited for consideration with a view to 
‘pw lication. ; ; > 
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(1) INTRODUCTION 


Polyphase shunt commutator machines were developed to 
meet the need of alternating-current drives with induction motor 
characteristics but with provision for speed regulation and power- 
factor control. The basic principle of speed regulation and 
power-factor improvement of an induction machine lies in the 
injection of a suitable electromotive force into its secondary 
circuit at slip frequency. In the stator-fed machine, the main 
winding is on the stator, while the rotor carries a commutator 
winding. The e.m.f. injected in the rotor circuit is usually 
obtained at supply frequency from the combination of a double 
induction regulator and an auxiliary winding on the motor stator, 
and is converted into slip frequency by the commutator and 
fixed brushes. 

The theory of the double induction regulator and of the stator- 
fed motor with regulator have been discussed in References 6 
and 7, respectively. The present paper deals with some tests 
carried out in experimental verification of the theory proposed 
in Reference 7. 


(2) THE TEST MACHINE 


The machine whose behaviour was tested has a simple 
(unbiased) double regulator for speed regulation and an auxiliary 
stator winding displaced 120° electrically from the main winding 
for power-factor improvement. A patented commutating 
winding in the rotor slots is in parallel with the main rotor wind- 
ing to ease commutation troubles. The brushes are diametrical 
and two terminals per phase are brought out on the terminal 
board. The regulator is the same as that used in tests described 
in Reference 6. The manufacturer’s rating for the machine is 
as follows: 


Motor: 5:5/0:55h.p.; 2200/220r.p.m.; 400 volts 50c/s 3-phase 
4-pole. 
Regulator: 2-pole 3-phase. 


Input, 400 volts 9amp; output, 
4-13kVA 30-6 volts, 45 amp. 


The test machine connections are shown in Fig. 1. 


(3) THE IMPEDANCE TENSOR AND THE EQUIVALENT 
CIRCUITS OF THE TEST MACHINE 


Using Reference 7, the final impedance tensor for the test 


machine can be shown to be az 
pNv 1 r 2 
1 | ZomK me 2 —kel9 | 
Zo F Zone Se eae | jhe —kZ, cos 
2 —kZ, COs & Z| tp 
(1) 


WhO Aig = Ike Se Ibi, ae Boge 

and Z,, = Ry + 8X1 + Rez + i%s3 
Ae {k2s + k2 = Kk a[seirFO + eHr+)\Z,,, 
4-22, 4° 2h*(Z,|Z,)z, + 2k*(Z2/Z,) cos” e’ . (2) 


aia) 
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Fig. 1.—General connections of test machine. 


rf jx 
Re meoxst ; j(sxr1* x53) 2k2sin2 « (22) z. Rs = 
A LRP yO = : 
‘6G Rri*Rs3 2Zp "i 2 
Vv Zom 
VOLTAGE 1 : ky VOLTAGE k3 eA 
CURRENT ko: 1 CURRENT 1 + kg 


Fig. 2.— Orthodox equivalent circuit for test machine. 
ky = Kkmsetd0 — kze-IY; kz = kme-J0 — kzetd¥3 k3 = 2k cos a. 
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VOLTAGE 1 : ky VOLTAGE K3: 1 
CURRENT ko: 1 CURRENT 1 : 3 


Fig. 3.—Exact practical equivalent circuit of test machine. 


ky = (knsets® — keE-)ZomlZi13 ky = (kme 29 — kre IY) Ze |Z 11; 
kj = 2k(Zol/Zs) cos «; Zh = Zr — KiK5Zy1 — k52Z,/2. 


The orthodox and the exact practical equivalent circuits repre- 
senting eqn. (1) are shown in Figs. 2 and 3, respectively. Iron 
losses in the machine have been included by considering the 
mutual-impedance terms Z,,, and Z, to include resistive 
components. 


(4) MEASUREMENT OF PARAMETERS 


In addition to the regulator parameters, the measurement of 
which has been discussed in detail in Reference 6, the following 
motor parameters must be known to enable theoretical calcula- 
tion of machine performance: 


(a) Effective turns ratios, k,, and ky. 

(6) Brush shift angle 6 and auxiliary winding displacement angle y- 
(c) Resistances R51, Ryi, and R53. 

(d) Leakage reactances x51, X-1, and X53. 

(e) Reactive component of mutual impedance, Xo. 

(f) Loss component of mutual impedance, Rom. 


(4.1) Effective Turns Ratios and the Displacement Angle 


When design details of the motor windings and the configura- 
tion of the fixed brushes are available, the values of ke one. 
and y can be easily and accurately determined. In absence of 
these details the normal open-circuit test is used. Comparison 
of the magnitudes and the phase displacements of the secondary 
and auxiliary induced voltages with those of the primary supply 
voltage determines these four constants. 
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(4.2) The Resistance Measurements 


The measurement of primary and auxiliary winding resistance tL 
is straightforward, but that of the secondary resistance is com) 
plicated by the presence of carbon brushes. The carbon brusl!: 
contact resistance forms a major part of the total secondarn 
resistance, and its non-linearity makes it necessary for thi 
resistance to be measured at different current densities. More) 
over, the measured resistances must be converted to effective | 
phase values. 
(4.2.1) Separation of Winding and Contact Resistances. 

In a 2-pole 3-phase armature with a commutator winding, a: 
shown in Fig. 4, if a direct voltage is applied to any pair ( 1-2) oO! 
diametric brushes, such that the current entering and vai 
the brushes is J, then a current J/2 will flow through each con: 
ductor. If r is the resistance of all conductors in the armatun) 
connected in series, the resistance measured across 1-2 is givel | 
by 2R, + 1/4, where R, is the contact resistance of each bruslh 
set. If, instead of a 2-pole armature, there are a pairs of paralle) 
paths, the resistance across 1—2 will be i 

ie 


Ria = Vi2/I = 2R,fa + r]4a? . Sr Gi 


If the current is passed as shown in Fig. 4, and voltages “7 


Fig. 4.—Two-pole armature with commutator fed across one pair 0! 
diametric brushes. A 


3-4 and across 5-6 are measured, V34 and Vs¢, since they do noi! 
include contact drops, will be given by 


V34 = Vs6 = U/2a)(r/6a) 
V34/T = r[12a? G 4 fa A . . (4) 


From egns. (3) and (4), R, and r can be easily separated. 


Hence 


(4.2.2) Conversion of Measured Values to Effective Per-Phase Values. | 


Consider a 2-pole 3-phase armature with diametric brush 
being fed by a balanced 3-phase supply, and let the phase currents 
be J,, I, and 13. The armature shown in Fig. 5 is divided int 
six sections a, b, c, d, e and f. The current flowing in any ol 
these winding sections at any moment can be determined by 
adding the separate effects of the three currents. It can be seer 
that every section of the winding, and hence every conductor, 
takes a current equal in magnitude to the phase currents. st 
there are a parallel paths on the armature, the current in every 


conductor will be J/a, where J is the magnitude of the phase 
currents. 


Hence, 


Total loss in the rotor winding = (//a)?r . . 6 
If the brushes are included, the total loss becomes ) 
(I/a)*(r + 6aR;) 

since the number of brushes is 6a. 


JHA: SOME TESTS ON A STATOR-FED POLYPHASE SHUNT COMMUTATOR MOTOR 119 


ig. 5.—Two-pole armature with commutator fed from a 3-phase 
supply. 
Total currents in the winding sections: 
a, —133 b; +-115-¢, —;3 d, +155 ©, —i5\ and f, +-- 


Therefore 
| Loss per phase = (//a)*(r/3 + 2aR,). . . (6) 

»om which 
Effective resistance per phase = (r/3a” + 2R,/a). . (7) 


p the test motor, a = 2, giving 
Rapier lo Reames ast vec, ni (8) 


linice the carbon contact resistance is non-linear, R, was measured 
‘pr a series of values of J. Because R, is very susceptible to 
jutside influences such as temperature, humidity, etc., any exact 
~production of results over a long period is impossible, and 
ne values of R, used for calculation of characteristics were 
ne means of numerous values obtained over a long period. 
.n investigation was carried out with a pair of carbon brushes 
nounted on a copper slip-ring to find if there was any difference 
letween the a.c. and d.c. values of the contact resistances. It 
vas shown that for all practical purposes the d.c. value measured 
‘cross the brushes (i.e. the sum of the positive and negative 
lolarity contact resistances in series) was equal to the a.c. value 
iwo contact resistances in series). 

‘ Since the resistance is a function of temperature, the measure- 
nents should be carried out while the machine is hot and the 
jot values used in the calculation of machine characteristics. 
‘opper resistances in the machine increase with temperature, 
jut the carbon contact resistance has a negative tempera- 
ure coefficient. The curves for R, obtained on the test motor 
B-phase) when cold and hot are shown in Fig. 6. On the 
est machine, R, for the three different phases showed a difference 
fup to 20%. The mean hot value for the three phases is shown 
a Fig. 7, and this was used for performance calculation. 


(4.3) Leakage Reactance Measurements 


In separating primary and secondary leakage reactances in 
aduction machines an approximation is usually made that the 
eactances referred to the same voltage base are equal. How- 
ver, in any machine where an auxiliary winding either on the 
tator or on the rotor is present, the individual leakage reactances 
if the three windings can easily be measured. The method 
volved is the same as that used in the determination of leakage 
eactances in 3-winding transformers. This method, with 
‘sasformers, gives simultaneously the leakage reactances of the 
hise windings and their effective a.c. resistances. In the case 
i he stator-fed motor, however, the presence of losses in short- 
ir uited coils makes the resistances measured in the test very 
i erent from actual values. 
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Fig. 6.—Variation of carbon-contact resistance with current and with 
temperature. 


(Related to the B-phase of the test motor.) 
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Fig. 7.—Average hot values of carbon-contact resistance per phase 
plotted against current flowing through the contact. 


The leakage reactances of the primary and auxiliary windings 
on the stator-fed motor are independent of the speed of the rotor. 
For normal induction machines the rotor leakage reactance is 
proportional to the slip of the rotor. But the leakage reactance . 
of an armature with a commutator winding, measured across 
fixed brushes, is known to have a slip-independent portion in 
addition to the slip-dependent one. This necessitates the replace- 
ment of sx, in eqn. (1) by sx;, + x;;. The behaviour of the 
secondary leakage reactance of a stator-fed commutator motor 
is of considerable interest, and the determination of the slip- 
independent component x7, is essential for correct performance 
calculation. 

(4.3.1) Determination of the Slip-independent Portion of the Secondary 
Leakage Reactance. 

Let the motor be fed through the brushes, the primary kept 
on short-circuit and the auxiliary on open-circuit. The voltage 
equations for the primary and secondary circuits are then 


0= (Rs oi IXs1 3 Loe zim Lome (9) 
Vid has Zomet Piet 6 sxe t x Ht he SZon) 
From which, on simplification, the short-circuit impedance is 

V, li, = R+Jx (10) 
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c being assumed approximately real. 

If the rotor is driven in the direction of rotation of the field by 
an auxiliary drive, both R and x will vary linearly with speed and 
the value of x at synchronous speed will give x;,. In actual 
test, V,/i, can be measured over the entire speed range quite 
easily by noting the applied phase voltage and the phase current 
at different speeds. If the power lost per phase, P, is also 
recorded, x can be calculated from the relation 


= /[(V,i)? — (P27) (12) 


Curve (a) in Fig. 8 shows the values of x for the test motor 
obtained by this method, and at first sight suggests that the slip- 
independent portion of the armature leakage reactance changes 
sign as the rotor is driven through synchronism. If this were so, 
a study of the voltage and current oscillograms should show a 
sudden change of phase of the secondary current as the rotor 
is driven through synchronism. No such sudden change was, 
however, observed. The current was shown to be considerably 
lagging the voltage when the rotor was at standstill (s = 1), and, 
as the rotor speed was increased, the phase angle became gradually 
smaller and smaller, until near synchronous speed (approxi- 
mately s=0) no phase difference between the current and 
voltage waves could be ordinarily detected; and at speeds above 
synchronism the current started leading the voltage. It therefore 
became obvious that the measurement of x by eqn. (12) is 
erroneous. 

The above method will give an accurate value of reactance x 
at the fundamental frequency, only if both the current and 
voltage in the test are sinusoidal. Under test conditions, 
although the current flowing could be kept sinusoidal and hence 
approximately free from harmonics, the voltage appearing at 
the brushes, V,, usually contains higher harmonics (mainly due 
to commutation), the percentage of which becomes quite high 
near synchronous speeds. 

Richter? has shown that in the case when either the voltage 
or the current is free from harmonics, the phase angle ¢ between 
the fundamental components of voltage and current can be 
easily measured from the relation 


A/3( Pie Po) 
Pyar Ps 


Curve (6) in Fig. 8 shows the variation of x with speed when 
x is calculated from the relation 


x= (Vj) sine (14) 


Although this method of measuring x is more accurate than the 
previous one, the effect of harmonics is not altogether eliminated, 
since V, contains harmonic components. The best method of 
finding the slip-independent portion of the leakage reactance is 
to find the speed at which P,; = Py), giving tan d = 0 and hence 
x =0. A straight line is then drawn joining this point (x = 0) 
on the speed axis with the value of x at zero speed, where the 
effect of harmonics is practically negligible. The ordinate of this 
straight line at synchronous speed (s = 0) gives x7. 

From Fig. 8 it is seen that for the test motor P; = P, at a 
speed slightly below synchronism, thus giving a very small 
negative value for x;,. It seemed unusual that x’, was negative; 
its magnitude was, however, so small that experimental errors 
may have been responsible for this. 

An open-circuit test with the secondary connected to normal - 
frequency supply (primary and auxiliary open-circuited) was 


(13) 


tan d = 
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Fig. 8.—Variation of secondary short-circuit reactance with armatur | 
speed. 


Curve (a) calculated from eqn. (12). iN 
Curve (b) calculated from eqn. (14). 


carried out to study the variation of the secondary self-reactanci) 
with speed. Results showed that in this experiment agair: 
P, = P, at a speed slightly less than synchronous. Since the 
slip-independent value of the secondary leakage reactance it) 
equal to the secondary self-reactance at zero slip, this test con} 
firmed that x7, for the test motor should be negative. 

There seems to be no explanation for this result, which is sc 
contrary to the general idea? that the slip-independent portior| 
is about a quarter of the standstill value of the secondary leakage} 
reactance. Since x; is in any case very small, it has beer) 
assumed to be negligible in the subsequent calculation of} 
characteristics. | 


(4.4) Measurement of X,,, 


The self-impedance Z,, of the primary winding can be easily) 
measured in an open-circuit test, with the secondary anc| 
auxiliary on open-circuit. The measurement of power loss ir! 
the test enables Z,, to be split into resistive and reactive com: 
ponents. The mutual impedance Z,,, is then obtained by 
subtracting the primary leakage impedance z;,; (=R, + jx) 
from Z;,, i.e. 


Zom = 211 — 241 = 4 + jb (say) 


If, in the magnetizing branch of the equivalent circuit, the 
resistive and reactive components are in parallel, X,,, is given 
by (a + b?)/b. The test should be carried out at the operating 
voltage to make the measured value approximate to the value 
under normal working conditions. 


(4.5) Measurement of R,,, 


The no-load mechanical losses (i.e. windage and friction) are 
usually omitted from machine equivalent circuits, these losses 
being considered to be part of the machine output. The electrical 
no-load losses, on the other hand, are lumped together and 
shown as part of the mutual-impedance branch of the primary 
winding. This lumping together of the losses is not quite 
justifiable as the losses occur in different parts of the machine. 
but experience over a number of years has shown that no serious 
errors are involved. 


‘In the stator-fed motor, the no-load electrical losses are a 


+ represented by a variable resistance expressed as a function 
’ the slip of the machine.’ One way of estimating R,,, is to 
«cord the total power lost in the no-load run of the motor with 
\gulator and then to subtract from it the mechanical losses, the 
Iculable 1*R losses in the different circuits of the machine, and 
¢ regulator iron losses. Neglecting the voltage drop across the 
‘imary leakage impedance, R,,,, is then obtained by V/loss-per- 
ase. Loss per phase being a function of speed, Rp, is thus 
pressed as an experimentally determined function of the 
achine slip. 

In the test motor the no-load electrical losses measured in this 
yay were very different from the estimated values of normal- 
quency iron losses. An attempt was therefore made to 
yparate the constituent no-load losses of the motor; this is 
scussed in the next Section. 


(4.6) Measurement and Separation of No-load Losses 


‘ Apart from the calculable 7*R losses and easily determinable 
ion losses in the regulator, the no-load losses in the machine 
ichade the following: 


(a) Brush friction loss, P,. 

(6) Bearing friction and windage loss, Py. 

(c) Fundamental-frequency stator iron losses (hysteresis and eddy- 
eurrent losses), Pey + Phy. 

(d) Rotor hysteresis loss, Pp. 

(e) Rotor eddy-current loss, Po. 

(f) Surface and pulsation losses (including all losses due to the 
presence of stator and rotor slot openings), Pp. 

(g) Losses in the coils short-circuited by the brushes, Pee. 


except for (g), these losses have the same nature as in any 
olyphase induction machine.* In induction machines, however, 
© speed is more or less fixed, hence the variation of constituent 
9-load losses with speed is of no particular importance. The 
jator-fed commutator motor, on the other hand, has a wide 
need range and the variation of losses with speed is thus of 
insiderable interest from both design and operational points 
F view. 

| The method used for separating the losses of this machine is 
n extension of that used by Alger and Eksergian! for separating 
ne iron losses of wound-rotor induction machines. Ifa constant 
lsltage and frequency are applied to the stator and the rotor is 
‘civen by another motor at different speeds, the power taken 
vom the line decreases and that taken by the driving motor 
ucteases abruptly when the rotor passes synchronous speed. 
this discontinuity in the power curves at synchronous speed, 
‘sing due to the reversal of the rotor hysteretic torque as the 
ptor is driven through synchronism, is equal in magnitude to 
wice the standstill value of rotor hysteresis loss, Py. 

| If a driving motor is available and the brushes on the com- 
autator can be easily lifted or removed, all the losses of the 
est motor can be separated by means of the following two tests: 


fest A 

Jn this test the commutator motor, with the brushes in their 
ormal position, is driven by a d.c. driving motor in the direc- 
on, of its normal rotation. Normal supply is connected to the 
‘stor terminals of the test motor, while the auxiliary and 
scondary windings are kept open-circuited. The power needed 
»r the driving motor to drive the combination with the test 
s0for unexcited is recorded for different speeds. The test motor 
/ 1en excited and the power input to the driving motor and to 
ie test motor at different speeds is recorded. 
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Test B 


The same experiment is repeated with the brushes on the test 
motor lifted off the commutator surface. 

From tests A and B, six sets of readings for power at different 
speeds are obtained, giving six curves plotted against speed. 
Fig. 9 shows the results obtained on the test motor. D.C.1 


LOSS, WATTS 


1200 
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Fig. 9.—Separation of test motor no-load losses. 
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and D.C.2 represent the curves for the driving motor inputs 
(corrected for copper losses in the driving motor) with the test 
motor unexcited; D.C.1’ and D.C.2’, the driving motor inputs 
(corrected for copper losses) with the test motor excited; and 
A.C.1 and A.C.2 the total inputs to the test motor (corrected for 
copper losses in primary winding) in the two tests A and B, 
respectively. 

From these six curves all the test motor losses can be separated 
and their variation with speed determined, as shown below: 


(a) The brush friction loss, P,, is given directly from the 
difference of the two curves D.C.1 and D.C.2. 

(b) The bearing friction and windage loss, Py, is given by sub- 
tracting P, and the driving motor no-load losses from D.C.1. 

(c) The stator iron loss, P.; + Py;, is independent of the 
speed of the rotor and is given by the average value of the A.C.1 
or A.C.2 curve at synchronous speed (i.e. midpoint of the 
discontinuity). 

(d) The standstill value of the rotor hysteresis loss, Pp, is 
given by half the amount of discontinuity in the A.C. curves at 
synchronous speed. The magnitude of this loss at any particular 
speed is obtained from the assumption that the loss is directly 
proportional to the rotor slip. It is to be remembered, how- 
ever, that the loss is always positive even when the slip is negative. 

(e) In test B, owing to the absence of parasitic brush losses, 
the ordinate of the A.C.2 curve at standstill represents the sum 
of the standstill values of stator and rotor eddy-current and 
hysteresis losses. Since the stator iron losses and the rotor 
hysteresis loss have been obtained from (c) and (d) above, P.» 
is easily determined. Using the assumption that the eddy- 
current loss in the rotor, P,», is directly proportional to the 
square of the rotor slip, the value of this loss at any motor speed 
can be obtained. 

(f) In test B, the total input to the driving motor and test 
motor combination corrected for J*R losses is dissipated in the 
form of the driving motor no-load losses, the windage and 
friction losses in the test motor, the stator and rotor eddy-current 
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and hysteresis losses and the surface and pulsation losses in the 
test machine Hence P, is obtained from 

P, = Paco + (Poco — Poco) — (Per + Pa) — S7Per + $Pia) 

: (15) 

(g) The difference between the A.C.1 and A.C.2 curves gives 

the electrical input to the short-circuited coils. Part of this 

input comes back as useful torque in driving the motor. The 


direction of the torque is reversed at super-synchronous speeds. 
This part which does work is given by 


Pm = (Ppc2 — Poco) — (oer — Poe) (16) 
Pe = (Pact — Pacd — Pm: (17) 


It is thus seen that the two tests A and B are sufficient for 
measuring and separating the no-load losses of the test motor 
at all speeds. Though a d.c. drive was used in the test, any other 
drive may be used, provided that the no-load losses of the driving 
motor do not vary appreciably with small changes of load. The 
d.c. motor used in the test was separately excited and the field 
current was kept constant throughout, the variation of speed 
being obtained by varying the armature voltage. The variation 
of armature currents relating to the four curves D.C.1, D.C.1’, 
D.C.2 and D.C.2’ at any particular speed was small enough to 
enable the effect of armature reaction to be ignored. Accurate 
metering is essential for the success of the test. 


Hence, 


Table 1 
Loss SEPARATION TABLE 
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a predominant part of the parasitic brush current circuit. Sin’ 
the contact resistance is high at low current densities and henr\i 
low slips, and low at high current densities and hence high slip) 
the parasitic-current circuit losses will vary apparently as } 
power higher than the square of the slip. 
The losses in the coils short-circuited by the brushes therefo)|) 
represent predominantly a contact loss. When the machine |) 
running normally there are two currents flowing through tk) 
contact, the main secondary current i, and the current in tl) 
short-circuited coils i,. The currents at the two ends of th 
contact are therefore i, +i, and i, —i,. This non-unifori| 
distribution of current across the contact, which has a non-line¢ i 
resistance, makes it difficult to estimate an average value of tk 
contact resistance. The losses P,. have been measured in th 
tests described above when i, = 0. The presence of i, in normi) 
machine operation not only affects the contact resistance, an 
hence P,., but also increases the magnitude of i, to some exter, 
(owing to the introduction of the reactance voltage due to con 
mutation in the short-circuited coils). In this paper it has bee! 
assumed that the two currents can be treated separately: th 
main current i, produces the usual contact loss i7R,, whet 
R, depends only on i,, and the parasitic brush current i, produce 
a loss which is independent of i,. This assumption, thoug 
theoretically unjustifiable, does not introduce any serious ere: 
in practice. f 


a 


Duving Separation of no-load losses of test motor Test motaa 
Armature motor no-load | 
Tina et P» Py Pe + P P Pp. P P P Total no-load losses ta 
e1 hi h2 €2 p m se losses 
r.p.m watts watts watts watts watts watts watts watts watts watts watts 
0 0 0 0 160 25 91 0 0 174 450 = 
200 9 15 8 160 21-6 68 13-4 1525 84:5 370°5 aa 
400 Wi 27 16 160 18-3 49 24-7 18 30 525 350 
600 25 42 23 160 15 33 34 13 12 319 | 345 
800 34 58 30 160 iS ey) 20 48-3 13 3 331 340 
1000 42 71 42 160 S25 10 65:7 4 Dv 359 340 
1200 51 88 51 160 5-0 36 17°4 — — 385 400 
1 400 62 110 63 160 Ney 0-4 91-9 = — 427 440 
1 600 75 134 78 160 ied 0-4 114-9 — — 489 490 
1800 90 162 102 160 5-0 3-6 138-4 — ~- 571 580 
2.000 105 190 135 160 8-3 10 169-7 —4 Z. 675 690 
2 200 126 2238 189 160 beg) 20 PLES; =f 3 832 850 
2 400 150 260 260 160 15-0 33 312 —13 2 1052 1070 


The separated values of the constituent no-load losses for the 


test motor are shown in Table 1. In spite of best efforts the 
ill-conditioning of eqn. (16) makes the measurement of P,,, not 
very accurate. To check that all the no-load losses have been 
located, the values of total no-load losses, obtained by syn- 
thesizing the separated losses, are compared with those obtained 
from a normal no-load run of the motor with regulator. The 
comparison is given in the last two columns of Table 1 and shows 
good agreement. 

One surprising result obtained in the test is the apparent 
evidence that the losses in short-circuited coils varied very nearly 
as the fourth power of the slip. Since the parasitic brush losses 
are directly proportional to the square of the commutator seg- 
ment voltage and the latter is a linear function of slip, the 
parasitic losses should be proportional to the square of the slip. 

It is difficult to believe that experimental inaccuracies would 
be responsible for such a wide divergence from theoretical 
relationship. The test result can, however, be explained if we 
consider the non-linearity of the contact resistance which forms 


(4.7) Measurement of Parameters of the Exact Equivalent Circu 


The principle of the measurement of parameters of the pr. 
tical circuit (Fig. 3) has been discussed in Reference 7. 
practice the measurement is slightly modified by separating th 
motor and regulator parameters, as shown in Fig. 10. t 
regulator being a static piece of equipment, its parameters cai 


Zim Zr ; 
HW a | rE 
—---© 7 —s : 
VOLTAGE 1 ? ky VOLTAGE Kg: 1 : 
- CURRENT ko: 1 CURRENT 1 : kg 


Fig. 10.—Splitting of equivalent circuit of Fig. 3 into motor and 
regulator constituents. 
Zim = Rri + Rs3 + H(SxXr1 + X53) 


+ kms + ke — kmkalsed +0 4 --KY+6)] 
Zin = Dap + UAZolZaze ns 2h beatin ¥ (ZomlZix)211 


» measured with great accuracy and such measurement has 
ven discussed in Reference 6. The remaining motor parameters 
_be measured are 


(a) Z,, 
(b) KnS(ZomlZ, er ® or KAZ I Zi es 
aC) Kin(Zoml Zé ® ee K(ZomlZ, Er s* 
@) Zim 


The open-circuit and short-circuit tests for the measurement 
“the above parameters are now discussed. 


(pen-circuit test. 


In this test the motor primary is connected to a normal- 
pltage normal-frequency supply, while the secondary and auxili- 
'y windings are kept open-circuited with the rotor locked. 
e following symbols are used in the test: 


V = Supply voltage, volts per phase. 

i, = Supply current, amperes per phase. 

V, = Induced voltage across the secondary, volts per phase. 
od V,, = Induced voltage across the auxiliary, volts per phase. 
Then Z1, = V/i,; ohms 


Yb, : 
i Somet+j0 — Vy 


Zp 
P, Zi x 


Z, 
vence ky, set 0 
m2 
| The phases of i,;, V, and V,, with respect to V must be measured 
« express the parameters in complex forms. 
) Since Z,,,,/Z,, can be regarded as approximately real, 
i, 
meson 570 
™ZA1 
there (V,/V)* and (V,/V)* are complex conjugates of V,/V 
ed V,,/V, respectively. 
| X;,, the reactive part of Z,,, is a constant at constant voltage, 
ut the loss component as discussed earlier is a function of speed. 
- the total no-load losses (electrical) in the motor, including the 
»pper losses in the primary winding, are f(s), then R,;, the loss 
»mponent of Z,, when R,; and Xj; are in parallel, is given by 


Ry, = V2/fls) . (18) 


Ys, : 
kao“ = sV.JV — VAV 
Zi 


i Zometin = (V,JV)* — (VA V)* 
Zy 


nort-circuit test. 
‘In this test the auxiliary and secondary are connected in 
ities (as in normal operation) and further connected to a 
prmal-frequency supply, the primary terminals being on short- 
reuit. The supply voltage is so adjusted as to allow full-load 
urrent to flow in the primary winding. The leakage impedance 
™m Z,, is then given by the input impedance measured in the 
ist. To find its dependence on slip, the input impedance is 
easured at at least two speeds, the rotor being driven by an 
axiliary drive. To avoid effects of harmonics, the impedance 
‘as measured at standstill where the voltage and current waves 
ere nearly sinusoidal, and then the rotor was driven to the 
seed where P, = P,, P; and P, being the wattmeter readings 
the two-wattmeter method of measuring power (see Section 9). 
his speed was noted. At this speed the circuit is purely resistive, 
ad hence x;,,; the reactive portion of z;,,, must be zero. From 
‘© knowledge of x), at standstill and the speed at which it is 
“©, its slip-dependent and slip-independent parts are easily 
aiuated. ; 
Metermination of R,,,, the resistive portion of Zim, and its 
spendence on slip present considerable difficulty owing to the 
‘6 ence of the non-linear contact resistance, the iron losses in 
© test and the losses in the coils short-circuited by the brushes. 
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To eliminate the effect of non-linearity of contact resistance the 
secondary current in the short-circuit test is kept at a fixed value 
both at standstill and at the speed where P; = P>. Corrections 
for parasitic and iron losses at these points are made by measuring 
these losses at the same input voltages in an open-circuit test 
(primary open-circuited). From the corrected values of resistance 
obtained at standstill and at a speed where P,; = P>, Rj, is 
easily expressed as R, + sR + R’, with R, remaining in the 
circuit as a non-linear parameter. Both for this test and for 
characteristics calculation the variation of R, with the secondary 
current must be known (Fig. 7). 


(4.8) Summarized Values of Motor Parameters 


The values of parameters for the test motor as measured in the 
preceding Sections are summarized below. 


(a) For the orthodox equivalent circuit: 

Kin = 0" 137; k, = 20-0181, 0 = 5°; y = 60°, Rj =2-0 ohms, 
Ry B= R, + 0-015 ohm, Ry3 = 0:0085 ohm, Xsj = 4-13 ohms, 
X,, = 0:091 ohm, x,3 = 0:0065 ohm, x,,, (parallel branch) = 
78-3 ohms; and R,,, (parallel branch) = 53-3/(90 — 75s + 125s?) 
kilohms. 

(6) For the practical equivalent circuit: 

Voltage transformation ratio = (0-130s — 0:008 5) + 
J(0:011 3s + 0-0148); current transformation ratio = 0-1215 — 
j0:0261; Ry; = 53-3/(106 — 75s + 125s?) kilohms; X,, = 83-2 
ohms; Zj, = (Ry + 0:028 -++ 0:027s) + 70-1615) ohms. 

The above parameters and the variation of R, with secondary 
current, together with the regulator parameters, are sufficient to 
enable calculation of characteristics for the test motor to be 
carried out. 

The parameters of the practical equivalent circuit can also be 
calculated from the known values of parameters of the orthodox 
circuit. Comparison of these calculated values with those 
obtained by tests shows very slight expected differences, the 
major difference being in the values of Z,,,, as can be seen from 
the following: 

Calculated. Zi, = (Rp + 0:013 + 0:043s) 
+ j(0:156s + 0-008) ohms (19) 
Test. Zim = (Rp + 0-028 + 0-027s) + j(0-161s) ohms. (20) 

In the actual test for measuring R),, no correction was 
made for iron losses at the speed where P; = P,, these being 
considered to be small. This may be why the slip-inde- 
pendent portion of R,,, in eqn. (20) is higher and the slip- 
dependent portion lower than the corresponding quantities in 
eqn. (19). The slip-independent portion of x,,, in eqn. (19) is 
small compared with the slip-dependent portion, and its absence 
in eqn. (20) may be due to experimental inaccuracies in measure- 
ment. In performance calculations eqn. (19) has been used. 


(4.9) Measured Values of Regulator Parameters 

The values of regulator parameters taken from Reference 6 
are: 
(a) Orthodox circuit: 

k = 0-068, Z) = 12-53 + j67-03 ohms, z, = 1°47 + 71-85 
ohms and z, = 0:0178 + j0-0083 ohm. 
(b) Practical circuit: 

Z,[2 = 7 + j34-44 ohms, 2k(Z,/Z,) = 0°132 and 

Z}, = 0-049 + j0:033 ohm. 
(5) CHARACTERISTICS CALCULATION AND COMPARISON 
WITH TEST RESULTS 


Once the parameters are evaluated, either of the circuits of 
Fig. 2 or 3 or the tensor equations i = Z~'V can be used to 
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calculate the behaviour of the test motor under steady-state 
conditions. The orthodox and practical circuits given identical 
performance equations since both are exact representations of 
the impedance tensor [eqn. (1)]. Owing to the various approxi- 
mations made in measurement of parameters, the two circuits 
using measured values as shown in Sections 4.8 and 4.9 give 
slightly different results under the same operating conditions. 
The difference, however, is usually small, as is illustrated by a 
sample below. 


Operating conditions: cos « = 0-707; slip = 0-673; supply 
voltage = 231 volts per phase. 

(a) From the orthodox circuit on calculation: 
is = (0:44 — j2-77) + (0-12 — j0-0264)i, . (21a) 


= 231(— 0:0146 + j0:0226)/R, + 0-091 + j0: 146 (215) 

i, = (1-33 — j6-45) — 0-093 2i, (21c) 
(b) From the exact practical circuit: 

i, = (0-48 — j2-77) + (0-1215 — j0-026)i, (22a) 

i, = 231(— 0-0142 + /0-0224)/R, + 0-091 + 70-146 (22b) 

i, = (1-33 —j6-45) — 0-093 2i, (22c) 


On comparison it is seen that i, and i, in eqns. (21) a (22) 
are almost identical. There is, however, a slight difference in 


| 
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the loss component of current representing the no-load lossaam ie 
the motor [eqns. (21a) and (22a)]. The difference is due to thy 
approximation made in the orthodox circuit by neglecting thie 
voltage drop across the primary leakage impedance in dete; i 
mining R,». For all practical purposes the two circuits can bis 
considered identical and hence, in subsequent calculation, cal 
the practical circuit has been used. It will be appreciated the 


the practical circuit is easier to handle for numerical solutions. | 
/ 


SP 


(5.1) No-Load and Load Tests 


Using the equivalent circuit, the supply current and individill 
currents in the motor primary, regulator primary and the rot 
circuit can be calculated for given values of cos « and slip. I) 
experimental verification of the theory a number of no-load @ ii 
load tests were carried out on the test machine. Calculated an | 
observed values of currents in the test are shown in Tablel* 
2 and 3. , | 

The temperature and other ambient conditions affect th 
current in the rotor circuit considerably. Variation in rotor 
circuit current in its turn affects, though to a lesser degree, thi 
motor and regulator primary currents. Precautions were take» 3: 
to allow the machine to run for a considerable time before an 
readings were taken, to ensure that the brush contacts had reache’: 


j : Legh r 
a steady temperature. In spite of this, there were variations Ci 


r 


é) 


( 


Table 2 =A 

; 

COMPARISON OF No-LoAD Test RESULTS WITH CALCULATIONS FROM THE EQUIVALENT CIRCUIT f 

lir} iy in T=i +h 

COS & Slip 

Calculated Observed Calculated Observed Calculated Observed Calculated Observed ft 

| 

amp amp amp amp amp amp amp amp . 
0-707 0-673 26°8 28 1-61 +/0:33] 0:95 +j0:2 |}1:0 — 8-93] 1:75 —j9-2 | 2-61 —j8-6 2:7 —j9:0 | 
0-582 0-574 25°8 26 1:64+/j0:2 | 0:95 +j0:2 | 0:99 —j8-4 | 1:63 —j8-8 | 2:63 —j8-2 2°58 —j8-6 
0:442 0:446 25:2 25 1-57 +j0:13 | 1:05 + 70-2 | ,-09 —j7-91 | 1-52 —j8-5 | 2-66 —j7-78 | 2:57 —j8:3 © 

0-291 0-314 24-0 MESO) 1-59 — j0:02}) 1:06 + j0 1:15 —j7:36| 1:50 —j7:8 | 2:74 —j7:38 | 2-56 —j7:8 * 
0-131 0-173 23-0 21 1-61 —jO-18} 1-05 —j0-2 | 1-24 —j6-84 | 1°45 —j7-3 | 2°85 —j7-02\92 50 ae 

—0-033 0:0133 22-4 19:5 1-34 —j0-:17| 0:95 —j0-4 | 1-34 — j6:35 | 1-35 — j6-4 | 2-68 — j6-52| 2:30 —j7-0 + 
—0-196 —0-140 20:6 18 1-19 —j0-30} 1-0 —Jj0-6 |. 1°36 —j5-92 | 1-40 — 76-0 12:55 — j6222 | 52740 

—0-354 —0-286 18:6 | 16 1-20 — jO-57 | 0:97 —70"8 "| 1°38 = j5"59'| 155" — J5°6 1) 2°58" 70 Oe 2 : 

—0:50 —0-427 16:4 14 1-17 —j0-8 | 0°95 —j0:9-| 1*36 —J5°35 | "1°65 —JS-21)2-53= 96159) 92 Ou ae | 

—0-635 —0-568 13-0 WP 0-92 —j1:14) 0-98 —j1-2 | 1-16 —j5°36 | 1-67 —j5-1 | 2-08 —j6-50 | 2-65 —j6-ae 

—0-707 —0-640 11-0 10 0:92 —j1-41|) 1-0 —j1-3 | 1-14 —j5-35 | 1-68 —j5-0 | 2:06 — j6:76 | 2-68 — j6-3 } 

fi 

Table 3 | 

COMPARISON OF LOAD TEsT RESULTS WITH CALCULATIONS FROM THE EQUIVALENT CIRCUIT | 


1S thy ao th 
COs Slip | 
Calculated | Observed Calculated Observed Calculated Observed Calculated Observed 
amp amp amp amp amp amp amp am: | 
0-707 0-673 26°8 28 1-61 + 0-33 | 0:95 + j0-2 1:0 —j8-93| 1-75 — 79: j I 
: ji —j9-2 | 2-61 —j8-6 | 2-7 —j9-0) 
Sas 0-69 25°8 26 1:8 + J0-15 1-4 + 70 0:82 —j8-8 1-31 —j9-0 | 2°62 18-65 2 ie | 
synchronous) 0:72 24 24 P04 | —J029 1°8 —j0:4 |) 0-52°—78"523)" 0°92 78-65) 2)-62)= = 7881 De 7D —j9-0 
bee 22:4 225 DieisA: — 0°85 2°3° —jl0}) (0-14.—78-18)/-0-5, 78-22-6879 03mla 8 —j9-2 | 
PSM Dap) 2:92 —j1-36 | 2-82 —j1-5 |—0:2 —j7:86| 0-08 —j7-8 | 2-72 —j9-22 | 2-9 —j9sams 
—0-033 0-0133 | 22-4 19-5 1-34 —j0-17 | 0-95 —j0:4 1:34 — j6: j j j 
j J6°35 | 1-35 — j6:4 | 2-68 — j6-52 *30 —j7: 
foe ats 22°8 21 Died) = 0°55 1-7 —j0-8 1:37 — j6°36| 1:4 aA 3-58 Sec 3410 i. 
synchronous) ae Be 24 3-29 = 122 2°8 —j1:3 1-42 — j6:38| 1-45 —j6-4 | 4:71 —j7-6 4-25 —j7-7 
nee ae 27 3-93 =—jIn64 Bea = Jles 1-44 — j6:39| 1-46 — j6-4 | 5-37 —j8-03 | 5-16 —j8:2 
30 4-51 —j2:07 | 4:2 —j72-2 1:47 — j6:4 | 1-49 —j6-4 | 5-98 —j8-47 | 5-69 — j8-6 
—0:5 —0:427 16:4 14 1:17 — j0°8 0:95 — j0- C j j j 
jo-9 I-36) 350) 8165). 5-2 | Beart ‘6 —j6: 
erin | 8 |? | E? [ABA ES BS] eee ese 
=0% —j0- 3 —j0- 05 —j5- 4 —j5-0 | 4-56 — 75-76 | 4-7 —J5-7 
0:36 27:4 25 3°28 —j0°63 | 3-4 —j0-7 2°47 Jd" O5)) 294 j : ; 
=): j - ‘4 —j5-1 | 5-75 —j5-68 | 5-8 —J5-8 
0-34 S0e2 28 3°76 —j0-67 | 3:9 —j0-7 | 2:72 4 : ; ; : 
me } SW || Poy = jSsik | Ged — Sy) ‘6 —j5: 
0-32 Bi y/272 33 4-82 —j0-77 | 5-2 --j0-9 3:29 — j4-95| 3-3 —j5-1 | 8-11 43.99 ve - ie 
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tout 10-15 Y% from day to day. The observed values for currents 
own in Tables 2 and 3 are an average of numerous readings 
cen over a long period. 

The small size of the machine and the loading generator 
»1kW) limited the tests to a small range of loads, which is a 
‘ious disadvantage in any experimental verification of theory. 
view of the inherent limitations of the theory, the dependence 
‘some of the parameters supposed constant on the operating 
«ditions (e.g. leakage reactances on current, mutual reactances 
voltage, etc.) and many difficulties experienced in the measure- 
ent of parameters, the agreement between calculated and 
served values shown in Tables 2 and 3 is very encouraging. 
ie supply currents seem to agree best, but their division into 
dtor and regulator currents shows considerable divergence in 
2 calculated and observed values, particularly at subsyn- 
ronous speeds. The divergence is in the loss components of 
2 currents, the quadrature components agreeing reasonably 
‘ll, more power being supplied through the regulator and less 
-ough the motor than calculated. This is thought to be due 
|the regulator supplying part of the surface and parasitic losses 
‘the motor at subsynchronous speeds. 

Some tests were made on the machine with the auxiliary 
mding disconnected from the main machine circuit. The 
eement reached between calculated behaviour and test results 
is of about the same order as in tests with the auxiliary 
nding in. 


(6) CONCLUSION 


‘The evidence of fairly good agreement between experimental 
id theoretical results justifies the belief that not only is the 
ory within its inherent limitations basically sound but also 
t the methods used for measurement of machine parameters 
2 fairly accurate. It is hoped that the information contained 
this paper and in two earlier related papers®’ will prove 
‘eful to those interested in the design and operation of the 
wtor-fed 3-phase shunt commutator motor with induction 
zulator control. 
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(9) APPENDIX: SPECIAL APPLICATION OF THE TWO 
WATTMETER METHOD OF MEASURING POWER AND 
THE PHASE ANGLE BETWEEN VOLTAGE AND CURRENT 
VECTORS IN A THREE-PHASE CIRCUIT 


(9.1) Three-phase Three-wire System 


The two-wattmeter method of measuring power in a 3-phase 
3-wire circuit is well known. If P, and P, be the two wattmeter 
readings, : 

Total power = P; + P, (23) 


The phase angle ¢ between voltage and current vectors is given 


by the relation 
ge A/S (Pare) 


tan 
Pees 


(24) 


(9.2) When the Load is in the form of a Commutator Winding with 
Two Brushes per Phase 
In this case, assuming a 3-phase 6-wire supply available, the 
wattmeter connections for measuring power and tan ¢ are as 
shown in Fig. 11. For balanced conditions, the following 
relations can be easily derived: 


Total power = 2(P; + P,) 
oe WP eo) 


(25) 


and tan (26) 


Prcruls 


Fig. 11.—The two-wattmeter method when the load is in the form of 
a commutator winding with two brushes per phase. 


Fig. 12.—The two-wattmeter method when the load is in the form of 
a commutator winding with two brushes per phase and an extra 
balanced load connected to each phase. 


(9.3) When, in addition to the Commutator Winding with Two 
Brushes per Phase, extra Balanced Loads are present in 
each Phase 

In this case, the measurement is slightly modified, the watt- 
meter connections being as shown in Fig. 12. It can be shown 
that for balanced conditions 


Total power = 3(P; + P2) (27) 
BS IE 28) 
Rea PD 
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SUMMARY 


Complex differential equations relating to non-uniform transmission 
lines are studied, and the corresponding two-parameter families of 
solution curves are investigated with the aim of establishing some 
important properties, e.g. the relationship which exists between the 
singular points of the differential equation for the normalized 
impedance and the non-reflective impedances of the corresponding 
non-uniform line. Because of this relationship it is possible to deter- 
mine the non-reflective impedances of an arbitrary tapered line by a 
purely algebraical method and to construct the tangents to the impe- 
dance loci at a given point of the impedance plane. Moreover, 
reflection and transmission coefficients are uniquely determined by the 
singularities, and differential equations can be readily deduced for 
these coefficients. Methods of synthesis of non-uniform lines are also 
indicated. 


LIST OF PRINCIPAL SYMBOLS 


2 
Ale a (A) — | == Reduced length of exponential taper. 
1 
4a 

k = |k|7o = Outer parameter of a standard net. 

m= Z)/Z) =n — js = ~— tT = Normalized non-reflective 
impedance for backward waves. 

n= 4/(1 — s*) = cos 7. 

p= Zf{|/Zyp =n + js = 7/7 = Normalized non-reflective 
impedance for direct waves. 


ao = “a 20: Logarithmic derivative of the nominal 


£9 characteristic impedance. 
s = q/2 = sin T; with exponential lines s = — v. 
x = Distance from the transmitting end; imaginary part of z. 
y = !—x = Distance from the receiving end. 
Z = V/I = Equivalent impedance. 
Zy = V(Z,/ Y,) = Nominal characteristic impedance. 
Zo = V*/I* = Actual characteristic impedance (non-reflective 
impedance) associated with direct waves. 


K = — log. (Z,/Z,). 


Z, = —V-[I~ = Non-teflective impedance for backward 
waves. 
Z, = Value of Zp for y = 0. 
Z, = Value of Zp for y = 1. 
z= Z/Z) =r + jx = Normalized equivalent impedance. 


Z1,2 = Invariant normalized impedances. 
Z, = Normalized load impedance. 


In Sections 3 and 11.1. 
z= x + jy = General complex variable. 
Zo, Zp = Singular points. 
I = Ty = Voltage reflection coefficient. 
Ty = Overall voltage reflection coefficient of composite lines. 
y= V/(Z, Y,)=a+ j8 = Nominal propagation coefficient. 


Correspondence on Monographs is invited for consideration with a view to 
publication. 

Mr. Kazansky is at the Radio and Electronics Institute, Czechoslovak Academy of 
Sciences, Prague, Czechoslovakia. 
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1 
ey 
= Phase angle of z’. 
= 6/26 for loss-free exponential lines. | 
arg k. | 
arg p = — argm. | 
= By = Angular distance along loss-free lines. 

dz 


dd . 
(1) INTRODUCTION 


\ 
The classical method of investigation of non-uniform tran: 
mission lines employing differential equations for voltage an 
current seems to have reached its natural limit of efficiency, an 
new approaches have been proposed by several authors. Tht 
Pierce! deduced a differential equation for impedance as earl 
as 1943. Walker and Wax'!* derived a differential equation fc 
the overall reflection coefficient of composite lines in 1946; thi 
equation has been the basis of a long series of papers devote: 
to tapered lines. 4 
On the other hand, the importance of the theory of nor 
uniform lines now reaches far beyond the scope of tapere 
electrical lines as such; analogies already existing or anticipates 
with the theory of propagation of electromagnetic or acousti/) 
waves in non-homogeneous media, with some problems ¢ 
electron optics,! etc., make it desirable to establish generé’’ 
methods enabling us to determine in a simple manner the mos’ 
important properties and characteristic quantities of arbitrar 
non-uniform lines. 1 
The objective of the present paper is to submit an elementar) 
theory of non-uniform transmission lines based on the differentia! 
equation for normalized impedance. The theory is valid for al 
transmission lines and electrical systems obeying the ‘trans 
mission-line equations’. In close analogy with the theory o} 
dynamic systems, transmission lines are subdivided into auto 
nomic and non-autonomic lines; for a non-autonomic line th’ 
derivative of the characteristic impedance explicitly depends upoi} 
the distance along the line. Essentially new phenomena occur it 
the case of non-autonomic lines which cannot occur with thi 
autonomic (uniform and exponential) lines. These Pa 
| 


log.(Z,/Z,) (exponential lines). | 


I 


) 
0 
v 
o 
= 
$ 


~ 


z= 


——— 


can be treated by methods which are interesting and instructiv 
in themselves without being difficult and which do not requin| 
the use of complicated mathematics. * | 

It is seldom possible and scarcely ever useful, in the first stage’ 
of a new theory, to combine mathematical rigour with clarity 0) 
presentation, and it is hoped that the emphasis laid upon th 
physical and geometrical meaning of the new notions will com) 
pensate for the lack of rigour. \ 

The basic differential equations are derived in Section 2 ani 
a survey of properties of complex differential equations—som 
of which are published here for the first time—is given i 
Section 3, where the notion of ‘standard nets’ is also introduced, 
These are special two-parameter families of curves. In Sectio 2 
the singular points of a non-autonomic differential equation ar 
shown to be the local invariant impedances of the correspondin,| 
line which are intimately connected with the local non-reflectiv. 


pedances. Applications are condensed in Section 5, and 
ifferential equations for reflection and transmission coefficients 
re deduced in Section 6. Section 7 is concerned with the 
mthesis of non-uniform lines. The Appendices deal with more 
eral properties of complex differential equations, with the 
ptical inversor and anisotropic normalized impedances, 
pectively. 


) DIFFERENTIAL EQUATIONS FOR THE NORMALIZED 
IMPEDANCE 


The line equations can be written in the form 


dv dl 
aE 1 OR NERS 
dy Psy 
ere Z, and Y, denote the series impedance and the parallel 
ittance per unit length of the non-uniform line at the point 
=) — x. 
The nominal characteristic impedance is defined as 


Sane aie ouers lieciut (1) 


: ZA RG een. 2) 
» is real for loss-free lines. 
POV eV IZ lie tie 98 ary * GB) 


| the nominal propagation coefficient, which is purely imaginary 
« loss-free lines. 

' Z, and y are the characteristic impedance and the propagation 
fficient of the uniform line having the same parameters, Z, 
ad Y,, as the non-uniform line at the given point. It is easy 
© see that 

YL I Dy SO 470. A) 


| The normalized equivalent impedance at any point is 


V 
= CU 5 
A (5) 
\ifferentiating the logarithm of this quantity 
lez Lay i eli il CH 
= ° (6) 


“z dy Vdy Idy Zp dy 


ne individual terms of the second member are, using eqns. (1), 
') and (5), 
dV) Zola le dV el Ze 


V dy VESZBI Oy. 82h Z 
i rare ye Zea a 
ie Zo ey ee 
ign. (6) can now be written 
edz y 1 dZy 
= = if 
zdy z Z ad eh 
f finally 
Sa 8 
a yQ — 2°) Tt (8) 


This is the fundamental differential equation for all following 
scussions. It governs the normalized impedance of any non- 
aiform lines obeying eqns. (1). It is a Riccati equation and 
imnot be solved in general if the logarithmic derivative or y is 
‘zable. In many practical cases y is approximately constant. 

= F4n. (8) can be rewritten in the form 


dz 
a = — yz rr Z1)(z = Z>) . . ° e (9) 
there z,(y), z,(y) are the roots of the second member of eqn. (8). 
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age 
For loss-free lines we obtain, introducing df = Bdy and 
dlog:Zy  dlog: Zo 
= = (10 
q(¢) Bay dd ) 
the following equation: 
dz 
ae eG epee ee 
id id — 27) — q()z (11) 


This differential equation explicitly contains the rate of change 


of Zp). Returning to Z=zZp), we obtain the equation of 
Pierce! which, in our notation, is 
dz Gx 
LO = jB(Zé — Z) (12) 


In this form, which does not contain the rate of change of Zo, it 
is not very suitable for investigation of tapered lines. 

Equations for admittances have the same form as eqns. (8) 
and (11). If desired, expressions for voltage and current can be 
obtained from the expression for impedance. 


(2.1) Types of Transmission Line Equations 


For the sake of brevity we denote dz/d¢ by z’. 
If q = 0, eqn. (11) assumes the form 


zie JT 27) (13) 
corresponding to loss-free uniform lines (Zp) = constant). 
If g is constant we can write 
z’ = j(1 — z”) — qz (14) 


which corresponds to exponential lines since, for constant , 


dl 
d loge Zo = constant = — 6 
dy 


(15) 


Zo SS VA (16) 

The second member of eqns. (13) and (14) does not explicitly 
contain ¢, so that z’ is a function of z only. In the qualitative 
theory of differential equations such equations are termed 
‘autonomic differential equations’. Equations of the form of 
eqn. (11) are termed ‘non-autonomic’, since the second member 
involves g, which is a given function of ¢. This terminology will 
also be applied to transmission lines. 


and 


(3) SOME PROPERTIES OF COMPLEX DIFFERENTIAL 
EQUATIONS 

The ever-increasing use of complex functions of a real variable 
is not accompanied by a corresponding development of the theory 
of differential equations of such functions. Some properties, 
essential for the theory of non-uniform lines, will be given in this 
Section; further details of more general interest will be considered 
in Appendix 11.1. 

Throughout this Section and Appendix 11.1, we denote by 
z= x+y any complex function of the real variable t, which 
can be the geometrical or angular distance along the transmission 
line. 

An autonomic differential equation 


z’ = f(z) = u(x, y) + Jv, y) (17) 
represents a one-parameter family of oriented curves 
dz 
ee =f 18 
| F(z) F(z) ne (18) 
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and the corresponding real differential equation is of the form 


dy vx, y) _ eee. 
i aoe Hea) —a tan 


(19) 


where 6 = arg z’ is the angle between the tangent vector z’ and 
the real axis. 
A non-autonomic differential equation 


z’ = f(z, 4) =u, y, D +Jjv@, y, 9 (20) 


represents in general (see Appendix 11.1) a two-parameter 
family of oriented curves which cannot be determined in the 
majority of cases by the integration of eqn. (20). 

For different values of ¢, different solution-curves pass in this 
case through any given point z, thus forming a pencil of curves 
with its vortex at z. The corresponding values of @ are given 
by the equation 


VEN Seon ee 


Ore SOC.) Co 


H,(x, y, 1) = tan 6 


Singular points of a complex differential equation of the 
type of eqn. (17) or (20) and of the corresponding family of 
curves are as follows: 

(a) The points Zp for which z’ is zero. 

(b) The points zp for which z’ is infinite (poles). 
In both cases there exists no definite tangent to the solution-curve 
or curves (cf. Reference 2). 

Singular points can be also termed stationary points or 
supports of the family of curves. 

In the autonomic case the singularities are fixed while in the 
non-autonomic case we have moving singularities. 

If z denotes impedance, the stationary points zg of eqns. (17) 
and (20) are the invariant impedances of the transmission line 
in question. Thus, for uniform lines, z’ = j(1 — z*) and the 
invariant impedances are +1 [see eqn. (13)]. 

Isogonal trajectories of a family of curves given by z’ = f(z) 
are governed by the differential equation 


Zz = kf(z) (22) 


where k = |k|/o; since |k| does not affect the direction of 
tangents we can also write z’ = /of(z). Elementary arcs and 
tangents are rotated through the angle o = argk, while the 
position of the supports is not affected by the rotation. k is 
the ‘outer’ parameter determining a fixed family of isogonal 
trajectories. 

For a given set of supports, say Zo;, Zo2 and z,, the notion of 
the standard net SN is introduced by the differential equation 


(Z — Zo1)(Z — Zo) 


Z— Zp 


(23) 


Z=k 


which obviously governs a two-parameter family of all isogonal 
trajectories of the family of curves 


Bi (Z — 29;)(2 — Zo2) 


Z—Zy 


This family corresponds to k = 1 and is the first basic family of 
the standard net [eqn. (23)]; for k = j we obtain the second basic 
family orthogonal to the first. Complex values of k, k = /a, 
correspond to the diagonal families of SN. 

We shall be interested here mainly in the polynomial SN 
having no poles, z,. The degree of the polynomial (identical 
to the number of supports) will be denoted by a subscript and 
the supports can be indicated in parenthesis. Thus SN,(1, —1) 
denotes the standard net of the second degree with supports at 
bes 3p II. 
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The most important types of standard net will be analyse 
in the next Section. Primarily, the standard nets are solutior) 
of autonomic differential equations; nevertheless, the solutio1) 
of non-autonomic equations are often intimately connected wit 
local standard nets corresponding to fixed values of the indi)’ 
pendent variable (see Section 4.4). 


(3.1) The Four Types of Standard Net 
The Standard Net of Zero Degree. 1) 
z’=k,z=kt+C(Ciscomplex) . . . @ 


(3.1.1) SNo. 


| 
has no supports. The basic families z’ = 1, z’=j form tt, 
orthogonal co-ordinate network, the diagonal families z’ = 7 
consist of oblique parallel straight lines. i 


ral 
BEES 
vavay 
Baar 
Baal 
Eabar 
ava A 
aeay 
Pavey 


Fig. 1.—The standard net of the first degree. 

Za— hae | 
= k@ — 24), (%’, 1D) | 
(3.1.2) SNi. The Standard Net of the First Degree (see Fig. 1). 
2’ = k(z—z,), z = Zz, + Ce - (2: 

has the single support z9 = z;. We shall discuss the SN,(0) © 
z’ = kz, z= Ce . & 

with the support at the origin. The basic families z’ = z an 
Za =J5 form the polar co-ordinate network; the diagon: 
families z’= /oz are logarithmic spirals. SN,(0) thv 
represents the polar Smith chart for the reflection coefficien 

The general SN, follows by translation. 


(3.1.3) SN2. The Standard Net of the Second Degree (see Fig. 2). 


Z — Z,Ce@—22)kt 
= Ce(41—Z2)kt 


(2 
is supported by the points z;, z,. We shall discuss SN,(1, —1) 
z'= kK(1 — z*),z= tanh[k¢+%)] . . 


z'=k(z —2,)\(@ — 2) =kz* + Az?4+ B, z= 
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Fig. 2.—The standard net of the second degree. 


z’=k(1 — 22), ¢ 
z =k(z — 2)(z 


&, 1). 
—' 22), (8, 1’). 

supports are (1, —1), the basic families z’ = 1 — z?, and 
= j(1 — z”) are the orthogonal elliptic and hyperbolic families 
* circles occurring in the rectangular impedance chart. The 
sagonal families z’ = /o(1 — z?) consist of S-shaped curves, 
‘“»rresponding to lossy lines. The basic families also occur in 
‘je Smith chart as the curves of constant mod z and arg z, 
tspectively. 

{The general standard net SN,(z,, z,) follows by rotation, 
slation and extension, such that the supports (1, —1) become 
|., Zp, Tespectively. 
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Feldtkeller,> among other authors, uses the basic families of 
the first and second degree in certain problems of the theory of 
four-terminal networks. With regard to the diagonal families, 
Feldtkeller vizualizes the transformation of impedances, in 
Fig. 33 of Reference 3, by means of vectors ‘whirling out’ of the 
point —Z and ‘whirling into’ the point Z. These vectors seem 
to be tangential to our diagonal S-shaped curves. 

The general standard net SN, occurs as the local impedance 
chart of non-autonomic lines (see Section 4.4). 


(3.1.4) SN2p._ The Parabolic Standard Net of the Second Degree or 
the Generalized Dipole. 


(29) 


1 
aa aa tS cae ca rp . 


has a double support z,. As z, approaches z, in SN,(zj, z>) all 
component families of SN, become parabolic families of circles. 
(Circles of a parabolic family have a common tangent at the 
common point.) For z; = 0 we have the special SN>,(0, 0): 


? 1 

f Leki: 

with the double singularity at the origin. The first basic family 

is z’ = z* = x* — y* + j2xy, whence 
dy _ __ 2xy 
dx x%—y? 


(30) 


(31) 


This is the parabolic family of circles 
x? + y2 — cy =0 


with a common horizontal tangent at the origin as can be seen 
by differentiation and elimination of c. Other values of o = argk 
yield parabolic families with other directions of the common 
tangent, z’ = jz”, z’ = /az*. The two basic families form the 
familiar circles of constant resistances and reactances in the 
Smith chart. 

Table 1 shows some of the substitutions which transform the 
differential equations and the corresponding standard nets of 
one type into those of other types. It will be noted that analogous 
transformations of real differential equations are much more 
complicated. 


Table 1 
KG Za whGZ, z =k(z — M) z’ =k — 22) 
ZW Zoo Zoe z = tanhw 
w2 — 1 
ZO ReLW, Z=wWy z=P+w z = tanh (log. ) = 4 
[ ad 
also z = 
l1—w 
Ue kw — P) z = log: (w — P) awe cae z= tanh [loge (w — P)] 
? 1 l+w Ue iw 
‘w = k(1 — w2) || z = arc tanhw z= [7-7 = exp (aretanh) PoP Ae aa a 
nu 1+w Pai 
z= 5 lox 7, [also 2 = BF | 
La 
1 
w’ = ky2 z= = in om) Z—= Pe ce ly z= tanh - z= 
 __ Se ee 
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(4) NON-UNIFORM LINES 


(4.1) Notation and Definitions of Important Quantities 


In this and all following Sections of the main text we denote 
by z=r-+jx the normalized impedance, by y=1—~x or by 
¢ = By the distance denoted in Section 3 by the general 
independent variable rf. 

We introduce the ‘actual characteristic 
References 4, 5 and 6) 


impedances’ (cf. 


ea ee 


wp =- (32) 


Zi = 
which are the local non-reflective impedances associated with 
the positive (decreasing y) and negative (increasing y) directions 
of propagation, respectively. The normalized actual charac- 
teristic impedances for the ‘plus’ and ‘minus’ waves will be 
denoted by 

Zo Zo 


p= = m= = 


33 
Zy’ Zq (33) 


Zo, P, Z, mare complex functions of y or ¢. 

According to Schelkunoff* we can write for the voltage and 
current reflection coefficients associated with waves travelling 
in the positive direction 


r Veet. gL Lo LS =e) 
Va 


Vin Lie LAL a (z + m) 
inc 0 0 Dp (34) 
pele = 2a ee eZ 
Sh ee 4 oe 2 
Denoting I'y by I’ we can write for z = p and z = —m 
I\p) = 0, 1'(—m) = (35) 


For reasons which will be clear in Section 6, the reflection coeffi- 
cients [eqn. (34)] will be termed the ‘intrinsic reflection 
coefficients’. 

We introduce reflection coefficients for waves propagating in 
the negative direction (p is interchanged with m) 


See) ae ee 
ee m(z + p)’ pt+z’ mS) 
Then we have 
Ton) =0, 1(—p) = (37) 


It is clearly seen that m is the non-reflective impedance for back- 
ward waves. The infinite values of I’ in eqns. (35) and (37) 
correspond to active loads or active equivalent impedances, 
i.e. to sources. 

Schelkunoff and other authors,*° using eqns. (34), did not 
indicate either a method for determination of the values of 
Zi, Zp or a relation between Zj{ and Z>. We shall give a 
simple algebraical method for determination of the local non- 
reflective impedances p and m directly from the differential 
equation for z. Since p and m are intimately connected with the 
local invariant impedances which are the ‘moving singularities’ 
of the differential equation, we shall first explain these notions. 


(4.2) The Local Invariant Impedances as Moving Singularities 


The term ‘local invariant impedance’ seems to be contra- 
dictory; an example will clear the matter. One case of a single 
moving singularity is a circle rolling along a curve. The 
instantaneous centre of rotation is the moving stationary point, 
since for any value of f its velocity is zero but its position changes 
with time along the supporting curve. This point could be 
termed the ‘local invariant point’. 
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In the case of two moving singularities we should have tw 
stationary points of zero velocity changing their positions with 
time, i.e. two local invariant impedances depending upon thi 
distance y. dz/dy is zero at these two points of the z-plane fo 
this, and only this, value of y. 


(4.3) Determination of the Local Invariant impedances from thi 
Differential Equation for z 


The singular points will be denoted henceforth by z,, 22. Thi 
differential equation for z is of the form of eqn. (11): ; 
f= i — 2) — az as 


dp 
We denote g = 2s, where |s| is the ratio of the cut-off inane 
to the working frequency 


| 
(39 


cf. Reference 7 for exponential lines. At any point of an expo | 
nential line we have a constant value of s = q/2 for a constan 
working frequency f. Thus the critical frequency f, = |s|f i 
constant all along the line. On the contrary, with non-autonomi 
lines, the logarithmic slope s varies along the line; each ele 
mentary length Ad = BAy of the line can be considered a 
being replaced by an equivalent exponential length with th 
same value of s as the non-autonomic line at the point in questior’ 
This local value of the logarithmic slope s then determines th. 
‘local cut-off frequency’ valid for the chosen elementary lengt 
Ad, for constant working frequency. Since f, is proportion 
to |s|, it is possible that, while certain sections of the line (wher! 
|s| < 1) are working above the cut-off frequency (f > f,), othe 
sections, where |s| > 1, would simultaneously work under th 
cut-off frequency (f< 7): The normal working condition i 
then as follows: the absolute value of the logarithmic slop) 
should be |s| < 1 all along the line. 

The invariant normalized impedances are the supports ¢| 
eqn. (38) and are readily found by equating dz/d¢ to zero: 


z*—j2sz7—1=0°... 09 
whence | 


Z=ft+/1 —s) =js tna. ee (4)| 
Z=js—/1l—-ry=js—n 


s is real and n is the arithmetic value of +/(1 — s?). 
If |s| <1 the invariant impedances z,, z. are complex an 
we can put 


Y= Ain 7, 0 = Coss ee ea 


with —90° < 7 < 90°. 
This corresponds to f>/f,, which is the normal workin| 
condition of the line; for |s| > 1 the invariant impedanc 


become imaginary. We shall suppose that |s| < 1 all along tt! 
line. 


The two local invariant normalized impedances of the noi 
autonomic line represented by eqn. (38) can thus be written as_ 


z=ntjs=/r a 


ma-ntjs=—f-7r . 


(above the cut-off frequency) and are given by the singuli, 
points of the differential equation (38). Here i 


2z,>0 { 
Riz <0 | 
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_ dlog. Zo 
2Bdy 
Ue a ee) 
Moreover we have 
212, = — 1,25 =f (46) 


< << 

In close analogy with m and T' we introduce z,, z», the local 
ivariant impedances associated with backward waves, for 
thich the logarithmic derivative g = 2s is of the opposite sign. 
thus, replacing +-js by —js in eqns. (44) and (45) we see that 
ae two local invariant normalized impedances for backward 
javes of the non-autonomic line represented by eqn. (38) can 
2 written in the form 


< 


Zo fs / zt (47) 
| LS i= Ti Ze «3» (48) 


-bove the cut-off frequency) and are given by the supports of 
ue differential equation 


z’ = jl — 27) + q(p)z (49) 


orresponding to the same transmission line as eqn. (38) but 
viven from the opposite end (¢ = 0). 
rere again is 


<< 


Shp —— (50) 


‘if we wish to find the invariant impedances by classical 
tethods it is necessary to determine expressions for V and J, 
‘ obtain the transformation law z = f(z,, y) and then, putting 
= Zr = Zinn, to solve the last equation for Zj,. Here we 
ave a direct method for the determination of the invariant 
apedances without integration of eqn. (38). 


< < 
= ey —2ZT 


| (4.4) Fundamental Property of Non-Reflective Impedances 


The local non-reflective normalized impedances of the non- 
stonomic line [represented by eqn. (38)] associated with the 


Fig. 3.—The four intrinsic impedances. 


'o directions of propagation are given by the relations (see 
g. 3) 


ats 
p= p=Z-=atjs= /t (51) 
0 
d m= —200m= — =n —js= (—T (52) 
Zo 
spectively. Moreover we have 
pm = 1,m= p* (53) 
d Z5 25, = Ze (54) 


*. > are functions of g and consequently of d Or y. 

Proof of eqn. (51).—Any non-reflective impedance p is, at 
‘st locally, an invariant impedance, but not all invariant 
-pedances z; are non-reflective. Thus, if a line has non- 
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reflective impedances, they must be found among the invariant 
impedances. 

Since a non-reflective impedance is a passive (load) impedance 
its real part is positive, and since, by virtue of eqns. (44) and (45), 
only the ‘first’ invariant impedance z, has a positive real part, 
the non-reflective impedance p is identical with the ‘first’ invariant 
impedance z,. 

The same argument holds for eqn. (52) if we replace p and z; 
in eqns. (44) and (45) by m and z; in eqns. (47) and (48), 
respectively. 

Since pm = 1 [eqn. (53)] the equations for the voltage reflection 
coefficients [eqns. (34) and (36)] assume the form 


— 1 <= pz 
Le iy - 
aera mz +1 >) 
It will be noted that Z> = — p and Zz, = — mare exactly the 


‘active loads’ causing ‘infinite’ reflections in the two respective 
directions [see eqns. (35) and (37)]. si 
The four intrinsic impedances p=2z,, m= — 2,= 21, 


<—_ D 0 
—p = Z), —m = Zp, are represented by four points on the cir- 
cumference of the unit circle centred at the origin. They move 
simultaneously, conserving their symmetrical arrangement as 
the logarithmic derivative g varies along the non-autonomic line 
(see Fig. 3). 

At any position z; = p and z, = — m are the supports of a 
‘local’ standard net of the second degree SN,(p, —m) which is 
geometrically similar to SN,(1, —1) (see Section 3.1), with the 
exception of the S-shaped curves corresponding to lossy lines 
and requiring special investigation since the invariant impedances 
of lossy lines are not located on the unit circle. 

The exact meaning of the local standard net and of the moving 
singular points (p, — m) as compared to the fixed singularities 
(1, —1) of the uniform line, is as follows. The fixed singularities 
determine the whole circle of constant |I’| passing through the 
given point z as well as the whole circle of constant By + 90° 
passing through z; the moving singular points determine only 
the elementary arcs of the curves 


| "| = constant: dz = f(z, d)\db =[j(1 —z”) —q(h)z]ddb (56) 
By + 90° = constant: dz = [(1 — z*) + jq(¢)z]dp (57) 


(see Section 3.1). 
The tangent to the curve |I'| = constant at a given point 
z = Acan be determined graphically (see Fig. 4) if we draw a line 


Fig. 4.—Graphical determination of the tangent to the impedance 
locus at the given point z= A, from the local non-reflective 
impedance p. 


CA = Cp, the tangent to the curve By = constant is then per- 
pendicular to CA. This construction is a generalization of a 
known construction used in connection with the uniform line. 
It is.clear that for other values of the angular distance @ and 
consequently for other positions of the supports (p, —m), we 
obtain other directions of tangents at the same point z = A. 
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This is one of the most characteristic properties of non-autonomic 
transmission lines (cf. Section 3). 


(5) APPLICATIONS OF THE GENERAL THEORY 


(5.1) The Uniform Line 


Since the supports of eqn. (13) z’ = j(1 — z*) are (+1, — 1) 
the orthogonal impedance chart is given by the standard net 
SN,(1, —1) (see Section 3.1). Furthermore, we have p = 1, 
m= —2Z,= 1. The transformation law for impedances is the 
solution of eqn. (13): 


zp tjtan¢ 
eS Pt = ‘ 8 
jtan (p + o) Rejoin (58) 
where z,, = / tan c is the load impedance. 
Differentiating I’ = (z — 1)/(z +1), which follows from 
eqn. (55), and inserting z’ from eqn. (13) we obtain 
dV" 
LY = 32 or Pigs — j2pr (59) 


These classical relations are arrived at in a very simple manner 
by means of the new theory. 


(5.2) The Exponential Line 
The supports of eqn. (14), z’ =j(1 — z*) — qz, where 
q = 2s = constant, are z} = p=n-+/Js, Zz. = —m= —n+js 
(z, and z, are constant). p,mcan be also obtained directly from 
eqns. (51) and (52). The orthogonal chart is given by SN,(p, —m) 


with the exception of the S-shaped curves. 


SN,(p, —m) is 
geometrically similar to SN,(1, —1) and can be found in Fig. 6 
of Reference 8. The derivation of the orthogonal chart given in 
this Reference is very complicated. 

Denoting s by —v (cf. Reference 7) we can solve the equation 


z’ =j(1 — z*) + 2vz introducing w= (z+jv)/n. We obtain 
w’ = jn(1 — w?) (60) 
dw d 
and | jaye ind 
whence w = jtan(nd +c) = ia ar YS, (61) 


1 + jw, tan nd 
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with w, =jtan c. The load impedance is zz = j( tance —v, 
and we obtain after some manipulation 
__ (ncot nBy + v)zp +J 


62 
ncot nBy —v + jz, (62 


which is the known expression for z (cf. Reference 9). 

The substitution w=(z+/jv)/n can be regarded as % 
‘mapping’ of the exponential line reducing it to a fictitious line 
[eqn. (60)]. This quasi-uniform line has the same support: 
and the same remaining properties as the uniform line with th 
exception of the effective phase coefficient 8 = nf instead 0 
B (cf. Reference 7). 

The voltage reflection coefficient is obtained from eqn. (55 


With Peso S]) ==" Pas wp 


Zz —]1 
a ko Eas (63 
27aP +1 . 
Differentiating and substituting z’ from eqn. (14) 
I’ = — j2nT or ay = —j2npl (64 


dy 
T= Pe, = at 0 


These differential equations are of the type €’ = k& and corre 
spond to SN,(0) (see Section 3). SN,(0) is in this case the poin 
[-diagram for the exponential line and can be readily con 
structed as the Smith chart for the quasi-uniform line of eqn. (6C 
(see Fig. 5). The circles of constant r and x are numbere’ 


whence 


according to the substitution w = (z + jv)/n so that the cir 
p= I does not pass through the centre, and the locus of x = 
(the image of the real axis) is a circular arc orthogonal to tl 
basic circle, since, for z= 0, we have w = jv[n, for z= 
w=(i +jv)/n and for z= co w=oo, Since the cirel 
|T = constant are concentric it is possible to determine tl 
input impedance by rotating the load impedance through tl 


angle —2nBy. The reflection coefficient of the quasi-unifor 
line I’, is given by 


=, Woe Paes 


emerge sree: 1! rt i 6 


and differs from I’ only in phase angle. 


KAZANSKY: OUTLINE OF A THEORY OF NON-UNIFORM TRANSMISSION LINES 


For variable length / of an exponential line with constant 
haracteristic impedances Z, at the transmission end and Z, 
it the receiving end, the input intrinsic reflection coefficient can 
© obtained as follows. At the output we have z, = 1 and we 
‘btain from eqn. (55) 


ie 2 eee 
ae nee 


tan 


5 (66) 


[T,| = 


jor loss-free exponential lines we can write for the input 
rl =a IT;| aA 


tan = ; For variable taper 
"|Z, = constant we have, from Z, = Z,e°!, 


5 length / and 


1 Zn. ) ,\ Z A 
6 = — log. =; = 2 = K 
pokey Sp =v 2B an I loge Z, 7? 
1 Z 
iT K = — =e 
ti , Ar loge Zs 


Using these relations we obtain 


Pot eee C0895 J I 


1 
2 sin p v pune. pa 


aé finally = |I',| = ae |G) «|| 


2s is an equation of a hyperbola having no zeros for finite //A. 
or I/A < K, |I;,| has no real values, J, = KA being the critical 
xgth of taper for a given A. If we compare this result with the 
flection pattern’ of Ragan [eqn. (4) of Reference 10], and 
Villis and Sinha!! (with zeros at kA/2), we see that these authors 
estigated the overall reflection pattern of a line composed 
..a uniform line and an exponential line instead of the 
‘ponential line as such (see Section 6). 


(67) 


(68) 


(5.3) Example of a Non-Autonomic Line 


iEqn. (11) z’ = j(1 — z*) — g(¢)z can be solved in some 
ial cases even if g = 2s is variable. 
Introducing w = z — js we obtain 


Z (69) 


(70) 


mm. (69) can be solved, s can be determined from the differential 
wation (70), and then g = 2s: 


w’ = jd — s* — s’ — w*) 


s* + 5’ = a* = constant 


gq = 2a tanh (ad +c) (71) 
Since q = a we have log. Zy = | gdb 
Wd 9 Z) = C, cosh? (ad + 2) = C; cosh’ ag + $7) (72) 


| is real if C, and a are real. 
e thus obtain a non-autonomic transmission line for which 
z’ = j(1 — 2?) — 2a tanh (ad + Oz (73) 


‘ce real constant ¢ is determined by the location of the load: 
=ad,;. ¢=0 if the load is at the point of minimum Zp. 
We can integrate eqn. (69) written in the form 


w’ = j(b? — w?) (74) 
vere b? = 1 — a%,a<1. We have (with w;, = jb tan c) 
+ jb tan (6 
w = jb tan (bb + 0) = irasia ae ES) (75) 


tan (bf) © 


1 + jw b 
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and finally 


z=w+js=jbtan (bf +c) + jatanh(ad +2. (76) 


The complex constant c is determined by the load impedance 
z, = jbtanc + ja tanh ¢c; c = O if z; = ja tanh é. 

This non-autonomic line is relatively simple, since the impe- 
dance z is split into the autonomic part w corresponding to 
the ‘quasi-uniform’ line [eqn. (74)] and the non-autonomic part 
js, which depends upon the position of the load ¢ but not upon 
the load impedance z itself. 


Fig. 6 represents z-curves for a= 0-6 and h=0-8. The 
J aun 
45° : : . aed | Zin 
J i b are 
LA “ — 2g=Cy cosh2ag 
= S nC uees 


Fig. 6.—Impedance loci for real load impedances located at the 
minimum of Zp of the non-autonomic line Z) = C cosh2 ad. 


load impedances are z, = 0:5, 0:6, 0-7 and 0-8, and are located 
at the minimum value of Zp), ¢ = 0. The supports of the quasi- 
uniform line [eqn. (74)] are wy.2= +5= + 0-8; the corre- 
sponding SN,(b, —b) is shown in Fig. 6 and is used for the 
construction of z= w+ js. We start at z, = 0-6 and follow 
the circle, adding to its points the vectors js = ja tanh (af). The 
construction of Fig. 4 is also shown. The impedance loci are 
similar to trochoids, but have asymptotic circles for ¢@—> © 
belonging to the asymptotic standard net SN2(z,;, —2Zas)s 
where z,,=b+ja=0:8+/j0°6. For z,=b=0°8 the 
fictitious ‘line’ is matched (the non-reflective ‘impedance’ is 
w, = 0-8) and z= w, + js = 0-8 + jatanh (ag), so that z 
transforms along the straight line parallel to the imaginary 
axis and ending at the asymptotical point z,,. 

Fig. 7 represents a typical non-autonomic case. A fixed load 
impedance is placed at different points d, = 0°, 30°/a, 60°/a 
and 90°/a of the line [eqns. (72) and (73)] corresponding to 
different values of ¢@. The rest of the line is thought to be cut 
away. To each location of the load we obtain a separate z-locus 
constructed in the same manner as in Fig. 6, only the vectors to 
be added are ja tanh (af + ¢) — jatanh¢, since jatanhc is 
already contained in zr. 

This behaviour is typical for non-autonomic lines and is 


134 


a-0°'6 
a, =90° 60°30" 0° 
: 4321 
Sat tell 2G Zi 
| _ B—=i | 
iret p—4 
ZQ=C1 cosh? (aB +t) 
Fig. 7.—Impedance loci for a fixed complex load impedance located 
at different points of the line Z) = C cosh2 (ad + @). 


caused by the fact that the impedance at a point ¢ depends upon 
both ¢ and ¢;, (location of the load), 


2=> F(z;, , fr) (77) 


[cf. Reference 5, eqn. (37)] and not only upon the difference 
¢ — ¢, as in the case of the autonomic lines, where 


z= F(zz,,¢—¢)) . (78) 
Inserting 
p=n+js= +/[l — a tanh? (ad + 9] 
+ ja tanh (ad + 0), 
m=n—Js (79) 
into eqn. (55) we can obtain I as a function of ¢. 
The general equation (11) can be also solved if 
iQ — s? — s‘) = adn (80) 
The case 7» =O corresponds to eqn. (70); y= -—2 and 
9 = — 4h/(2h — 1), where A is an integer, represent the remain- 


ing solvable cases (cf. Reference 12, p. 21). 


(5.4) Summary of Properties of Non-autonomic Lines 


(a) The invariant impedances z; = p, z7 = — mas well as the 
non-reflective impedances p, m are of a local character, since 
they depend upon ¢. 

(b) The local character of the non-reflective impedances 
implies ‘inner’ reflections; P(¢$)) is non-reflective at the point ¢4y, 
but causes reflections at the neighbouring point 2 = $; + Ad, 
since p($2) # p(y). 

(c) A pencil of impedance loci passes through any point of the 
impedance plane. 

(d) An impedance locus can intersect itself or other impedance 
oci. 

(e) For any point ¢ along the line there exists a field of 
directions arg z’ readily constructed as shown in Fig. 4. 

(f) Since the transformation formulae for z involve both p 
and ¢, [eqn. (77)], different locations oy of the same load impe- 
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dance along the line cause different transformed impedances @ 
the distance B/ = ¢ — ¢, = constant. eet ; 
(g) Anticipating eqn. (88), Section 6.1, the invariant reflectio 
coefficients of non-autonomic lines are in general neither zer} 
nor infinity and do not correspond to the invariant impedances; 


| 
| 
i 


(6) DIFFERENTIAL EQUATIONS FOR REFLECTION AND | 
TRANSMISSION COEFFICIENTS 

Although I’) can be readily determined for any given jin 
from eqn. (55), it is interesting to deduce differential equatior) 
for this quantity as well as for [’, and the transmission coefficient) 
of a non-uniform line. 

It should be emphasized that in eqns. (34)-(37) as well é/ 
eqn. (55), I’ is the intrinsic reflection coefficient of a tapere 
line as such and not the overall reflection coefficient of a lin} 
composed of a uniform line and a non-uniform line. Bi 

The intrinsic reflection coefficient [y(y) = Veer] Vine describe) 
reflections at any point on the tapered line, since eqns. (34) 
contain Z, Zo which are functions of y. On the contrary 
the overall reflection coefficient describes reflections at th 
junction of the input uniform line and the tapered line. 

This difference seems to be completely neglected in th 
literature. For example, Reference 13 expressly states that th) 
magnitudes of I’ on both sides of the junction are equal. 


(6.1) Intrinsic Reflection and Transmission Coefficients of © 
Non-Uniform Lines as Such | 

From eqn. (55) we obtain 
1+T, 
= —__- eee 
2" A ae ply ( 
Differentiation and substitution into eqn. (38) yields [notin’ 
that all quantities in eqn. (81) are variable] 
— = ——— [q- + j(p — m) |T3- + ——(pq- — mat —j4) 1 7 
ws Pee! +j(p —m)] sional mgt —ja)ly | 
m 


aye lat +p — m)] = RTZ + STy + W. (82, 


where gt 2 Oh = — + q (see Appendix 11.3) and th) 


coefficients R, S and W are functions of ¢. All quantities al 
in general complex. 
This equation can be simplified to 


ph Dany oe ele 5 m 
Ls a, is + 2n')Dy + = 


GD Hg +28) 


Similar differential equations for the current reflection coef! 
cient I’, and for the voltage and current transmission coefficien j 
T,, T; are readily obtained from the second equation (34) an| 
the equations of Schelkunoff (Reference 4, p. 34): | 


Ty = (Zo +2 (Zo +2) Ty =i Zn 
We obtain 


(2 1 , 
| eee A pp eam terre I: Dp 
I 57 rags an’) Ty +5 
a 5c (Sad 1) poe ee S/S 
anlg tA)TE +E — wD, — me | 
: p Soar ‘ 
Ty a on igs (Ss j2n) Ty + j2n A oi (8. 
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m Ss cag fe ; 
= T? (5 + jan) T; + j2n 


1 (86) 
The four equations (83)-(86) are Riccati equations and cannot 
be solved in the general case; there are, however, cases (cf. 
Reference 12, p. 21), when Riccati equations can be solved. 
If p=m=1 (uniform lines) we have R=0, W=0, 
'S= — j2, and eqn. (83) yields [', = —j2Tp. 
If p= 7t=constant, m= / — Tr = constant (exponential 
lines), we obtain R nay W = 0, S = — j2n and eqn. (83) yields 
7 : d 
Ty = — j2nl'y or a = — j2nBTy. 
Equating the second member of egn. (82) to zero, 


RI?4+5T+W=0. (87) 
we obtain the two ‘local invariant reflection coefficients’ 
— § +4/(S?2 —4RW 
pe = vA , (88) 


: 2R 
‘The invariant reflection coefficients of the autonomic lines are 
jeither zero or infinity corresponding to the invariant impedances 
=p and z= —™m [see eqns. (35)]. In the case of non- 
teutonomic lines the invariant reflection coefficients are, in general, 
meither zero nor infinity and do not correspond to z;, Zz). This 
jis one of the striking features of non-autonomic lines. 


(6.2) The Overall Reflection Coefficient of Composite Lines 


Fig. 8 shows a tapered line between two uniform lines. The 
«eminal characteristic impedance Zp varies continuously from 


Fig. 8.—A composite transmission line. 


" The non-reflective normalized impedances at the junction 1 are p;, my; the corre- 
onding values at the junction 2 are p2, m2. 


%, to Z,, but its logarithmic derivative changes abruptly at the 
wanctions, which causes I° to be discontinuous at these points. 
2x is the nominal characteristic impedance of the non-uniform 
tion. Since the output line is matched, I'y, = 0, but 
Iwo = (m, — 1)/(p2 + 1) [ef. eqn. (55)]. We can thus refer to 
the transforming action of smooth junctions. We have 


Ty. 4 Tx? 
ae M24, 1 ‘= Zia 1 89 
Diemer ort Oe Saeaen (89) 


' We shall now deduce the differential equation for the overall 
eflection coefficient I. For any given z, the impedance z, 
s a function of the taper length / and is governed by eqn. (38). 
Ve can write, dropping the subscript 1, 


z—1 


= 90 
La z+1 9) 
hiferentiating and substituting for z’ from eqn. (38) we obtain 
“il SU nee eee) (01) 
dy P 1 [2 d loge Zo 
: ae == = aoe eM (92 
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The last equation (92) is identical with the differential equation 
of Walker and Wax,!* although these authors deduced it for 
of a non-uniform line as such, not mentioning any uniform line 
at the input. On the other hand, since these authors did not 
consider the I’-transforming action of the junction, they could 
have meant the overall I’, as well. All authors working with 
the equation of Walker and Wax use it on the tacit assumption 
that the equation governs the overall reflection coefficient I";,. 

In deducing their equation, Walker and Wax state that I’ is 
defined, in the notation of this paper, by 


_ VL = Zo(x) 
VIL + Zo(x) 


This formula is incorrect for the following reasons: 


(93) 


(a) If I’ denotes the intrinsic voltage reflection coefficient of the 
non-uniform line as such (in the sense of Schelkunoff4), I’ must 
vanish for V/IJ = Zj(x), which follows from eqns. (34) and from 
the definition of the local non-reflective impedance Z% [eqn. (32)]. 
Since Zo (x) 4 Zo(x), I’ as given by eqn. (93) does not vanish for 
V/I = Z§(x). On the other hand, the reflection coefficient I’ given 
by eqn. (93) vanishes for V/IJ = Z(x), which is the nominal charac- 
teristic impedance and for which reflections do occur in non-uniform 
lines, Zo) being merely a parameter associated with the point x on 
the line. 

Moreover, since the notion of the reflection coefficient as the 
ratio V;er/Vinc is intimately connected with both the incident and 
reflected waves, any expression for I’ as a function of Z must 
necessarily contain the characteristic impedances associated with 
the two directions of propagation, Zj, Zp). This condition is 
satisfied by the formulae of Schelkunoff [eqns. (34) of this paper] 
as well as by the equation for I’ of exponential lines deduced by 
Burrows (Reference 7, p. 559), whereas eqn. (93) does not satisfy 
the condition. 

(b) If I. denotes the overall voltage reflection coefficient I'y, 
eqn. (93) is correct for x = 0 and only for this value of x, since 7 
is determined by the mismatch at the junction of the input uniform 
line and the non-uniform line. 


It follows that the formula for I’ of the uniform line, 
[= (Z—Z))|/(Z + Zp), cannot be generalized for non- 
uniform lines by replacing the constant nominal characteristic 
impedance Zp = »/(Z,/Y,) by a variable Zo(x). 

Willis and Sinha,!! as well as many other authors, solve 
eqn. (92) in the case of the exponential line in the linearized form 
neglecting 2. They arrive at the formula 


sin 2niA| 
AN Ne ie 


2 


2 (94) 


= loge 
7 


Eqn. (92), however, can be solved (for exponential lines) 
without linearization; the resulting solution will be obtained 
more easily in the following manner: 

The exponential taper is terminated by z, = 1, the length of 
taper is y = /. Substituting these values into eqn. (62) we obtain 


re + 7) tan nBl 


95 
n — (v —j) tan npl 7), 
z—l v 
= = 96 
ie Des zt neotnBl +7 4). 
For variable taper length we have (see Section 5.2) 
Kx a 1\? Kx 
as 2) — (= A 
ee A megs e | i 
where A is the ‘reduced length’; 
eee 
= 97 
s |) | SA 
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Denoting C = 27K we obtain the reflection coefficient 


1 


“ip eae a EEE (08) 
Va A cot CA + jrx/(A? + 1) 
whence 
1 
ae 
A 
+4 (=3 CA ‘a 1) 
2 —1/2 
ele 
SEC T +. J (99) 
sin? 2nxa|| (75) — | 
in CA 
gf Tal = sin 


~ |4/(42 + sin? CA)| 


The asymptotic expression for |I°,,| (large values of the reduced 
length A, A > sin CA) is then 


sin - rs 1 Z> 


bs £2 100 
[Vales = C| eg 7 108 7 | CA ty 


sin a 


which is exactly eqn. (94), since CA = 27//A for large values of 
I/X. Thus eqn. (94) may be taken as an approximation of 
eqn. (99) for long tapers. 

Putting A = 0 we obtain the critical length /, = KA; smaller 
values of / correspond to imaginary values of A and no propa- 
gation takes place [cf. eqn. (68)]. Eqn. (94) yields no information 
on this well-known fact. 

It is interesting to note that Ragan (Reference 10, pp. 307, 308) 
distinguishes as many as three limiting values of I’ at /= 0, 
which shows that the conventional theory does not hold for 
small taper lengths. 


(7) SYNTHESIS OF NON-UNIFORM LINES 


The general differential equations (8), (11) or (8) can be 
solved in some exceptional cases only. Fortunately, it is possible 
to find non-autonomic lines, i.e. to determine Z) = Z(y), for 
any desired function z = z(y) or Z = Z(y). 

(a) It follows from eqn. (8) that 


ldz | dlog:Zy _ dlog.(zZp) | 1 
‘z dy dy dy ce ( z) END 
1 1 
or Zo(y) = Cr exp I Y C = z) ay (102) 


In the case of loss-free lines this expression assumes the form 


Zed) = Co exp E | G- z) as | 


Differentiating eqn. (103), or directly from eqn. (11) or (38), we 
obtain 


(103) 


Al ca 
a) =i(; =) ae Gad 
For z = j tan(¢ + c) we obtain Z) = constant and for 


z = jb tan (bf + c) + ja tanh (ad + @) 
we can write 


(104) 


Zo($) = C, cosh? (ap + 2) 


in accordance with eqn. (72). 
Beginning with equations of the form z = f(¢, c) + a(¢, 2) 
we obtain non-autonomic lines for which z = f + g is the general 
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solution of the corresponding differential equation. However) 
if we begin with z = f(¢, c) the line obtained will be also_ non: 
autonomic in the most cases, but z = f(¢, c) will be a particulai ) 
solution of the corresponding differential equation valid for ¢|, 
definite location of the load. | 

(b) For a given Z = Z(y) we can use eqn. (12) deduced by 
Pierce.! It follows immediately that | 


aZ Ne q| 
sari sae (BT) 


In this case Zp is obtained without integration. . 


(c) The general solution of any Riccati differential equatiaas 
is of the form 


FryG; 


_ CE ie Gy ye 
a F, G, 


S ECE RIG, | 
This is also the general solution of eqn. (38), if certain condition: i 
are imposed on the four functions. Determining C fron) 
eqn. (106) and differentiating we obtain, comparing the resul 
with eqn. (38), the conditions 
F\G; — FiG, = G,Fy — GF) =i(F G2 —F,G;) =jA (107)! 
Thus, any four functions satisfying the conditions of eqn. (107)' 
determine a non-uniform line; qg is given by eqn. (108) and 


(106) 


and 


Zold) = Cielo . (109 | 

It follows from eqn. (107) that the following four cases leading tc), 

A = 0 are excluded: 
(i) All Fy,2, Gi,2 are simultaneously constants. 
(ii) F; and Gj, are constants. 


(iii) Fz and G2 are constants. 
(iv) F,G2 => FG. 


The equation of Walker and Wax has been used in the sensi 
specified in this paper by following authors: Ghose,!5 Scott,!) 
Klopfenstein,!7 Collin,!® Bolinder.!? Ghose proposed a methow 
of synthesis based on the linearized equation of Walker ang 
Wax. The differential equation for the normalized impedanci| 
derived by Burkhardtmaier”® is incorrect, and is not used b:) 


this author in the rest of his paper. 


(8) CONCLUSIONS 


Introduction of families of complex differential equation 
corresponding to standard nets [z’ = kf(z)] makes it possible tc 
analyse and transform two-parameter families of curves as i: 
whole; transformations of individual component families withir” 
a standard net are effected simply by changing the phase angli 
of the outer parameter k. All component families have commoi 
singularities representing the invariant impedances. The non» 
reflective impedances of autonomic and non-autonomic line)! 
can be determined algebraically; the field of directions of th. 
impedance loci is readily obtained either graphically or analyti) 
cally. ‘Mapping’ of transmission lines reduces more complicates! 
lines to less complicated fictitious lines; approximative method 
are also possible. 

Reflection and transmission coefficients can be determine 
directly from the non-reflective impedances; the correspondin, 
differential equations are derived from the differential equatio; 
for the normalized impedance. Furthermore, the equation fo 
the overall voltage reflection coefficient is deduced and method | 
of synthesis of non-uniform lines are indicated. 

Even the brief treatment of complex differential equations a_ 
given in the paper leads to interesting relationships, and it i 


¢ 
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; very probable that more detailed analysis would bring about 
further important results. 
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(11) APPENDICES 


‘11.1) Further Properties of Complex Differential Equations 


Since differential equations of complex functions of a real 
rirdependent variable are very important, not only for the theory 


137 


of non-uniform transmission lines but for many other branches 
too, further properties of complex differential equations will be 
discussed using the notation of Section 3. 

The distinction between the autonomic and non-autonomic 
cases requires some more explanation. If the non-autonomic 
differential equation can be written in the form 


aa t(Z od) (110) 


where arg g(t) = % = constant, the solution curves constitute a 
one-parameter family. Separating the real and imaginary parts, 
we obtain with f(z) = f. + Jf; 


dy f,cos#+f,sin x 
dx f, cosy — f; sin ys 
Thus, although z’ explicitly depends on ¢, the angle @ is not 
affected by ¢ and a unique solution-curve (or a finite number 
of them) passes through any given point z. This is a quasi- 
autonomic case or, more exactly, a phase-autonomic case; other 
quasi-autonomic cases will not be discussed. 

If the differential equation cannot be solved or the solution 
is complicated, the construction of the solution curves can be 
facilitated by the use of isoclinals, i.e. curves of constant 0. 
For a fixed value 0 = 6, we readily obtain from eqns. (19) and 
(21) the equations of isoclinals 


tan 9 = 


= H(x, y) (111) 


(112) 
(113) 


Given the family of curves z’ = f(z), the differential equation 
of its isoclinals can be shown to be of the form 


f 


df 
dz 

Since there exist no definite directions of tangents at the 
singular points, they could be also defined as the points of 
‘intersection’ of isoclinals pertaining to different values of 6. 

A singular point of the first kind, zp, can be a ‘centre’, a 
‘nodal point’ (of various types) or a ‘spiral point’; the poles z, 
are termed ‘saddle points’. The kind and character of singular 
points of complex differential equations can be determined more 
easily than those of real differential equations, for which the well- 
known criteria of Poincaré and Bendixson are used. 

In rectangular impedance diagrams, the supports of the 
constant-|I"| circles are ‘centres’, and those of the phase circles are 
nodal points, whereas the supports of the S-shaped curves (for 
lossy lines) are focal points. 

In the theory of plane electromagnetic fields, the configurations 
of the lines of force and of the equipotential lines are represented 
by standard nets of the form 


u(x, y) tan 0, — v(x, y) = 0 


u(x, y, f) tand; —vx,y,)=0. 


(114) 


ip 
z= 


Site ea 
ee (115) 
SN Pao o mele KU 


(The analogy with the Schwarz-—Christoffel transformation of a 
polygon may be noted.) In the case of electric fields the points 
A, correspond to the charged conductors (of very small diameter) 
and are the nodal points of the family of the lines of force and 
the ‘centres’ of the family of the equipotential lines; the poles B, 
are the points where the field vector E vanishes, and are therefore 
the saddle points. A long thin magnet carrying current produces 
a field having spiral points of the magnetic lines of force. 

The exponents a, are proportional to the charge densities, and 
the exponents 5, correspond to multiple saddle points. 

In the theory of four-terminal networks the singularities occur 
in many diagrams; see, for example, Reference 3, Fig. 40 
(curves of constant working attenuation). 


m n r 
za = k II (z ae A,)* II (z im B,)*s, 
i s=1 s 
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In general, complex differential equations can be used with 
advantage in many problems involving families of curves; in 
addition to the branches mentioned we may mention aero- 
dynamics, theory of vibrations and kinematics. 


(11.2) The Optical Inversor 


Some transformations of standard nets (see Table 1), for 
example the transformations of SN, into SN,, and SNog into 
SN>,, as well as the converse transformations, can be visualized 
by means of an optical inversor. Many interesting relations 
were found by the author with the aid of this simple device, e.g. 
the polar I'-diagram for exponential lines (Fig. 5). The inversor 
is a rotational body the generatrix of which is determined by 
the differential equation 


y'2 ag 


xa —1=0 (116) 
and can be Se mee af a hyperbola. If the inversor is 
put on a drawing its polished surface reflects the lines so that 
their inverted images can be seen from above (see Fig. 9). 


(11.3) Differential Equations for ‘Anisotropic’ Normalized 
Impedances 


There is a type of normalized impedance used mainly in 
connection with the radial and spherical lines (cf. References 5 
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(117) 
Differentiating z = pz, and inserting into eqn. (38) we obtai 
with 


ae dlog. Zy __ p’ 
dh 7) 


aed, 


the equation 


dz ; 
Ge = sm ~ 92h) — ae, 


For z_ we obtain correspondingly 
dz 
Se eg (op) 2) eg 
de Ip ne) a an ge 


_ _ dloge Zy 
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SUMMARY 

Microwave radio links are used for the long-distance transmission 
of large groups of telephone channels and for television signals. 
[hermal noise effects arise in each section of the link, and the mag- 
ritude of the resulting noise in the overall circuit is one of the major 
arameters of the overall transmission circuit. 

The paper outlines methods of calculating the thermal noise in a 
ong radio link when the individual radio-transmission sections are 
ubject to fading. Various methods of expressing fading statistics are 
liscussed, and it is proposed that the statistics of the individual path 
hall be expressed in terms of the three first hourly moments of the 
ading ratio and the statistics of these moments. 

A technique is described for combining the effects of fluctuating 
acing in successive (tandem-connected) paths to obtain the hourly 
ading moments of the overall circuit. A method is given of converting 
*- overall moments into an overall circuit fading distribution; this is 
pressed in terms of an ‘augmented Jog-normal distribution’, which 
an readily be translated into the distribution of thermal noise in the 
)verall connection. 

the noise requirements for long-distance telephone circuits are 
pecified for a 2500km circuit, although any particular project will 
enerally be much shorter. To avoid the difficulties involved in sub- 
lividing the noise permitted for 2500km, it is proposed instead to 
teat such path performance data as can be made available as if it were 
epresentative of all the sections which would enter into a 2500km 
ircuit (synthetic overall circuit). 

Thermal noise can be calculated for the synthetic circuit and com- 
ared with the requirements; this comparison will show whether the 
<tual paths for which data are available are suitable to form part of 
n overall connection. 


(1) INTRODUCTION 


_ Microwave radio relay links that provide large numbers of 
slephone channels and/or a television channel are coming into 
se. In current systems the useful signal (base-band signal) is 
-ansmitted as phase or frequency modulation of the carrier 
requency, modulation taking place at the transmitting terminal, 
*peater stations being provided at spacings of about 30 miles. 
.t these stations the received carrier signal is amplified and 
transmitted along the route, usually with a change of carrier 
requency. The carrier signal finally reaches the receiving 
srminal, where, after amplification and demodulation, it again 
rovides the base-band signal. There may be terminal stations 
{ several points along a long route. 

|The object of the paper is to give a method of calculating 
aermal-noise effects in multi-section radio links. This calcula- 
on would be very simple but for the fact that the radio paths 
=tween the stations have a transmission loss which is continually 
arving (fading). 

i most systems the carrier-power outputs from the transmitting 
vminal and the repeater equipment are held at specified values, 
dependent of effects in the preceding sections. (There may be 
2cusions when this is not true, and these will need special 
pusideration.) 
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The power is carried by the transmitting feeder to the aerial, 
and via the space path reaches the aerial of the next station. 
From this aerial the received signal is taken to the repeater or 
receiving equipment. The loss between the transmitting equip- 
ment and the receiving equipment at the next station is the gross 
path loss, and this will be referred to as path loss. 

The path loss in each section will vary in time, owing to fading, 
and as a result so will the carrier power received at the end of the 
section. At these end-points the carrier signal is of relatively low 
level and may be considered here to be exposed to thermal-noise 
effects. The thermal-noise power is uniformly distributed over 
most of the significant part of the frequency spectrum; its density 
is approximately —139dBm per 3kc/s bandwidth for an ideal 
receiver, but in practice this value must be increased by the noise 
factor of the equipment. The thermal noise at the input remains 
constant, but its relative value is increased when there is fading 
in the preceding path. The input-circuit noise is added to the 
incoming wave, and is amplified and transmitted with it into the 
next sections, where further noise additions occur. In practice, 
the total noise power over the r.f. bandwidth of one repeater is 
small compared with the lowest carrier-signal power received, 
so that threshold effects do not occur. 

In phase- and frequency-modulation systems it is normal to 
provide some limiting action in each repeater, to prevent the 
accumulation of noise which, after several sections, could produce 
threshold effects. The limiters have no useful effect otherwise 
on the amount of noise found in the output signal after detec- 
tion at the receiving terminal. The limiters at repeater stations 
remove the amplitude effect of the noise but incorporate the 
phase-modulation effect into the carrier signal itself, which may 
then be said to consist of the original signal plus phase noise. 

Each repeater produces a phase-noise signal, although it will 
be incorporated into the signal proper only where a limiter is 
present. The phase noise which is effective in the whole link 
will be the power sum of the phase-noise power produced at the 
end of each space-transmission section. The noise will therefore 
consist of many contributions, each of the same quality (white 
phase noise), but the scale of each contribution will vary with the 
path loss of the section. The structure of the total noise will 
nevertheless be that of white phase noise, but the scale of the 
total will depend on the combined effect of the varying path 
losses of the space sections. ‘Noise’ will therefore be taken to 
mean white noise; however, the fluctuations dealt with are not 
those of white noise per se, but rather are the fluctuations of the 
short-term mean power of the noise which arises from fading. 


(2) COMBINATION OF PATH-LOSS EFFECTS 


A useful concept borrowed from carrier telephony is that of 
the equivalent single section, which has a transmission loss such 
that, used by itself, it would produce the same noise as the actual 
tandem-connected sections. Two equal sections connected in 
tandem would, for instance, have an equivalent loss 3 dB higher 
than the individual section, while for 50 equal sections it would 
be 17dB higher than the loss of one section. If the losses in the 
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individual sections vary with time, so will the loss of the equivalent 
single section. The equivalent single-section loss is 
r=n 
A, = 10 logy > 104*/!° decibels (1) 
r=1 
where A, is the equivalent single-section loss, A, is the loss of 
the rth section, and n is the total number of paths connected in 
tandem (if diversity is used this will modify the A, functions for 
the sections having diversity). 

It is, of course, possible to extract from the A, values a con- 

stant Ag; eqn. (1) then becomes 
r=n 
A, — Ap = 10 logy ) 1047-4019 decibels (2) 
r=1 

Each of the quantities after the summation sign in eqn. (2) 
will later be referred to as a ‘fading ratio’—the factor by which 
the power-transfer factor of a section is divided when the path 
loss increases from Ay to A,, and also that by which the phase- 
noise power due to the rth section is increased when the loss of 
that section is A, instead of Ap. 

Both equations imply that the A values for each section are 
taken at the same time; they may be either actual values which 
have occurred at a particular instant or values which are expected 
to occur at a future instant. In the following work these quan- 
tities will be assumed to be only statistically defined, and then 
A, also will be statistically defined, but any instantaneous A, 
value will be the result of a set of A, values which by implicit 
assumption occur simultaneously. 


(2.1) Evaluation and Use of the Combined Path Loss 


There are three distinct problems in evaluating and using the 
equivalent-single-section loss in eqns. (1) and (2). These are 
briefly stated here, and the discussion of them occupies the major 
part of the paper. 

First Problem.—Express statistically the fading properties of 
each radio section (Sections 5 to 6.4). 

Functions A, must be found which adequately describe in 
statistical terms the performance of each path at various times. 
In practice, this would mean making path-loss measurements 
over a long period and condensing the results without losing 
information in the process. It must be borne in mind that any 
test of path loss is, in effect, a sampling process, and only if the 
sample is large can it be relied upon to represent the path per- 
formance accurately. 

Second Problem.—From the fading properties of individual 
sections, find the combined multi-section fading effect (Sections 
8-10.2 and 13). 

Given suitable functions 4A,, a method must be found for 
effecting the summation of eqn. (2). This, in effect, is a further 
sampling process; each A, function describes a ‘population’, and 
the equivalent-single-section loss is the result of combining, 
according to eqn. (2), a sample from each of the n populations. 
By repeating such sampling indefinitely the population A, may 
be inferred. 

Third Problem.—Calculate the thermal noise in an overall 
connection and compare it with the noise requirements (Sections 
6.5, 11 and 12). 

The thermal noise in the base-band is readily calculated from 
A, and the parameters of the radio link, but the overall specifica- 
tion for noise is in terms of a 2500km circuit. An actual project 
for which fading data are available will, in general, have a shorter 
length; it will therefore be necessary to translate either the 
specification or the expected performance, so that they may be 
compared. 

Only one part of the overall requirement has been agreed by 
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the C.C.I.F., namely the maximum limit for the hourly meal 
noise power in a telephone channel during any hour. A furthe)) 
part, defining permissible values of noise during shorter period: 
is being studied! by the C.C.I.T.T. The permissible noise include} 
other effects, and the thermal noise is only a part of the total. |» 

It is obviously desirable that the terms in which eqn. (2) i}) 
expressed should be compatible with those in which the complet), 
noise specification will eventually be stated. It will be assumec)» 


tribution during any hour. 


(3) SOURCES OF FADING BEHAVIOUR 


The radio transmission paths used for microwave links are 
usually designed for line-of-sight transmission with first Fresne> 


paths, namely 


(a) Atmospheric multi-path transmission. 
(b) Abnormal refraction gradient with height (beam bending). 
(c) Ground or water reflection multi-path transmission. 


These effects have different statistics. 
Atmospheric multipath transmission occurs during still air cor ) 


the path length increases. The incidence and amplitude of thi : 
type of fading show strong diurnal and seasonal variations, bu 


make the third source of fading more troublesome. 

Abnormal refraction gradient with height is particularly liabl) 
to cause trouble when the ground clearance of the path is smal# 
since the beam then tends to be intercepted by the grouncly 
Although this type of fading occurs less frequently when th|: 


be sufficient to prevent occasional occurrence. This type co 
fading is not improved by diversity, and oversea paths may o} 
rare occasions suffer severely from it. This form of fading start) 
gradually, but it may persist for a considerable time at a hig 
value. } 


\. 
the ground reflection is small, it will be harmful only in th’ 


presence of the first type of fading. Diversity is very effective: 
against these reflection effects. 


(4) CYCLIC EFFECTS 


If the fading performance of a specific section is measure’ 
over many periods each of, say, an hour’s duration, severe!) 
different types of hourly distribution are obtained and diurné 
and annual effects become noticeable. Cyclic effects are in so 0 
measure common to all the sections and constitute correlatio!: 
between the fading events in the individual sections. . 

When the test results are subsequently sampled for the purpos” 
of inferring the equivalent-single-section loss of a multi-sectio” 
system, it is necessary that the ‘populations’ from which th! 
samples representing each of the individual sections are draw) 
shall be typical of the actual path performance likely to app } 
at the time of day for which the sample is taken. | 

If cyclic effects are present it will be necessary to define “‘populé: 
tions’ to represent different parts of the cycle; i.e. the fadin’ 
statistics for the individual paths must be given for periods sho 


enough to ensure that they are mutually at random insid. 
the period. 


(4.1) Consequences of Ignoring Cyclic Effects tL 
The statement that ‘fading in all paths is liable to be hig’ 


between the hours of 6 and 8 a.m.’ expresses correlation betwee 


| 
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the path losses. If only a single path were involved, it would 
not be completely unreasonable to give the distribution for a long 
period including the hours 6-8 a.m. This distribution would 
indicate that the path was liable to bad fading for a fraction of the 
time, and it might be considered a matter of indifference if this 
liability occurred at one time or another. But if several path 
performances are to be combined, as in eqn. (1), it would be 
wrong to use long-term distributions which do not explicitly 
include the important fact (in the example) that all paths are liable 
to fading at the same time of day and that, per contra, they are 
all less liable at other times. Even if it is a matter of indifference 
whether liability to high noise occurs at one time or another, the 
fact that all the sections are liable at the same time cannot be 
disregarded. 

- To illustrate this point more clearly, assume that, in fact, 
ali of 50 sections have a fixed loss for 22 hours but have 6dB 
extra loss (fading) for 2 hours. If the sections now have full 
fading correlation, the extra loss will occur in all sections simul- 
taneously and the equivalent loss will be 23dB for 2 hours and 
17dB for 22 hours. If, however, the losses are mutually at 
random, they will occur in each section at times which are quite 
independent of occurrences in other sections and without any 
restriction except that the total time of fading in each path is 
2 hours; the equivalent loss will in this case be within 18 dB + 1dB 
(ior 98 % of the time). 

If, in fact, the first assumption of correlation is correct, the 

consequence of ignoring the correlation would be to over- 
estimate the equivalent loss by 1 + 1dB most of the time; but 
fer 2 hours the consequence would be to underestimate the loss 
‘by 5 + 1dB, which would be a serious error. 
_ This example is a simplified version of correlation effects that 
may occur with real links, but it shows clearly that path per- 
formances must not be averaged if cyclic effects which are likely 
to be common to many paths are thereby concealed. Annual 
‘cyclic effects are well known and must be taken into account. 


(4.2) Non-Cyclic Co-Variation 


It should be mentioned that non-cyclic co-variation between 
path losses could occur; it might, for instance, be caused by 
common weather conditions. This co-variation, however, is 
likely to be infrequent and small, and will hardly ever extend 
ver groups of more than two sections. For this reason it is 
not likely to be significant when a large number of sections are 
‘to be considered together. 


(5) PATH PERFORMANCE DATA 


The overall noise performance or expectation for a multi- 
section link is required to be in terms of the noise during any 
hour. In Section 4.1 it was apparent that cyclic effects make it 
necessary not to combine the path performance data for periods 
having cyclic differences. It is therefore proposed that all path- 
loss data shall be expressed on an hourly basis. 

Collecting data is a sampling process, and unless sampling is 
carried on for a long time there will be uncertainty, particularly 
about the ‘true’ proportion of rare events. Rare events, in this 
connection, mean not only considerable fading in the hourly 
data, but also ‘abnormal’ average monthly fading for a period 
© the day during a particular month. The average may vary 
from year to year, but this cannot, of course, be seen from the 
results unless testing has been carried out over many years. 
Usually it will not be possible to collect data over very long 
periods, but in the preparation of condensed data all the avail- 
ale facts should be included. 

Data may be presented in several ways, e.g. as level recordings 
apainst time (raw data), histograms giving for each hour the 


fraction of time during which the path loss falls within each of 
a number of ranges (frequency data) or a distribution curve 
derived from other data and expressing the probability of a 
certain level of fading being (or not being) exceeded. The data 
should be given for separate periods of an hour. 


(5.1) Path Performance in Terms of Fading Moments 


A new method of presenting hourly path performance data 
will now be considered. It consists in calculating or measuring 
directly the hourly statistical moments of the fading ratio [defined 
in eqn. (2)]. 

The first hourly crude moment (about zero fading ratio) is 
the mean fading ratio over the hour, while the second is the 
mean-square fading ratio, and so on. The crude moments can 
be calculated from an hourly distribution curve or they may be 
measured directly (a practical method of measurement would 
have to be developed). 

The hourly fading distribution is precisely defined by its 
moments. If only the three lowest moments are used, the 
definition is less precise and no longer unique. The lower 
moments contain less information than the hourly curve, but 
they contain the most essential information. It will be seen later 
that this statement is particularly accurate when the path data 
are required only for finding the overall effect of using several 
paths in tandem [addition according to eqn. (2)]. 

Section 18.2 shows a convenient method of computing the 
crude moments from the fading distribution curve. The sloping 
ordinate scale used for this computation is generally a useful 
one for presenting distribution functions of highly fluctuating 
quantities for which a logarithmic scale for the variant is appro- 
priate. In Figs. 7 and 8 the data are plotted with reference to the 
sloping lines, which apply a weighting allowance for the relative 
frequency of occurrence of the various parts of the original 
distribution. The area under the curve when the logarithmic 
ordinate is allowed for is the first moment of the fading ratio 
distribution. The second and third moments are found in the 
same way, but by plotting double or treble the distribution-curve 
values. The performance of a path during an hour may there- 
fore be given by three figures. Such figures must be obtained for 
a large number of hours and tests must be made over a whole 
year—ideally over several years. 

The expression of path-loss data in terms of moments is a 
considerable advance over other methods which do not give a 
simple numerical result. It offers the possibility of making the 
hourly performance (in terms of moments) the subject for 
statistical treatment. 


(6) CLASSIFICATION AND CONDENSATION 


The hourly results expressed by moments may be considered 
as a condensation of one hour’s fading information into a set 
of three quantities. Before condensing the test results further 
it will be necessary to divide the totality of results into classes of 
results which belong to different parts of the diurnal cycle. 

This could be done by averaging separately each of the three 
hourly moments or their logarithms for each hour of the day over, 
for instance, a month. If these (hour class) averages are plotted 
against the hour of day, the resulting curves will show the diurnal 
cyclic effect. Data for all periods of day having similar per- 
formance as shown by these curves may be provisionally classed 
together. 

It is not desirable to have too many classes, and similar per- 
formance in the above should be interpreted rather broadly. It 
should, in particular, be remembered that the third moment 
depends on the third power of the fading ratio, so that a difference 
of 2 : 1 (3dB) in third moments corresponds roughly to a fading 
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difference of only 1dB. It may thus be convenient to plot the 
second and third moments in terms of their square and cube 
roots respectively. 


(6.1) Final Classification 


The purpose of this Section is to determine the grouping of the 
path data into classes. The problem of expressing the class per- 
formance will be dealt with separately. While it is desirable to 
have only a few classes, it is also important not to class together 
data which have systematic differences. 

Sets of 30 hourly results are ‘small samples’ and so liable to 
sampling error, and it is therefore very desirable to combine as 
many single-hour sets as appropriate. It may be quite proper 
in this case that the frequency of occurrence of a single bad hour 
is reduced. This may be an improvement in the data due to the 
larger (combined) sample, but in combining data in this way it is 
implicitly assumed that a very ‘bad’ event which actually occurred 
in only one part of the sample (hour class) did so by sampling 
effect, but that if testing could be extended it would be found in 
all parts of the data to the average extent. In other words, it is 
assumed that the hour classes which are put into one class are 
samples of the same population. This assumption should be 
borne in mind in selecting the hour classes for a class. 

It is not easy to distinguish sampling differences between hour 
classes (which do not bar the hours from being classed together) 
from systematic differences between hour classes (which make it 
improper to put them into a class). To answer such questions, 
it will be desirable to consider the statistics of the moment 
distributions. In each particular hour-class there will be (for 
one month) 30 sets of crude hourly fading moments, the variates 
being m;, m3; and m3, each of which should be considered 
separately. When these distributions are very skew the com- 
parison between hour classes is best carried out in terms of the 
logarithms of the moment rather than of the moments themselves. 
Two methods of comparison will now be described. 

The distribution of 4 log m; has moments ¢;; and tj, which 
are its first and second crude moments. Each hour class defines 
such a set of parameters, and each set applies to a sample of 
30 items from a parent (class) population. The problem is to 
decide which sets of parameters belong to the same parent 
population. 

The individual hour class values, t;,;, have a theoretical 
variance which for a sample of 30 items will be approximately 
1/30 of the variance, t;,, of the sample (hour class) itself 
[te = te — ()7].- 

The standard error of the sample mean, ¢;,, is the square 
root of the theoretical variance. The parent mean (which it is 
desired to find) and the sample mean are not likely to differ by 
more than three times the standard error. This rule is fully 
accurate only when m, is log-normally distributed. Similarly, 
if two samples have been drawn from the same parent popula- 
tion, the theoretical variance of the difference of their mean 
will be 1/30 of the sample variances. The difference should not 
exceed three times the square root of the theoretical variance 
of the difference. 

To be more sure that two samples were taken from the same 
parent population it is also necessary to compare the parameters 
t,2, the sample variance of each hour class.* 

What has been said about the distribution of m; also applies 
to m3; and m3, but the higher moments arise largely from rare 
events and are therefore subject to large sampling effects. When 
the parent population is non-uniform or ‘patchy’, sampling 
variations will be particularly severe and this is likely to be the 
case with fading effects. 


* For a description of the necessary tests see, for instance, YULE and KENDALL: ‘The 
Theory of Statistics’, Chapter 22, ‘The Analysis of Variance’. 
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An alternative method of deciding which hour classes may be)» 
classed together consists in plotting the (discontinuous) log-)) | 
moment distribution curve for each hour class on the special): 
co-ordinate system described in Section 18.2. For 30 results the Ite 
increments in p may conveniently be taken as 3-2% per result. 

The curve is a very unusual type of histogram which gives 
prominence to high values of the variate without giving them 7 
undue weight. By comparing the histograms of different hour}; 
classes it should be possible to decide which may be classed) 
together. 

If an overall fading problem which involves many sections 


summation in eqn. (2) in terms of overall moments. 
moments have been formulated, and it was found that all the |) 
expressions are simplified if both the individual section moments jj 


are taken with respect to the mean of the hourly distribution.) (~ 
The result is quoted without proof:* the moments of the sum are | 
equal to the sum of the moments of the quantities being added. >) 
This is true for second and third central moments. 


central moments. | 

The next problem is to find suitable ways of condensing the 7) 
central moment data for a class into a simple statement. One 
method is to plot the distribution of each central moment for 7) 
the whole class, there being three such curves for each class. It! 
should be noted that these curves contain no information about | 
correlation between the three central moments, and in using 7 
them it will be assumed that there is a high degree of correlation § 
between the three moments. This should be verified at this stage. } 
Another method is to express each of the three moment distribu- 
tions by its central moments. For clarity these moments of } 
moments will be called central distribution parameters of the } 
central fading ratio moments. 

The method of parameters is preferred for general purposes; ¢ 
the path performance for a class will then be given by three / 
groups of three figures. The first group describes the hourly % 
first-moment distribution, m;, by its distribution parameters, i.e. | 


i 
a 


First moment (mean)... x1}. 
Second central moment . . . x12. 
Third central moment... x13. 


The second group similarly describes the hourly second } 
central-moment distribution, mm», by its central parameters X45} 
X22 and X23, while the third group describes the hourly third | 
central moment distribution, m3, by its central parameters x3, | 
X32 and x33. It will generally be found convenient to state the 
parameters logarithmically. . 

All the figures depend on the arbitrary quantity Ap in eqn. (2), 
but they can readily be translated to be in terms of a different 
constant. If Ag is reduced by A, decibels, for instance, the 

* This rule is a special case of a more general rule, namely that the ‘cumulants’ of 


a summation equal the sum of the ‘cumulants’ of the quantities being added. The 
cumulants (or Thieles ‘seminvariants’) are described by Kendall.2 


JACOBSEN: THERMAL NOISE IN MULTI-SECTION RADIO LINKS 


Table 1 


INCREASE OF MOMENTS AND THEIR DISTRIBUTION PARAMETERS 
WHEN THE REFERENCE Loss Ay IN EQN. (2) IS REDUCED 
BY A; DECIBELS 


Quantity .. ee 772] X11 


X12 X13 
Increase, dB pe are, i Ay 2A, 3A, 
Quantity .. sian IND X21 x22 X23 
Increase, dB 2A, ‘2A, 44, 6A, 
Quantity .. iy, m3 X31 X32 X33 
Increase, dB 3A, 3A, 6A, 9A, 


moments and their distribution parameters will change as shown 
in Table 1. 

The quantities m,, m, and mz, are variates (hourly central 
moments), and a particular set of these values describe the 
hourly fading behaviour of one section for one class. The 
quantities x;;, X;2 and x,3 are the distribution parameters of the 
first hourly moment; similarly, the other x-values define the 

parameters of the higher hourly moment distribution. These 
parameters are characteristic of the fluctuation of the m-values 
of their class. More particularly it can be said that an m,-value 
is the mean fading ratio for an hour (this is the ‘power mean’, 
sometimes referred to as ‘r.m.s. fade’). The following serves to 
clarify the significance of some of the parameters: 
X11 is the mean fading ratio for the whole class (period of day). 
X12 is the variance of the hourly mean fade for the whole class. 
X21 is the mean hourly fading variance for the whole class. 
2 is the variance of the hourly fading variance for the whole 
class. 

The variance is the second moment about the mean value of 

the variate and is equal to the square of the standard deviation. 

- It may be appropriate to select only a few classes of data for 
further work. These might for instance include such classes as: 
the worst period of day during the worst month and the worst 
period of day which coincides with the busy hour. These may 
_be used to represent the performance of the particular path when 
computing in Section 10 the equivalent-single-section loss distri- 
bution. It is, of course, essential that the classes taken for the 
individual paths shall be consistent, i.e. apply to the same time 
of day. 


(6.3) Validity of the Condensed Results 


In using the condensed results for prediction, the implicit 
‘assumption is made that further tests, if they were made in 
‘subsequent years, would give results statistically equal. This 
assumption cannot be avoided, but the probability of the pre- 
diction being accurate becomes greater as the volume of results 
on which the prediction is based increases. But however care- 
fully the available results are treated, they are only the results 
‘for a particular test period, and the possibility cannot be excluded 
that in the future there may be years when the statistical per- 
formance will be rather different from that of the test year. 
The overall error to which this may lead in practice is lessened 
by the fact that the single path is only one of a large number 
which go to make up the overall circuit. If, however, there are 
long-term effects common to all the paths, the error could be 
‘substantial. Other methods of reducing the volume of results 
ace less appropriate than that described. It would, for instance, 
be incorrect to base the work on the fading performance for 
periods of several hours; such data would not necessarily be 
valid for prediction of hourly performance, but rather for the 
performance over several hours together. 

The condensation method proposed includes all the available 
path information, provided that the extent of averaging is limited, 
#, discussed in Section 6.1. 
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Although the discussion has been in terms of hourly results, 
the methods could be applied equally for other lengths of time, 
provided that cyclic effects were not concealed. Data expressed 
for a certain period of time can often be used for calculating per- 
formance over a greater length of time, but generally they cannot 
be used for accurate prediction of the performance over much 
shorter periods. It is therefore very important that the basic 
data should be available in terms that are closely related to the 
terms of the overall noise-performance specification. 


(6.4) Comparison between Different Radio Paths 


An important advantage of the condensed form of path- 
performance statement (Section 6.2) is that it permits com- 
parison of the performance of different paths on a realistic and 
numerical basis. It is expected that with experience of such 
data it may become possible to associate the various x-parameters 
with detailed properties of the individual paths, e.g. length, local 
climate, clearances and reflection factors. It may also be found 
possible to isolate the effect of aerial directivity on the path-loss 
performance. Knowledge of such effects would be a great help 
in planning future radio paths. 


(6.5) Recommendation for an Overall Noise Specification 


The full benefit of such knowledge of path performance will 
be effective only if the overall noise requirements for a complete 
2500km circuit are stated in such a form that they may be trans- 
lated into terms of x-parameters for the overall permitted noise. 
These can then be subdivided to provide for various sources of 
noise and particularly to provide for thermal noise in terms of 
x-parameter requirements for a single path or for a few paths 
used in tandem. 

With this in view it is recommended that the overall noise 
requirements for long-distance telephone circuits should be 
stated in terms of moment parameters. 


(7) TIME STRUCTURE OF FADING 


The type of data discussed so far gives information about the 
distribution of fading, i.e. for what fraction of time certain values 
are exceeded. It does not give a complete and unambiguous 
answer to questions about the short-time structure of fading 
events, i.e. the length of time a fade remains in excess of a certain 
value or the number of occasions on which fading passes through 
a certain value. The time structure for very short periods may 
be of interest for the overall link with many paths connected in 
tandem, but the interest will mainly be in the time structure of 
high values of fading in the equivalent single section. These 
will arise largely from very high fading in a single link; only 
very rarely will they be caused by a combination of fading in 
several links. 

When time-structure information is required, it may be 
sufficient to know the time structure of only the very highest 
fading in the individual paths and to measure the number and 
length of periods during which the path loss of individual sections 
exceeds a particular single large value. 

An alternative way of obtaining more information about the 
time structure is to express the path performance in terms of the 
moments of fading for intervals much shorter than an hour. 
These moments will fluctuate much more than the hourly ones, 
but the overall result of using such data may give sufficient detail 
of the time structure. 


(8) A SIMPLE TANDEM-SECTION FADING PROBLEM 


In this Section a method will be described of calculating the 
equivalent-single-section loss [eqn. (2)] when nm sections are 
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connected in tandem. All sections are assumed to have a log- 
normal fading-ratio distribution. This case is not likely to arise 
in practice, but its solution is a useful stage in the approach to 
the problem of finding a distribution function having specified 
moments. * 

Log-normal fading ratio distribution means that the fading 
loss (in logarithmic measure) is normally distributed. The 
curve for n = 1 in Fig. 1 is an example of such a distribution 
when the standard deviation is 1 neper. These curves are always 
straight lines when plotted on the probability scale used in Fig. 1, 


FADING RATIO, NEPERS 


bet 


OO! Of O51 2 5 10 2030 SO 7080 1 95 9899 998 


°% 
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Fig. 1.—Addition of log-normal distributions for o = 1 neper. 


Curve (n=1) is the parent population; the other curves represent the sum of 2, 8 and 
0 items from curve (7=1). 


the slope of the curve indicating the standard deviation of the 
logarithmic quantity. The single-path loss, A, in this case is 
given by 

A = Ap + yo nepers . Ba) 
where Ay is the median path loss, o is the standard deviation 
and y is the normalized variate common to all normal distribu- 
tions. (In Fig. 1 the probability scale could be replaced by a 
linear y-scale having y + 3-72 at the left-hand edge (0-01 %), 
y = 0 in the middle at 50% and y = — 3-72 at the right-hand 
edge (99:99°%). The frequency function for this distribution is 


dP = 727) 


a/ 20 


The fading ratio is W, where 


(35) 


Vig cP Sunits reed San) 


It is required to find the equivalent-single-section loss, A,, in 
eqn. (2) when v7 sections are used in tandem (neper measure is 
used in order to simplify the formulae). Eqn. (2) can now be 
rewritten as 


n 
A, — Ay = 4 log >} W, nepers . . (2a) 
1 
The W-values from the different sections are log-normally dis- 
tributed and mutually independent, and the addition will be 
carried out in terms of the central moments of W (see Section 6.2). 
It is easiest first to determine the crude moments. 
The rth crude moment of W is 


1 


ne = I, W'dP . (Sa) 


* The solution is also very useful in dealing with the addition of intermodulation 
noise products in multi-channel telephone systems. 


Substituting from eqns. (3) and (4) and rearranging gives 


Tete 
* __ p2rtat_-_ | g—1/°y—2r0)’qy , (5b)) 
m, = € VE [= ry 
— es? or ro? nepers 0 7 


The first moment is the mean fading ratio of the distribution)” 
(‘r.m.s. fade’). Allowing now for the median value Ao, the first\” 
moment will be the median value plus the square of the standard) 
deviation (in nepers). The second and third central moments, + 
my and m3, are related to the crude moments by the following) 
formulae: 


My =n — (0) ee (6) 


m; = m3 — 3mm, +20m)F . . . M) 


The sum moments, i.e. the moment of XW, in eqn. (2a), are | 
n times the moments for a single section. To simplify the © 
expressions the following substitution is made: 


A? t=p . oso. ee 
Table 2 shows the result. 
Table 2 


MOoMENTS OF LOG-NORMAL DISTRIBUTIONS WITH ZERO MEDIAN hi 


Central moments 
(n combined) 


Order of 


Central moments 
moment 


Crude moments 


ne2zo2 
nero? 


Pp 
nebo p3 + 3p2] 


202 
6802 
e182 


stop 
e60"[p> + 3p?] 


may in some cases be a sufficient answer—at least when the | 
overall noise specification can be expressed in moment form. 
It is particularly convenient to retain the moment form if other 
noise contributions have to be added. If these also are expressed 5 
in central-moment form, the addition is direct. It may, however, § 
be required to find the distribution function for A, or other } 
related variables of similar properties, and the following Section } 
deals with this problem. 


(9) TO FIND A DISTRIBUTION FUNCTION HAVING 
SPECIFIED MOMENTS | 

Strictly speaking, all the moments should be taken into account } 
to define a distribution function, but in practice it is often } 
sufficient if the first three moments are correctly represented by | 
the solution. A distribution function based on the first three } 
moments is not unique and the higher moments are not neces- / 
sarily correctly represented. . 
A function has been found which is particularly appropriate | 
when W is a log-normal quantity [eqn. (4)]. In selecting this | 
function it has been borne in mind that the upper values of the 
distribution for the summation (2a) will be rather similar in | 
general character to that of the original distribution, but with | 
increased occurrence, and that the lower values are not required | 
to be very exact. 
The chosen function will be referred to as an ‘augmented log- | 
normal’ distribution, defined by 


W=(1—a) + ae" ynits . . . 


where W is the variate (later to be used to represent the sum 
variate W,), o, and a are auxiliary constants and y has the 
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definition used in eqn. (35). 
function are found to be 


M,=1 
M, — a Ss 
M; = a*[p3 + 3p3] . (10) 


where p is defined as before [eqn. (8)]. It should be noted that 
‘this formula is for a distribution function of unit mean power, 
and it will therefore be necessary to increase W in eqn. (9) to 
obtain the required mean power; the second and third moments 
{eqn. (10)] must then be increased respectively by the square and 
cube of the multiplier k. 

_ The required constants are obtained by equating the increased 


The central moments of this 


‘moments with the central sum-moments from Table 1. This 
gives 
ne" == k . Cla) 
ne p —akp, oy (1D) 
ne&| p>? + 3p?] = a2k3[p? + 3p?] (11c) 
If eqn. (11a) is substituted in the others, 
Try) 
FES (12) 
1 
<3 lp? + 3p] = a? [p3 + 3p5] (13) 


H eqn. (13) is divided by eqn. (12) raised to the power 3/2, 


1 pil + 3p'l2 
Ap nil2 


= Pepi? = C, (14) 
‘This quantity has the advantage of being independent of a. 
(The quantities C and C, indicate skewness of the distributions. 
'C is the square root of Pearson’s f, coefficient.) 

_ Eqn. (14) is conveniently solved by a graphical method. Fig. 2 
shows C and p as functions of o. The value of C is found first 
‘by entering the graph with the value of o given in eqn. (3a). 
‘Cis then divided by n'!? to give C,. By entering the graph with 
this value, o, is found. Eqn. (12) then yields a* as the ratio 
pnp, (the p values are read from Fig. 2 by using o and o,). 
ik is most conveniently found as ne?. 

The required distribution of W,, is obtained by combining 
the two parts of eqn. (9) each multiplied by k. It will generally 
ibe desired to express W,, in log measure as A,. The required 
sum distribution plotted to a scale of linear probability has an 
asymptote corresponding to each of the two components. The 
horizontal asymptote is 


Slog (1 — a) + 4logn + o7 nepers . (15) 
The other asymptote is a log-normal distribution, with median 
tloga+4logn+o07—o?2. (16) 


and standard deviation o,. 

The final curve may be calculated by plotting the two asymp- 
totes and adding for each probability the power values corre- 
sponding to the asymptotes. Fig. 1 shows the result of a par- 
ticular example in which o = 1 neper; curves are shown for 
r = 1, 2, 8 and 50 sections, while Fig. 3 is for o = 0-5 neper. 

The statistical summation of log-normal distributions expressed 
in augmented log-normal form will in most cases be accurate at 
the higher levels of fading but less accurate at the lower and 
lowest levels. 

Possibly a better function could be found for the special case 
©! log-normal summation, but the augmented log-normal form 
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Fig. 2.—The constants p and C used for log-normal distributions. 
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Fig. 3.—Addition of log-normal distributions for ¢ = 0:5 neper. 
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is very simple in use and, it is believed, sufficiently accurate 
where accuracy is needed. 


(9.1) Distribution Curve representing Moment Summations 


The augmented log-normal distribution can be used more 
widely to find distribution functions corresponding to sets of 
statistical moments which are the result, not of the addition of 
log-normal distributions, but of other distributions which are 
approximately log-normal only in their upper ranges. 

In the general case the path losses to be combined are unlikely 
to be log-normally distributed, but they may still be expressed 
in terms of their fading-ratio moments, and these may be added 
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and the sum distribution, A, [eqn. (2)], determined from the 
sum-moments. 
If the three moment sums are M;, M, and M3, then 
M, =k 
M;/(M;)? = a*p, 
Ms|(M3)°? = p3? + 3p}? 


(17) 


These correspond respectively to eqns. (11a), (12) and (14) and 
thus define an augmented log-normal distribution representing the 
three moments. In this case there is no restriction to addition of 
path losses all having the same distribution; the formulae apply 
quite generally where the sum-moments are available, but the 
result is, of course, an approximation to the true distribution 
curve. 


(10) CALCULATION OF MULTI-SECTION FADING EFFECTS 


In Section 6.2 the path performance was expressed in terms 
of the distribution parameters of the hourly central moments of 
the section fading ratio. Each transmission section in a multi- 
section link has nine such parameters for each class of per- 
formance. In this Section the statistical addition of the fading 
effects in the individual tandem-connected sections will be 
carried out in terms of these parameters. 

The first step is to determine nine parameters, X,,, of the 
equivalent-single-section loss. These describe the hourly 
moment distributions of the equivalent-single-section loss (or 
overall fading ratio) 


Xs = >2 1Xrs 1 %rs To oe + 2Xps (18) 


By applying the X-values in eqn. (17) in place of M, augmented 
log-normal curves may be found describing the three first hourly 
moments of the equivalent single section (or overall circuit fading- 
ratio hourly moments) for a particular class of performance. 
The X-values themselves, or the moment distribution curves, 
may in some cases be a sufficient final answer; if this is not the 
case, a further stage of calculation is required. 

In the next step it is necessary to determine levels of proba- 
bility at which the overall moment distribution curves shall be 
read. If, for instance, the data apply for three hours of each 
day during a month, this particular prediction will cover nearly 
100 hours in a month; and if the readings for a probability of 
99% are taken on the sum-moment distribution curves, the 
sum-moments indicated will be exceeded for (on the average) 
one hour in the 100 hours for which the class is valid. The 
distribution of the equivalent-single-section loss is next found by 
using eqn. (17) again. The result is the hourly distribution which 
is likely to obtain for one hour in the class considered. This is 
one final answer. It will generally be appropriate to repeat this 
process for other assumed probability values and later to deal 
with other sets of data (classes) in the same way. The precise 
procedure will depend on the exact form in which the information 
is required. 

When using the sum-moment distribution curves, the same 
probability value is taken for all three moments—a compromise 
necessary to make the method workable. It is not an exact 
procedure, because the three moments are somewhat independent 
of each other, but it is believed that the error resulting from this 
simplification will be very small, particularly when the sum- 
moments have many component moments, as will usually be the 
case. 

The first sum-moment will show a relatively small fluctuation, 
and therefore will not vary very greatly with the level of proba- 
bility taken. It has been found that the higher region of a loss- 
distribution curve as determined from the moments is not very 
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sensitive to moderate changes in either the second or the ‘hin 
moment by itself. The assumption that the moments vary; 
together is thus not likely to lead to serious errors. i 


(10.1) Combination of Classes of Overall Performance 


The sum-moment parameters X may be used in a different)» 
way. Instead of considering X-values separately for each class, > 
they may be combined into a single statement which covers}, 
many classes. Combination of this nature must be carried out 
in terms of crude parameters (of the central moments). The! 
X-values for each moment distribution must therefore first be! 
converted to the crude values, X’. Each separate type of X ’-value| 
must then be averaged over all classes, the individual values’) 
being weighted according to the size of the class. This results in)» 
nine parameters, X’, which should now be converted to central)), 
X-parameters. There will be nine such parameters similar to the) | 
X-parameters in Section 10, but in this case they describe the) 
moment distribution over all the classes which have been): 
combined. I 

They may conveniently cover the performance over a month, o 
but could cover longer periods if the corresponding classes were? 
included. The data for a month will thus cover about 700 hours, 
and the corresponding moment distribution curves may be 
determined as before by using eqn. (17). 

These curves may now be read to determine the moments of 
the hourly overall fading distribution which is exceeded only 
during, for instance, the worst seven hours (1%). What was) 
said in Section 10 about using the same probability values when! 
reading the three moment curves applies here also, but probably | 


a | 
iit 


| 
5 


iis 


“i 


5 
i) 


combined statistics contain classes of very different performance, }* 
whereas in Section 10 there was only a single class of relatively » 
uniform. performance. 


(10.2) A Practical Limitation 


The practical value of the methods just described may be 
restricted for lack of the necessary data. As a rule, only a small} 
number of transmission sections are installed at any one time, 
and test results can at best be obtained for only a few sections. = 


11 and 12 respectively. 


(11) SUBDIVISION OF OVERALL NOISE SPECIFICATION f 
One method is to find the equivalent specification for a fraction }) 
of the overall circuit (partial circuit). If the overall specification } 
can be translated into terms of moments, there is little difficulty | 
in defining the permissible moments for partial circuits or in ' 
translating these moments into limiting path-loss-distribution }i 
curves, but it is not possible to define fluctuation for the partial-} 
circuit moments unless the overall criterion itself contains a 
moment-fluctuation allowance. In the absence of a fluctuation 
clause the requirements tend to become unnecessarily severe for 
the partial circuit. 
It is therefore very desirable that the overall specification 
should contain a moment-fluctuation clause, at least for the © 
third moment, which is most sensitive to high fading values of | 
short duration. A more satisfactory form for the overall criterion | 
would be one that specified a distribution curve for the hourly | 
moments during the month, or the parameters of such a distribu- | 
tion as proposed in Section 6.5. 
The present C.C.I.F. noise specification in effect gives a 
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maximum limit for the first moment in any hour; it would 
therefore remain necessary to define limits for the second and 
third moments, and it is for these that a specification in terms 
of hourly-moment distributions would be more suitable than 
mere maximum values. 


(12) SYNTHETIC OVERALL CIRCUIT BASED ON A 
PARTIAL CIRCUIT 

According to the second method, a synthetic overall circuit is 
produced by imagining the real partial circuit in question to be 
tandem connected with itself a sufficient number of times to reach 
the full planning distance. This device is available only for 
statistical approach: it would be incorrect to make such a tandem 
connection on an actual circuit, for this would amount to the 
assumption that the path losses in the partial circuits are com- 
pletely co-variant—an assumption that is quite unwarranted. 
But statistically it is possible to make proper use of this device. 
In the sampling process which is normally used for computing 
overall performance it is only necessary in eqn. (18) to take all 
n items in the samples from the data of the actual partial-circuit 
sections instead of from n different sets of path data. The data 
must, of course, apply to a particular class. 

In an extreme case this can even be carried out for a single 
radio path. A procedure which can be carried out with so little 
data is more likely to find practical application than the more 
complete one, and it will therefore be described in more detail. 
A very convenient method has been found for calculating the 
‘sum-moment distributions for this special case. 


(13) SYNTHETIC OVERALL CIRCUIT BASED ON A 

SINGLE PATH 

The path data consist of the moment distributions for various 
‘periods of the day (classes). The rth moment is represented by 
ia function M,(p), where p is the probability that M,(p) will not 
ive exceeded. It is required to find the distribution of the sum 
jot n values chosen at random from M,(p). The resulting 
distribution is M(z,), for which the following approximate 
‘formula has been derived: 


PY 
Me,) =(n — D- M(p)dp + M(p,) (19) 
0 


where z, = p”. 
Fig. 4 shows z, in graphical form. 


1 Ihe 
99-99 99-9 9998 95 90 8070 50 3020 10 5 2105 O1 0-01 
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Fig. 4.—Curves for transforming probability scales. 


Used in connection with eqn. (19) for statistical summation 
Zn = p” 


In the special case of a distribution with unit first moment 
the function 


| Pi 
—}| M(p)d 
Diss (p)dp 


goes from 0 to 1 as p, goes from 0 to 1, and the function shows 
promise of being important for the sampling of distributions. 
It may be said to indicate the running mean value of the dis- 
tribution over the range 0 to p. This function is easily calculated 
either directly from the data or from M(p) in graphical form; in 
the latter case the method described in Section 18.2 is useful for 
the integration process. 

For the purpose of a check, eqn. (19) has been applied to the 
summation of log-normal distributions. It is more accurate 
than the augmented log-normal method, but the results of the 


two summations agree accurately at the higher levels. Fig. 5 
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Fig. 5.—Addition of log-normal distributions for o = 1 neper. 
Addition carried out by eqn. (19). 


shows the result of this computation, and should be compared 
with Fig. 1. 

For the purpose of the present Section, M(z,) should be 
determined from eqn. (19) for each of the three moment distribu- 
tions. If the final result is required in terms of equivalent-single- 
section distribution, eqn. (17) may be used as before (Section 10) 
to find augmented log-normal distribution for a number of levels 
of probability in the M(z,) functions. The distributions thus 
found describe the equivalent-single-section loss of the synthetic 
overall circuit, and from this the thermal agitation noise in any 
given system is readily calculated. 

For an alternative calculation of synthetic overall circuit per- 
formance, the x values in eqn. (18) may all be taken from the 
available single-path data instead of from n separate paths; the 
work can then proceed exactly as in the general case (Section 10). 
However, the method just described is the more accurate. 


(14) ACCEPTANCE TEST FOR A RADIO PATH 


The results of Sections 12 and 13 show what fading would 
result in an overall circuit if it were built up by using sections 
with fading statistics identical with those of the actual single 
section for which fading results are available. This is a very 
important result which would make it possible to decide whether 
the section in question was suitable to be one of the sections in 
an overall circuit. 

The final step of comparing the noise calculated for the syn- 
thetic circuit and the specified overall noise cannot be taken until 
a complete overall noise specification is available. A recom- 
mendation for the form of such a specification is made in 
Section 6.5. 
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(15) CONCLUSIONS 


In calculations of the thermal noise for a multi-section radio 
link it is very important to take proper account of cyclic effects 
common to the fading statistics of many of the sections. It is 
recommended that fading data shall be expressed in terms of 
hourly performance, and that the hourly fading performance 
shall be expressed in terms of the first three statistical moments 
of the fading ratio. 

The moments for a particular hour of the day (during, perhaps, 
a month) may be grouped into a class with the moments for other 
hours of the day which appear to have similar performance. 
In each class the moments of individual samples of hourly fading 
performance will fluctuate. It is therefore also necessary to 
calculate the statistics of the moments in each class. The path 
information for each class will then be specified by nine para- 
meters. Separate classes will also be needed for different parts 
of the year. 

When these parameters are available for all the sections of an 
overall circuit the hourly overall-circuit fading effect can be 
evaluated in terms of either the overall fading-ratio moments or 
the overall fading distributions which will not be exceeded for 
specified fractions of the periods covered by a class of fading 
behaviour. 

The full data needed for such an overall computation will 
rarely be available, but in the light of the principles of this com- 
putation a synthetic overall circuit is proposed which may be 
based on the performance data of even a single path. The 
performance computed for this circuit makes it possible to judge 
whether the single path is suitable for use as one of the paths in 
the hypothetical reference circuit which is used to define the 
noise-performance objectives for long-distance transmission. 

A formula is given for the summation of log-normal distribu- 
tions as well as a more general sampling function. Methods are 
described for converting distribution data to moment form, and 
a formula is given for finding an approximate distribution 
function from the first three moments of a variant. 

It is recommended that the overall noise specification for a 
long-distance circuit shall be expressed in terms of the distribu- 
tion parameters of the hourly central moments of the noise. 
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(18) APPENDICES 


(18.1) Phase Noise 


Assume that the carrier frequency is w, rad/sec and consider 
as a noise element a sine wave differing by Ww, rad/sec in fre- 
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quency and of a times the carrier-frequency power. The sum | 
of these two voltages has the following approximate form when ipl 
ais very small: } 


[1 + G/a) sin wt] sin [w,t + (Va) cos Wat] 


The carrier frequency appears to be modulated in amplitude and )» 
phase. The effect of a limiter is to suppress the amplitude |) 
modulation, but the phase modulation becomes ‘incorporated’ py 
and is equivalent to what could have been produced by a useful i 
input signal of frequency wy. The effect of the carrier noise |© 
element is therefore to produce ‘phase noise’. In the example |) 
the phase noise is of r.m.s. amplitude »/4a rad. It is convenient ni 
to express the square of the phase noise amplitude in decibels 
referred to an amplitude of 1 rad r.m.s. 
For the noise element of power A = 10 log a decibels referred )» 
to that of the carrier, the phase noise will be (A — 3) decibels 
referred to 1 rad r.m.s. (0 dBrr). 
If a number of single small noise elements are present, the |) 
phase noise effects will combine on a power basis when the} 
noise elements are of differing frequencies. 
If the carrier-frequency noise is of uniform spectral density, 
the phase noise also will be of uniform density (white noise). )@ 
Since noise bands above and below the carrier frequency are § 
operative, the phase noise density per unit bandwidth at base- > 
band frequency will equal the r.f. noise density relative to the’ 
carrier power. If the r.f. noise density per unit bandwidth is + 
A decibels referred-to the carrier level received, the phase noise — 


frequency modulated. 

Phase noise will be translated into base-band noise at the 
receiving terminal, but the exact translation will depend on the 
phase-modulation constant of the system at the various base- » 
band frequencies. This constant is the phase signal (in dBrr) 
which results when a 0dBm0 base-band signal is applied.* } 


bandwidth is AdBrr, the circuit noise will be (A + 16)dBm0. » 
This is the noise power referred to a point of zero relative level, » 
and in practice a psophometric weighting allowance may be} 
required. 

In a frequency-modulated system the phase-modulation } 
constant will vary over the base-band: in a phase-modulated » 
system it is constant. Actual systems tend to use frequency }/ 
modulation at the lower frequencies but to approach phase f 
modulation at the upper base-band frequencies. 

The phase noise will in all systems tend to be of uniform / 
density, and for this reason it is convenient to work in terms of | 
phase noise. 


(18.2) Determination of Crude Moments from a Distribution 
Curve 


When a logarithmic scale is used for the variate it is particularly | 
easy to determine graphically the moments of a distribution )) 
function. The principle adopted is to weight the distribution » 
curve by its own ‘frequency’. When the variate is in logarithmic / 
terms, this is done by subtracting from the log-variate a quantity | 
proportional to the logarithm of the frequency of occurrence. b 
The frequency of occurrence is the differential of the probability, | 
and a suitable constant must be selected which will determine © 
the scale of the crude moment integral. 

The method will be explained with reference to Fig. 6, which 
shows a distribution curve (a). The variate is the fading with | 


* The symbol dBm0 indicates a power level in a telephone circuit, expressed in _ 
decibels relative to 1 mW (or in dBm) at a point of zero relative level (0). This symbol © 


is used in telephone transmission work when dealing with si i i 
quencies and noise. . tena! loading. Pua 
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Fig. 6.—Graphical determination of moments and a special 
presentation of probability curves. 


Multiply moment result by 0-461 (—3-36 dB). 


respect to free-space transmission. The probability scale is 
logarithmic; p is the probability of the variate not being 
exceeded. The x-scale is a transformed probability scale, where 
% = 5 login (1 — p). 

Curve (5) shows the weighting function used, and has a slope 
of 10dB per decade in (1 — p). For convenience, the curve 
applies zero weighting at x = 0. This introduces a scale error 

_ when the curve is integrated, but this is readily corrected by 
multiplying the moment results by 0°461 (—3-36dB). This 
correction applies when the integration is made in terms of unit 
.x-values. 

The curve (c,) is obtained by adding the weighting values to 
curve (a). To determine the first moment of curve (a) the 
ordinates of curve (c,) should, in principle, be transformed into 
fading ratios, the area under the transformed curve then being 
the first moment. In practice, however, it is easier to proceed in 
a different way. Consider the column marked A. This is of 
unit width, and its moment contribution is therefore the mean 
fading ratio corresponding to the segment of curve (c}). 

For small slopes of the segment its mean height is very nearly 
equal to the linear mean in log measure. For greater slopes it 
is recommended to make a table of the linear mean in log measure 
with respect to the upper-end point of the segment. The first 
moment is the sum of the mean fading ratios of all segments 
multiplied by 0-461. The second (third) crude moment is 
worked out in precisely the same way, except that the variate 

values of curve (a) must be doubled (trebled). The resulting 

curves corresponding to (c,) are marked (cy) and (c3). Fig. 7 

shows a more convenient way of plotting curves (c) directly. 

Sloping weighting lines are drawn at 10dB intervals and the 

fading distribution (c,) is plotted with respect to these lines, 
thereby applying the weighting automatically. The area under 
the resulting curve is determined as for Fig. 6, using the horizontal 
ordinate lines in Fig. 7. For the second (third) moment, two 

(three) times the fading distribution values have been plotted on 

the sloping co-ordinate system [curves (cz) and (c3)]. 
The data actually used for Fig. 6 were obtained from Reference 

5 over a 1000-hour test in the Arncliffe Wood-Tinshill section 

-f the Manchester-Kirk o’Shotts system in the course of a 

zeneral check of path performance. 

’ Those used for Fig. 7 were obtained for the same path and 

veriod, but taking the results for the hours 1500-2100 only. 
‘ig. 8 applies to the same path, but covers only a single 6-hour 
‘eriod which showed exceptionally severe fading. Unfortunately, 
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FADING RATIO WITH RESPECT TO FREE-SPACE TRANSMISSION, dB 


Fig. 7.—Path-loss curves and their moments (250 hours). 
4000 Mc/s path, 40 miles long. 1500-2100 hours. 


data are not available beyond 30dB fading and the complete 
evaluation of the second and third moments, in particular, is 
impossible. The path in question is nearly 40 miles long and 
therefore particularly liable to abnormal refraction fading (see 
Section 3.2). Another difficulty is that the data are for a 6-hour 
period rather than for the 1-hour period proposed in the present 
paper. For 1-hour distributions the weighted curves would be 
more likely to bend over and so define the moments. 

There are, however, distributions for which the moments are 
not finite: if ‘complete’ fading occurs for even a very short time 


FADING RATIO WITH RESPECT TO FREE-SPACE TRANSMISSION, dB 
« uw 


Fig. 8.—Path-loss curves and their moments (worst 6-hour period). 
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the moments will be infinite. Such distributions are not accept- 
able for long-distance links, or, at the worst, they can be accepted 
on only very few occasions. By determining hourly fading 
distributions separately and condensing each hour’s performance 
into the first three crude moments, the way is open for dealing 
properly with rare effects. This is done in terms of the distribu- 
tion of the hourly moments for a particular hour of the day over, 
for instance, a month. 

In evaluating the higher moments, particularly the third, it 
should be remembered that an error in the third moment has 
less effect than might at first be expected. An error of 3 dB, for 
instance, will for many purposes correspond to an error of only 
1 dB in the variate. Also there should not be too much con- 
cern about that part of the moment line which falls outside 
p =0-01%, and which in any case represents only a very small 
time (2-2sec in Fig. 8, but for an hourly curve only, 0-36sec). 

The first three moments can, in general, be adequately summed, 


provided that the distribution curves cover sufficiently short |, 
periods of time. The period of one hour seems suitable. . 
It is clear from curve (c,) of Fig. 6 that the first moment arises | 
largely from fading of less than 2 dB with respect to the free-space 
path loss. Curves (c,) and (c3) show that the second and third |, 
moments arise largely from fading which lasted for perhaps 
10min during a 1000-hour test period. The presentation in 
Figs. 6-8 gives a better indication of the relative importance of | - 
various levels of fading than does an ordinary distribution curve. |) 
Curves such as (c;) in Fig. 6 can also be used to determine, for 
a particular fading distribution, the integral in eqn. (19). The 
integral is the moment up to a certain p-value on the curve divided 
by p (the ‘probability of not exceeding’). The resulting function } 
may be said to represent the linear mean of all variate values 
below that for which the probability of its not being exceeded is p. 
It should be noted that in Fig. 4 the probability figures are in | 
terms of p, where p = 1 — P. 
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SUMMARY 


The paper is concerned with the quantitative representation of 
symmetrical electromagnetic fields by analogue. An improved type 
of analogue is described, enabling dynamic as well as static effects to 
be studied. Possible applications are indicated. 


LIST OF SYMBOLS 
3-Dimensional System 


E, E = Electric field strength, V/m. 
e, e = *External voltage gradient, V/m. 
J, J = Current density, A/m2. 
H, = Magnetic field strength, A/m. 
B, = Magnetic flux density, Wb/m2. 
® = Magnetic flux per unit depth, Wb/m. 
p = Resistivity, ohm-m. 
pe = Permeability, H/m. 


H, Hy, 
B, B,, 


I 


2-Dimensional System 


V = *Electric potential of side of capacitance remote 
from surface, volts. 

v = Electric potential of surface, volts. 

grad v = Surface voltage gradient, V/m. 

I, I, I, = Current density in surface, A/m. 

div J = Emergent current density, A/m?. 

R = Surface resistivity, ohms. 
C = Shunted capacitance, F/m?. 


Both Systems 
ayes — bength.. mm. 
fa — limes sec: 
@ = Angle, rad. 
w = Angular velocity, rad/s. 


The units are rationalized M.K.S. 
The suffixes denote axial components. 
The quantities marked * are not functions of position. 


(1) BASIC PRINCIPLES 


The mapping of extended fields in space, generally with a 
change of scale, is regularly practised for many engineering 
purposes. One such purpose is the study of the electric field, 
together with the resulting distribution of current or displace- 
ment, between boundaries held at differing equipotential levels. 
Where the field manifests some suitable kind of symmetry, a 
2-dimensional model can be used in this way to represent a 
2-dimensional configuration. Two principal forms of such 
#nalogues have been employed, namely: 

(a) A continuous smooth sheet, usually a shallow electrolytic 
tank but sometimes an actual sheet of conductive material. 

(6) An equivalent 2-dimensional network of discrete circuit 
elements arranged in some more or less regular mesh system. 


Correspondence on Monographs is invited for consideration with a view to 
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The same devices can be used to represent the magnetic field 
due to electric currents by interchanging forces and potentials 
to take account of the fundamental differences between the 
electric and magnetic quantities. The practical usefulness of 
this development appears to have been pointed out in the first 
instance by Prof. Peierls! and it has since become a well-known 
technique.2_ The method is limited to static conditions, being 
valid only in relation to the steady fields produced by constant 
currents, though it still gives approximately correct results under 
varying conditions if secondary or eddy currents are either sup- 
pressed by insulation between laminations or are disregarded. 
Current flow-lines in the 2-dimensional sheet represent magnetic 
equipotentials in the 3-dimensional body, and the orthogonal 
equipotentials indicate flux direction. Currents injected into or 
withdrawn from the surface of the model correspond directly in 
the two cases. Surface resistivity represents permeability, and 
voltage differences on the model measure flux linkages in the 
original. The scheme may be regarded as an expression of 
Ampere’s law. 


(2) INTRODUCTION OF TIME AS A VARIABLE 


The present proposal is a generalization of the foregoing 
electromagnetic scheme, enabling allowance to be made for the 
effect of Faraday’s law as well as that of Ampére’s law. 

Ignoring quantities which are insignificant for present purposes, 
the electromagnetic relations in a 3-dimensional region are as 
follows: 


J =curl H (Ampére’s law) ernie) (018) 
B 
and - = CUnL Ey (baraday:s) law) in neem) 
with E=pJ +e, and B= pH. 


If we take rectangular co-ordinates (x, y, z) and assume that 
there is axial symmetry—or more ‘strictly, uniformity—in the 
sense that E is everywhere parallel to z and that H is in the 
plane (x, y), eqns. (1) and (2) reduce to 


ox oy 
_2B, _ dE 
Sf oy 
: (2) 

OB, _0E 
A) siding 05.2 

E=pJ+e 

Byy = PH, y 


b 
Also kal = | Bds (ds is perpendicular to B). 


For simplification in the first place only those parts of any 
cross-section which possess conductivity are considered, and it is 
assumed that they are subdivided into as many separate zones 
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as there are regions of conductivity bordered by insulation, 
one such zone being selected for study. 

We now turn to the 2-dimensional structure, and, in particular, 
that portion of it corresponding to the zone just defined. The 
surface resistivity is, as in the elementary scheme, a measure of 
local permeability, but there is now to be appended to it a 
uniform distribution of capacitance, proportional to the effective 
conductivity of the 3-dimensional structure in the direction of 
symmetry, and bearing upon its remote side a uniform voltage 
which, in general, varies with time. 

If we take rectangular co-ordinates (x, y) in the surface, the 
relations for the electrical quantities are as follows: 


CoV 0) = divi etme 60 7) 


and SS = TG ey eh eo 1G) 


These may be rewritten as 


dvi ww Ol Oly 
O(a =) ox | (oy @) 
Ov 
IME, — ax 
(4) 
Ov 
seh — oF 


b 
with V%,—V,= [ grad vds (ds is parallel to grad v) 
a 
If the system of eqns. (1) and (2) is now compared with that 
of eqns. (3) and (4), and it is assumed, for the present, that the 
units of length and time are the same in both systems, it will be 
found by substitution that exact correspondences exist according 
to the following list of identifications, in which m and n are 
arbitrary multipliers: 


2-Dimensional System 3-Dimensional System 


JG. —=ma, 
Jf: mH, 
div I SH) 
dV 
cars ne 
w d® 
FY, nE(= 277) 
R ny[m 
c m|np 


So far, attention has been confined to a single zone of the 
cross-section, but it will be clear that the separate zones can be 
recombined and the group treated as a whole provided that the 
respective parts of C are kept insulated from each other, so that 
V can take values differing from one zone to another. Upon 
the surface of the sheet itself, J and v are continuous; this corre- 
sponds to the continuity of H and® in the 3-dimensional system. 

In the majority of practical problems about parallel con- 
ductors it is required to determine the consequences of con- 
straining e to follow given variations in time and place, bearing 
in mind that the total cross-section is comprised of a number 
of zones, each carrying its own uniform e differing from that 
of its neighbours from which it is insulated. Since the equivalent 
of e is (1/n)dV/dt the solution is immediately obtained through 
the application of nfedt, again varying in time and place, to the 
corresponding zones of the distributed capacitance. 

e need not be given expressly everywhere, but where it is not 
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specified the effective impedance closing the external circuit|) 
must be known. That value will often be zero or infinity, but in|) 
no case is it permissible to omit the representative section of t 
capacitance, because this would prevent the flow of eddy currents) © 
which are essential for the complete simulation of events. j 
An important case is that in which e varies sinusoidally with). 
time; the corresponding V is ne/w varying in the same way) 
with time but lagging in phase by 7/2. 
Where e is unidirectional the integration rule would require|) 
V to increase without limit at an average rate of ne volts per 
second. Since this is generally not practicable, an equivalent) 
step-by-step procedure may be substituted, working in incre-}> 
ments of time, 54. Each element of C is replaced by the con-}) 
ductance C/5t. Before the commencement of a particular step)” 
nedt is calculated; this will be the increment dV. v is measured)» 
everywhere, giving the accumulated results of all previous steps, 
and finally the conditions resulting from the step are found by) 
applying v + SV to the surface via C/dt. This technique > 
resembles one which has been applied to the closely similar 
problem of thermal diffusion.2 Where e either is, or eventually!» 
becomes, constant the process degenerates to that of direct © 
injection of div J at a voltage dependent only on p, in othe 
words, to the elementary static form of analogue. 
An interesting possibility is that of making automatic one | 


for magnetic saturation where it occurs. This could be done by \ 
using semi-conducting material for the representation of regions © 
of non-linear permeability, with an accuracy measured by the 
closeness of resemblance between grad v/J and nB/mH over the 
working range. 

Changes in the scales of length and time (or frequency) within 
physical limitations, are available by operating with the multipliers > 
mand n. 


(3) EXTENSION TO CYLINDRICAL PROBLEMS 


Some stationary groups of conductors have an alternative 
kind of symmetry for which the element of volume is a wedge- } 
shaped sector of a solid of revolution. This cylindrical pattern | 
is represented by making R directly, and C inversely, proportional | 
to distance from the axis of revolution, and follows the practice / 
described in Section 5 of Reference 2. Transformers and allied 4 
equipment may be so simulated, provided that the nature of any } 
approximation this involves is borne in mind, i.e. that a trans- fh 
former seldom has true cylindrical symmetry. In these problems, : 
the voltage gradients are circumferential instead of rectilinear, | 
and they vary inversely with distance from the axis of revolution. 
The voltage per turn is a convenient unit, so that e in the formula | 
represents (volts per turn)/27 (radius). a 


(4) APPLICATION TO ROTATING MACHINES 


Another use for the analogue is in the study of certain types | 
of rotating machines, notably the high-speed steam-turbine- | 
driven synchronous alternator. A machine of this type has the 
first or rectilinear type of symmetry, and is essentially a ‘long’ 
machine, so that end effects are relatively unimportant. 

To study the effects of rotation, we have to refer to the 
statements of fundamental principles. 

Eqn. (1) and the relations involving p and fe are unchanged, 
since they are independent of time. Eqn. (2) is affected by 
movement of B relative to the medium which supports it. If 
that movement is measured by change of 6, the instantaneous 
position angle of a point in the medium relative to the axis of 
rotation, the total rate of change of B with time is 


2B, 2B ad 
wt | 06 dt 
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By fixing the datum of @ in the rotor, or field member of the 
alternator, d6/dt is maintained at zero for the rotor and is equal 
to the actual speed for the stator, or armature member. 

In the analogue, therefore, the procedure previously laid down 
remains unaltered for dealing with the rotor, but for the stator 
it is necessary to replace d/d¢ by 


Oo 0 dd 2 Pe) 
ot 06 dt au 00 


if we examine eqns. (3) and (4), we notice that d/d¢ occurs in 
eqn. (3) only, which becomes 


c(= ze ov —%) = div I 


This has no simple counterpart in the analogue, though it 
might, with some complication, be applied to problems involving 
unbalanced loading, waveform distortion, etc. It is not proposed 
to pursue these matters here, but to consider only the case of 
balanced polyphase sinusoidal loading, and to make the not 
unusual approximation of ignoring stator-conductor resistance. 

These assumptions lead to the following modified statements: 


(Gi == ©) 
Va) 
(A oh 
aad e is represented by 
1foV zi OV 
—{ — w— 
ot 00 
7 TO Gaya) 
Le. ee 
n ot n 
z ARMATURE 
WINDING 
Sz 
us —— 
LAMINATED ~> 
STATOR = 
en 
MAGNETIC 
EQUIPOTENTIAL 
Fig. 1.—Volume element of part of alternator. 
(V=v) 
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(COPPER RESISTIVITY 
(STEEL) | ome} NEGLECTED: C=co ) 
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Fig. 2.—Exploded analogue corresponding to Fig. 1. 


Machine running: axes fixed in rotor. 


where V’ is the value of V at the corresponding point 90° in 
advance round the stator periphery. 

(The foregoing assumes that the rotor of the alternator is 
momentarily locked in some particular position. Any slight 
resulting error due to slot formation could, if desired, be eli- 
minated by averaging the results of experiments made over a 
range of positions.) 

The effect of the scheme described is to convert the study of 
the running synchronous alternator into that of the same machine 
at standstill but with special rules for computing quantities in 
the armature member. 

Figs. 1 and 2 illustrate this particular case, as well as the 
essential features of the general theory. 


(5) PROSPECTIVE APPLICATIONS 


Stationary conductors: Axial symmetry. 


Characteristics of transmission lines for power and com- 
munication purposes, aerial, underground and submarine. 

Mutual impedance of earth-return circuits. 

Sheath losses and screening effects. 

Heavy-current conductor shapes and proximity effects. 


Stationary conductors: Cylindrical symmetry. 


Characteristics of transformers, regulators, reactors, induction 
furnaces. 

Effects of unbalance of windings and tappings. 

Forces between conductors, transient and sustained. 


Rotating electromagnetic machines. 


Characteristics of synchronous machines under steady and 
transient conditions, allowing for magnetic saturation and rotor 
eddy-currents. 
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(7) APPENDICES 


(7.1) Notes on Practical Realization 


The paper was written with the object of establishing a 
theoretical principle, namely that the addition of a layer of 
distributed capacitance to the well-known conductive-sheet 
analogue will provide a great extension to the versatility of the 
latter in applications to electromagnetic problems. The practical 
aspects of the idea were regarded as a separate issue and have not 
been fully studied, but the broad indication is that the simple 
sheet and the electrolytic tank, although attractive at first glance, 
are not easily convertible to the more complex forms which are 
necessary. 

The main difficulty arises through the relatively numerous 
electrodes required for current transference at boundaries. 
These unavoidably distort flow lines and gradients, with loss of 
accuracy. Furthermore, no satisfactory method has yet been 
found of making use of semi-conducting material, where this is 
required. 

These troubles do not occur in the equivalent mesh network, 
which is likely, therefore, to be more adaptable in spite of its 
lower flexibility and relative complication. In this form the 
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technical problems which arise do not, in fact, differ from those 
of any other specialized kind of network analyser and hence do 
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not stand in need of particular examination. 


Two circular rings of square-section copper are disposed 


(7.2) Simple Example 


coaxially as shown in the dimensioned sketch (see Fig. 3). 


COMMON 
AXIS 


Fig. 3.—Cross-section of rings. 


Both rings are 2cm square section. 


mean diameter. 


13, 15, 18,2436, 60 
Leap ea ieee a haa gS a a 


One is 9cm and the other is 1] cm 


Fig. 4.—Analogue corresponding to Fig. 3. 
Values of R are in kilohms. 
Values of C are in microfarads. 
Small meshes represent squares icm x lcm. 


A saw cut is made in the lower ring and 1 volt (r.m.s.) at 50c/s 


is applied across the gap. 


currents. 


It is required to determine all the 


This is a case of cylindrical symmetry. For copper, 
fe = 47 x 1077 and p = 1-7 x 10-8, ie. w/p = 74 and conse- 


quently CR = 74. Convenient values (at radius 10cm) are 


chosen as follows: 


This sets 


R = 1000 ohm 
C = 7:4 F/cm? 


mln = 47 x 10710 


The square-mesh network of Fig. 4 can now be constructed to) 
represent a semi-infinite cross-section of the field of events. For'! 
the sake of simplicity only a coarse mesh is used, but this could), 
be subdivided locally to show fine detail where necessary, or 
enlarged in the less important regions as is done in Fig. 3. 

At radius 0-1m in the cross-section 1 volt per turn produces); 
10/27 volts/m, and f edt = 10/(2a x 1007) lagging by 90°. )e 
Elsewhere, the gradient and its integral are inversely proportional | 
to the radius. At the terminals A of the analogue 50c/s r.m.s. 
voltages are applied, having convenient values of, for example, » 
100 volts at a radius of 10cm with suitably related values at - 
other radii. The terminals Z are to be maintained at zero voltage.» 


This gives n= 2n? x 103 
and m = 873 x 1077 


Finally, the analogue currents are measured. The actual! 
currents will be the measured values multiplied by 107/873 and) 
retarded in phase by 90°. 

Only the steady state has been considered, but any transient )) 
condition can equally well be studied. For example, the conse-_ 
quences of switching on the alternating voltage for a few cycles 
and afterwards switching off would be correctly represented © 
provided that the voltage applied to the analogue truly followed 
the time integral of the actual voltage and that measurements 
were sufficiently prolonged to cover the subsidence of transient 
effects. 

If the original voltage has a substantial unidirectional com- 
ponent, practical considerations compel the use of the alternative |) 
step-by-step technique in the analogue. } 

One millisecond is chosen as the unit of time, and each capacitor | 
is replaced by a resistor of 1/C kilohm (C is in microfarads). 

Take the simple case where e is a 1-volt step-function. V in| 
successive time intervals is n/2, 3n/2, 5n/2..., with equal incre-° 
ments, SV, of n volts. | 

The first 6V’s are applied to the terminals A with the terminals / 
Z held at zero voltage. Measurements are made of all currents ) 
and of the voltages of the network, v, where currents enter or } 
leave it. These voltages become the bases from which the next | 
set of 6V’s are reckoned, and the new total voltages produce in | 
their turn a second set of currents. This process is continued } 
until the currents reach final values such that div 1(5)/C = 8V | 
when the currents via terminals A become independent of the / 
magnetic field and those via terminals Z subside to zero. (In 
pe final state v has nothing to do with voltage, but is a measure | 
of @.) 


(7.2.1.) Remarks. 


It is of interest that, if the two rings in this example were made \ 
of steel, the corresponding network components would have | 
suitably modified values and, in particular, certain resistors } 
would be replaced by non-linear elements having characteristics 4 
matched as closely as possible to the magnetic saturation curve 
of the steel. This would incidentally restrict the choice of scale ! 
factors by virtually fixing the impedance level of the analogue. | 

The mechanical force (in newtons per cubic metre) on a 
current-carrying conductor in any steady or transient condition 
may be obtained directly from the analogue, since the force 


J x B=J. grad® is represented by (div J) (grad v)/mn in the 
direction of J. 
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THE MATHEMATICAL THEORY OF VIBRATORY ANGULAR TACHOMETERS 
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(The paper was first received 30th November, 1956, and in revised form 10th July, 1957. It was published as an INSTITUTION MONOGRAPH 
in November, 1957.) 


SUMMARY 


A mathematical theory for a vibratory rate-of-turn measuring 
device is developed in order to bring out the more important 
characteristics. 

By using properties of Mathieu’s equation it is shown how per- 
formance depends on the parameters of the system, particularly the 
resonant frequency and damping factor of the torsion mechanism. 
These results are compared with those obtained from ie more 
simplified theory. 


(1) INTRODUCTION 


In the evolution of aircraft control systems the rate gyroscope 
has been developed to a state where further improvement along 
the present lines is possible only with considerable mechanical 
elaboration. The manufacture of present rate gyroscopes is 
comparatively expensive and requires highly skilled labour. The 
use of these instruments in aircraft calls for very accurate 
measurement of space rates, and one of their more serious draw- 
backs is the presence of a datum error, which has an effect 
smmilar to the application of a steady rate of turn to the platform 
on which the instrument is mounted. In general, this error is 
temperature-sensitive, and in cases where the instrument is 
tequired for service over a wide range of temperature the reduc- 
tion of datum error is one of the most difficult design problems. 

The principle of the gyroscope depends on the provision of a 
large fixed angular momentum so that orientation of the gyro- 
scope can be disturbed only by application to the instrument of 
considerable torques. Such torques do result from mechanical 
imperfections and are responsible for the datum errors. The 
possibility of their elimination, by using a moment of inertia 
having a component of alternating value about the axis of 
reference, has been previously investigated by a number of 
workers. An early instrument, based on the halteres of Diptera,! 
was developed by F. W. Meredith and is shown in Fig. 1. The 
instrument possessed remarkable sensitivity, but in practice it 
proved very difficult to define the plane of vibration of the tine 
and the long-term stability was considered to be unsatisfactory. 

The advent of the guided weapon raised additional objections 
to the gyroscope. Its cost, as a percentage of the cost of an 
aircraft, was exceedingly small, and its life bore reasonable 
relation to the life of the vehicle in which it was carried. Con- 
sidered as a component of the guided weapon, however, these 
relations were altogether altered, and the need for developing a 
space-rate measuring instrument, not necessarily so long-lived 
but capable of being produced in quantity by less highly skilled 
labour, became extremely pressing. Earlier investigations were 
therefore reviewed, and the theory of such instruments was 
examined in detail. 

A second instrument of the same general type as that shown 
«, Fig. 1, in which the plane of vibration is more accurately 
Gefined, is the double-tined tuning-fork type, shown in Fig. 2. 

? his has been very thoroughly described,?-* but, in order to 
reduce the system equation for this type of instrument to one of 
«mple harmonic motion, a number of simplifying assumptions 
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Fig. 1.—Experimental single-tine vibratory angular tachometer. 


are made. The present paper demonstrates that the system can 
be better defined by Mathieu’s equation, if more cautious simpli- 
fying assumptions are made. 

Expressions based on the solutions of Mathieu’s equation are 
derived for the response of the instrument, and from these it is 
shown how response and stability depend on the parameters of 
the system. The results suggest that some amendments must be 
made to the conclusions derived from the simplified methods of 
References 2-4. 


(2) DESCRIPTION OF THE ‘TUNING FORK’ INSTRUMENT 


As described in References 2 and 3, the tuning-fork type of 
instrument consists (Fig. 2) of a ‘tuning fork’ mounted on a 
torsion bar, the axes of the two coinciding. The fork is electro- 
magneticaliy maintained in a vibration of constant amplitude 
so that, in the absence of rotation, the fork prongs, or tines, 
vibrate radially with respect to the axis. 

When the torsion bar is rotated, a torque is applied to the fork, 
which starts rotational oscillations about the instantaneous mean 
position, the fundamental frequency of these oscillations being 
the same as the driven frequency of the fork radial vibrations. 
Their amplitude depends on the angular velocity of the turning 
motion applied to the base. 

An electromagnetic pick-off is used to measure the rate of 
change of the angle of the torsion-bar twist. The signal is in 
the form of a modulated carrier, and is passed through a 
demodulator, using the fork driving current as a reference, the 
output indicating the amplitude and sense of the rotational 


velocity. 
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~-.TINE RADIAL 
VIBRATION 
axis 


ROTATION 


Fig. 2.—Double-tined vibratory angular tachometer. 


On the basis of the simplified theory,?:? a number of advantages 
over conventional rate-of-turn instruments have been claimed, 
including the following: 


(a) Robustness and probable lengthy life without any need of 
maintenance, owing to the solid construction of the fork and absence 
of bearings. 

(5) Rapid response and wide range of rates measurable with good 
linearity. 

(c) Sensitivity to motion about one axis only, with negligible 
acceleration effects. 


A number of design requirements for good response and high 
output are stipulated: 


(i) The fork motion must approximate to a pure sine wave. 
Gi) Damping must be applied in order to obtain a suitable time- 
constant and bandwidth. 


(iii) For high efficiency, the modulated inertia must be designed 
to be as high as possible. 


(iv) Highest output will be obtained by operating with the 
resonant frequency of the torsion mechanism equal to the driven 
frequency of the fork. 

All these statements are considered in the following discussion 
and some amendments are shown to be necessary to certain of 
them. 


(3) VECTOR NOTATION FOR THE SYSTEM 


Because of the nature of the problem it is advantageous to 
use vector notation in forming the equations of the system, and 
the axes used are as shown in Fig. 3. 

i’, j, k’ are unit vectors parallel to the principal axes of the 
system, where i’ is in the plane of vibration of the tines; j is 


ROTATION TO 
BE MEASURED 


Fig. 3.—Axes for vector notation. 


along the joint axis of the fork and torsion bar; and k’ completes. he 
a right-handed set. 
i, k are the vectors corresponding to i’, k’ if the torsion bar 
were in an unstrained state. 
Thus the vectors i, j, k may be called the axes of the instrument, © 
and i’, j, k’ the axes of the tine motion. 
The inertia tensor about the axes of the tines may be taken as | 


I = Ai’i’ + (Bo + B, sin wt)jj + (Co + Cysinwt)k’k’ . (yy 


where w is the natural frequency of the tines. 
The applied rate of turn is taken to be 


V=erit wjtik .). = i eee 


about the instantaneous instrument axes, where v2 is the angular 
velocity about axis j to be measured. Hence the angular velocity | 
of the tines about the same axes is 


V=vit(Q,+Ojtvk . . . . Oy 


where € = dO/dt is the radial angular velocity of the tines, i.e. } 
line OA’ of Fig. 3, within the instrument. q 

If OA’ moves through a small angle 0, the following approxi- 
mate relations hold: 


Lia — Kika 
Ria ee 4 
xt =k ok = 4) 


iXk =i xk~—j 


(3.1) The Vector Equations of the System 

From the above, the angular momentum of the tines is given by | 
H=I.v . .. «9 ge eee 

= A(v, — Ov3)i’ + (By + B, sin wt), + OF | 

+ (Cy + C,sinwi\(v3 + Ov). 


The rate of change of angular momentum is the time differential ° 
of H in relation to a fixed space datum. 


dH 
= ae . . . . . . . . (7) 

He Ne , 
= sy, sti Aer ee (8) 


where 0/d¢ refers to i’, j, k’ as fixed. 
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Thus 

T = AQ, — 003 — Cy,)i’ 
+[(Bo + By sin wth, + O + B, cos wt w(vz + QO]j 
+[(Co + Cy sin wt)(v3 + Ov, + Ly) + Cy cos wt w(v3 + Ov,)]k’ 
+A(vy — Ov3)v, Oj — Av, — O13)\(vy + Ok’ + A, — 95) 3j 
+(Bo + B, sin wt)(v, + Ov,k — (By + B, sin wt)(v, + Qv3i 
—(Co + Cy sin wi)(v3 + O4)r4j 
+(Co + C; sin wt)(v3 + Or,)(v. + Oi’ 
peaCg + C, Sin wil(v; + 0y,)),07 . . . . . . (9) 


(3.2) The Reduced Equation 
The couple about the central axis of the instrument is 


Tj = (By + B sin wf), + + B,cosat wiv, + O 
+ (A ed Co = Cy sin wt); = Ov3)(v3 + 6v;) “ (10) 


The couple exerted by the torsion bar is assumed proportional 
to @. Including a torsion-damping term, the total couple about 
the axis is 
RO + eC + (Bo + B, sin wt)(r, + 0) + B, COs wt WV ata o) 

+ (A = Co = Cy sin wiry, ce Ov3)(v3 a Ov) = (0) 


This is zero since there is no external force. 

The term (A — Cy — Ci sin wt)(v, — 6v3)(v;3 + O,) x (A 
-- Cp)v14v3, which depends on motion about axes other than 
the one about which measurements are required, provides a 
limit to the accuracy of the instrument, since it will produce an 
output error of unknown, though limited, magnitude. This term 
is not found in the results obtained by the non-vector methods 
used in References 2-4. If this last term of eqn. (11) is ignored, 
there remains, upon differentiation once, 


RC + cf + (By +: Bi sin wid, + O + 2B, cos wt w(vy + O 
— w*B; sinwt(v. + 9 =0 (12) 
Tn the remaining discussion the subscript 2 will be dropped, 
since there is no ambiguity, and the normal symbol J will be 


used for moment of inertia about the instrument axis. 
The equation of the system is therefore 


(Ip + I, sin wt) + (e + 2wl, cos wt)l + (R — wh; sin wt)l 
=— (I) +1, sin wt)¥ — 2wl, cos wt’ + wl, sinwtv (13) 


(11) 


and this is used as the basis for both the simplified theory of the 
instrument and the general theory presented here. 


(4) THE SIMPLIFIED THEORY 


The methods used in References 1-3 are equivalent to taking 
Ip, wI,/e and w7I,/R all very much less than unity and dis- 
regarding the effects of derivatives of the applied angular rate. 
Egn. (13) is then reduced to 

(ees ML a 
I ae + ROE=+ 7], sinwtv 

Because of a positive damping factor ¢, the complementary 
finction solutions are damped out with increase of time, and 
ealy the particular integral of eqn. (14) is of importance in the 
vesponse. For constant rate of turn, v = vo, the response will be 


(14) 


Zz 
— vow-l, 
a = [(R = wIy)? + eu? |2 cos (wt — a) (15) 
R cond w71 
where tan of = 


157, 


The response will be a maximum when the natural frequency 
of the torsion mechanism equals the driven frequency of the tines, 
i.e. when 


R= w°lh (16) 


and this leads to 


Vowl 
$e cos or (17) 
which is exactly 90° out of phase with the sinusoidal motion of 
the tines. 

References 2-4 particularly consider the case where the rate of 
turn to be measured may be broken down into sinusoidal com- 
ponents, e.g. weathercocking effects. 

Putting (18) 


where it is assumed that 7 < w, the right-hand side of eqn. (14) 
becomes 


vV—=vV9 COS 7 . 


f(t) = + w7I,v9 sin wt cos nt 


2 
sie Se 3 fsin (w + n)t + sin (w — 7)¢] 


(19) 


The particular integral of eqn. (18) with this right-hand side is 


€ = C, cos [(w + y)t + a] + C, cos [(w — n)t + x] (20) 
2 
a — vow-l, 
Where C, 2[(R — (@ + 72h)? + Aw + y)?] 2 
_R-@w+ 7h 
tan a, AGEER) 


and C, and «, are similarly defined with —y for +7. 
If the tine and torsion frequencies are equal, then, since n/w 
is very small, C; ~ Cy, and «, ~ —a,, and the equation reduces to 


é ne a Vow! 
(4137? + €2)1 


{cos [(w + n)t + «] + cos [(w — y)t — oc} 


(21) 
- if 
1 (412 2 ai COs wt cos (nt + a) (22) 
0 
where tan « = — ae 


It is noted in References 2, 3 and 4 that the response as given 
by eqn. (21) is of the suppressed-carrier type of signal. 

In order to compare with results which will be obtained from 
the more general theory, it is necessary to put those of this 
Section in terms of the special parameters, a (corresponding to 
the ratio of frequencies), g (corresponding to ratio of inertias), 
and kg (corresponding to damping), these being defined as 


4R 


eee oe = a. Ss 

a= (23) 
2RI, 

apes 24 

me (24) 

S22 ri ca eo age 


Ko = (RIyiP 
Eqn. (15) can then be written 


8 : 
ieee qk COS wt — “4a — 4) sin wt 
Gey Gees 9, thy os a ae (26) 
Vo (a — 4)? + 43a 


158 FEARNSIDE AND BRIGGS: THE MATHEMATICAL THEORY OF VIBRATORY ANGULAR TACHOMETERS 


r = : =A f 
| 
02! = } +— 
RELATIVE 


| | RESPONSE 


iq-O1 


38 39 40 4\ 42 
PARAMETER a 


Fig. 4.—Response curve: simplified theory. 


Quadrature component xy = 0:01. 
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Fig. 5.—Response curve: simplified theory. 


In-phase component xp = 0-01. 


Graphs of the two components (Figs. 4-7) show the variation 
of the amplitude of response with these parameters. All the 
graphs are linear in g, Figs. 4 and 6 indicating a maximum 
quadrature response at a = 4, i.e. with the tine and the torsion- 
system natural frequencies equal. From Figs. 5 and 7 the 
in-phase component is zero at a = 4 and has one peak on each 
side of zero. These peaks are considerably smaller than those 
of the quadrature component. 


(5) GENERAL THEORY OF TUNING-FORK-TYPE ANGULAR 
TACHOMETERS 
The theory developed in the present paper differs from that 
described in Section 4 in retaining the first-order small terms 
omitted when the system is viewed as simple harmonic motion. 
Egn. (13) may be written as 


dC  €+2wl,coswtdl | R— wl; sinwt 
dt? Ip os I, sin wt dt Ip + I, sin wt 


d*v wl; coswt dv 
dt? Io + I; sin wt at 


wl, sin wt 
In + J, sin wt 


(27) 


———— 


ae Pe: ea aoe 


4-| 4 2 
PARAMETER a 


Fig. 6.—Response curve: simplified theory. 
Quadrature component xo = 0:05. 
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Fig. 7.—Response curve: simplified theory. 


In-phase component kg = 0-05. 


[ea 
{ 


The complementary functions for ¢ are found by equating the} 
left-hand side of eqn. (27) to zero. 

Assuming that I,/Ip and e/Jp are sufficiently small for second- 
order terms in them to be neglected, expanding the coefficients 
and retaining only first-order terms gives ‘ 


d?f ¢€ + 2wI, cos wt dl 
dt” Ip dt 


R—w’I,sinwt Ri, sinwt 

+( 2 )b=0 . 8) 

Ip I 0 q 

j : 

This equation can be changed to one of Mathieu type by using 
the substitution 


of _ et + 21, sin wt 
¢ =uexp ( Ip ) (29) 
Again retaining only first-order terms in I;/Jg and €/Jp, eqn. (28) 
becomes 


d7u (z (30) 


Rie: 
ae = sin wt)u = (4) 
die = Niger 
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Fig. 8.—Response curve. 
Quadrature component xp = 0:01. 


i 


Fig. 9.—Response curve. 
In-phase component xp = 0:01. 


On changing the independent variable by the relation 


2y =F — wt (31) 


and defining parameters a and q as in eqns. (23) and (24), 
eqn. (30) can be written 


du 
a (a — 2qcos2y)u=0. (32) 
dy 
which is the standard form of Mathieu’s equation.° 
Egn. (27) can then be written as 
du 
—, + (a — 2q cos 2y)u = f(y) (33) 
dy” 
“4 f( —(¢ ) +t eos 29| 
¥ y) Peres wl 4 ¥ Ip vA 
} d*v 4],sin2y dv 4I cos 2y ) (34) 
am (= dy? Ip +1,cos2ydy Ip + I, cos 2y 


38 ww 40 4\ 


Fig. 10.—Response curve. 
Quadrature component xo = 0:05. 
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—— 


Fig. 11.—Response curve. 
In-phase component xp = 0:05. 


If uv, and uy are two independent solutions of eqn. (32), the parti- 


cular integral of eqn. (33), since the coefficient of du/dy is zero, 
is found by the method of parameters to be 


1 y y 
ees 7 | wr wx)F(x)dx — uy) | woot | _ 35) 


Us| U5) 
where Wy =|du, duy (36) 
dy dy |y=0 


The appropriate solutions of Mathieu’s equation for use in the 
above formula are considered in Section 9.1. It will be assumed, 
as in the simplified theory given in Section 4, that the driven 
frequency w of the fork and the resonant frequency wy of the 
torsion mechanism are nearly equal. 


R 
Hence = = oe we (37) 
0 
4R 
so that a=-;-~4 (38) 
Sad) 
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2Ri, I, 

é ae 8 ee 

and a= ny (39) 
The ratio J;/J) may be considered such that q is sufficiently 

small for the solutions of Mathieu’s equation in the region of 

a = 4 to be written 


pecot a ore) 3 
EE a ( — PP cee eae iW: 


+ bex(G-») 
+| 


(50 


K 2kp tan o > dy 
ewe (et — wy? Bey 
and terms in higher-order differentials of v, where k = e/wl) 


uy = ee sin Qy —o) 22 ~~. = 40) dip Tile: 
. ; Thus the expression for ¢ in terms of t becomes, on using. 
in = sn Qy 440) a eqns./(@29) and Gi), 
where, from Section 9.1, the parameters jz and o are defined by a IEOS at + uw tan o sin wt he “a 
2 Gc exp (= 7, 50 wt) .3¢ 
= a Sito a ee ee) "To mele 0 
together with the terms which are much smaller in magnitude}; 
and = To 22 eas 20) oe a AAS) depending on the successive derivatives of v. 
12 The largest of these is 
2 dv I, [(k? — p*)p cot o — (x2 + yu2)] cos wt + [(k? — p2)K — 2xp tan o] sin wt es (— I on wt) a 
w dt Ip (k2 — pr)? To 


The output is taken to be the quantity ¢, the angular velocity 
of the torsion mechanism. In terms of the solution of eqn. (34), 
this is 


et + 2/, sin Ate) 
= — A Scene (Ae 
ae ( NE ce 
Using eqn. (31) and making 

K = — ee ats 2X Cy) 


the output is 


{= wer —| «(7 —y) +H eos 29| 5 oo ES 


The transients will include the exponential factors ««+ 
and e*— wy, Since y decreases with time, the transients will be 
damped out if 

Rk —p)>0 and Ae+p>o. . . 7 

The response will therefore depend on the particular integral 

of eqn. (33): 


1 ; s 
u = — a, | 87 sin Qy — 0) { e-¥ sin Qx + o)f(x)dx 
0 


y 
—eé ¥¥ sin (2y + o) | é¥* sin (2x — o)f cod . (48) 


where W, = 
e¥Y sin (2y — o) é-¥Y sin (2y + oa) 
e+ Tw sin (2y — o) é—¥¥[— pw sin (2y + o) 
+ 2 cos (2y — o)] + 2 cos (2y + o)]|,=0 
=== 2 Sit o( COS on fl Sill-G) 4 AO) 


The second term will be small, so that Wy ~ — 2 sin 2c. 
In Section 9.2 eqn. (48) is integrated and u becomes 


= forla—)| K : _ ptano 
Uu G | a Se Tose aay roan v 


If the operating frequency w is sufficiently high this may be 
neglected in comparison with the first term. 

Thus the response is proportional to the rate of turn. Thi: 
response can be split into two parts, in phase and out of phase 
with the motion of the fork. 


(5.1) Components of Response 


Disregarding the term exp [— (/,/Jo) sin wt], which impresse: 
a slight periodic variation, the amplitudes of the two component: 
of ¢ in eqn. (51) are: 


In quadrature to the tine motion. 


Ag== i 2 ae pe (53) 
In phase with the tine motion. 
_ Tt etano ; 
Bea, Via naa Pe ees GS. 
Let h=a-4... >. 4 
Then pw Hos 20 5 
12 
or, putting o in terms of g and h, 
2q? — 12h 
cos 20 = 3g? (56) 
From eqns. (42) and (56), 
2 q* sin? 20 
256 
_ (Sq? — 12h)(q? + 12h) 
7304 ;. ae OT, 
Dy RD | 
Further, ptano = a 
2 
a Gorey lek 4 
= 4g 2 ee (58) 


Also « can be related to the parameter xo defined by eqn. (25): 


[2 
é Gaye aa) 
qil2 
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[he ratio of inertias in terms of a and gq is 


(60) 


Jsing these relations the components of the response can be 
written : 


Quadrature response. 


9 24 qil2 1 
Pa °2 Kea (Sq? — 12h\(g? + 12h) 
4 2 304 
2 304 koq (61) 
1 + A)il2(2 304x2 — Sq* + (576K% — 48q7)h + 144h?) ° 
in-phase response. 
B 2g q? + 12h 1 
a 48 Kea Cg Ga 12h) 
4 2304 
96q(q? + 12h 
q(q* + 12h) (62) 


~ 4+ WY23042 — Sgt + (576K? — 48g2)h + 14412) 


Graphs of eqns. (61) and (62), as response against parameter a, 
1ave been drawn in Figs. 8-11 for the cases of 


Ko = 0:01, gq = 0-1, 0-2 and 0-3 
ind Ko = 0-05, gq = 0:2, 0:4, 0-6 and 0-8 
vith parameter a varying between 3-8 and 4:2 (cf. Figs. 4-7). 
rhe behaviours of the quadrature (Figs. 8 and 10) and the in-phase 


Figs. 9 and 11) components to variations in a and q differ from 
ne behaviours of these components (shown in Figs. 4-7) obtained 


46 


= 
@ 


PARAMETER, a 
= 
no 


oO 02 0-4 0-6 0-8 1:0 1-2 
PARAMETER, q 
i. 12.—Stability boundaries for solutions of Mathieu’s equation. 
Wie area to the left of the line for a value of « is the stable area with that value of x. 


VoL. 105, Part C. 


from the simplified theory. It may be noted, in particular, that 
in no case is the maximum quadrature response exactly at a = 4, 
corresponding to the fork and torsion frequencies being equal, 
neither is the in-phase component of the response zero for this 
value of a. 

The deviations from the simplified system become much 
greater as gq is increased. The graphs are not linear with q, the 
maximum response becomes increasingly large as qg increases, 
and, in particular, the known stability conditions for solutions 
of Mathieu’s equation (see Reference 5 and Figs. 12 and 13) 


"I | 7 


35 T 


STABLE ao 


IS- STABLE 


Zs < 
_ 
. 


vo 77/7 


Fig. 13.—Stable and unstable regions for solutions of 
Mathieu’s equation. 


predict instability (infinite response), which will occur if q is 
taken at or beyond a limiting value depending on a and k. 

Referring to the stability diagram of Fig. 12, solutions for the 
system will be stable so long as the point (a, q) lies to the left of 
the stability line for the appropriate value of kg. This stability 
diagram is part of the full Mathieu-equation-solution stability 
diagram of Fig. 13. This shows that the resonance already 
found near a = 4 is only one of a number to be found near any 
square integer. However, the amplitude of response is likely to 
be less in these cases. 

The parameter Kg varies the boundary in the stability diagram 
and the shape of the response curves. 


(6) CONCLUSIONS 


In the light of the foregoing discussion, it is now possible to 
comment on some of the statements made in References 2 and 3 
and summarized at the end of Section 2. 

Referring to advantage (a) in Section 2, there is the possibility 
of slight changes in the parameters during the life and operation 
of the equipment. Thus the changes in amplitude and frequency 

6 
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of the fork radial motion would affect g and a, changes in 
damping would affect «9, and changes in the spring constant of 
the torsion mechanism would affect all three parameters. It 
follows that the tuning-fork-type angular tachometer must be 
so constructed that any changes in the system constants over a 
period are sufficiently small for the required accuracy to be 
maintained. This should not prove difficult, owing to the 
general simplicity of the device. 

The rapidity of response, advantage (6), depends on a suitable 
selection of the damping factor, and restrictions on the permitted 
value of this factor are considered later in this Section. 

One lower limit for linearity of response is provided by signals 
due to motion about axes other than that about which the 
measurement is required, while the upper limit will be due to 
power loss in torsional oscillations of large amplitude. Alto- 
gether there should be a wide range of linear response. 

With regard to advantage (c) of Section 2, error effects exist 
due to motion about the other axes mentioned above, and to 
acceleration, and they give rise to the terms in eqns. (11) and 
later omitted. These errors, and those due to periodically 
varying inputs, may be made negligibly small by the choice of 
an operating frequency sufficiently high in relation to velocities, 
accelerations and frequencies likely to be met with in any par- 
ticular application of the instrument, and also by keeping the 
torsional displacement suitably small under the same conditions. 

Although a pure sinusoidal fork motion has been assumed, 
[cf. requirement (i) of Section 2], any periodic motion could be 
substituted. By using a Fourier series approximation, an 
equation of Hill’s type is reached instead of Mathieu’s. Thus the 
solution would include larger terms at the harmonic frequencies, 
but would otherwise be similar. Substantially the same response 
characteristics might be obtained with suitable filtering of the 
output. 

The simplified theory does not bring out the full effect of the 
damping coefficient, requirement (ii), which not only secures a 
suitable time-constant to eliminate transients but also affects 
the stability of the system, the accuracy and the response in 
general. Hence the damping coefficient must be chosen carefully 
having regard to the requirements of these characteristics in any 
application. 

The fact that the ratio between modulated and static inertias 
should be as large as possible in order to secure increased 
response, requirement (iii) of Section 2, follows naturally from 
the response formulae. However, the general theory shows that 
stability of the system depends on q ~ 2/,/I, so that there is a 
limit to the value of the inertia ratio which can be used. 

Reference to the graphs of response against parameter a shows 
that the statement that highest output is obtained with the torsion 
and fork frequencies equal, requirement (iv), is misleading. While 
the two frequencies should be approximately equal, the maximum 
response is not at a = 4, corresponding to exact equality: as q 
is increased the approximation gets steadily worse. The design 
must be considered carefully in order to arrive at the correct 
relation for the two frequencies. 

It is seen that, while the simplified theory appears to give a 
useful basic approach to the operation, the properties of the 
system are not explored fully. 

In particular, the Mathieu-equation approach shows, in far 
more detail, the correct relationship of the driven and torsion 
frequencies and the effect of damping, and also indicates that 
there are design limits beyond which the instrument is unstable. 
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(9) APPENDICES 
(9.1) Mathieu’s Equation 
(9.1.1) Solutions of non-integral order in the region a = 4. 
The standard form of Mathieu’s equation [eqn. (32)] is 
du 


ae + (a — 2q cos 2y)u = 0 


Since-a ~ 4 let 
a=4 + af\(c) + q’f,(o) + 9°f3(o) +... 


where o is a parameter depending on a and q. 
Define a further parameter p as 


be = ge\(o) + q’g,(o) + 47g3(0) +... 
so that Mathieu’s equation has the solutions 
u = ée'Yd(y, a) and e-¥’d(y, — a). (651) 
where the function ¢(y, c) is a periodic function 
@ = sin 2y — o) + qhi(y, o) + qha(y, o) + @h3(y, 0) . (66) 
If u = Errd 
then = = E(p’ + wd) 


d2 


a 
is Fyn = MG + Yuh + wd) 


Substituting these values, Mathieu’s equation [eqn. (32)] is thus! 
transformed to 

ev-r[p’”’ + 2ud’ + (u? + a — 2g cos 2y)p] = 0 (67) 
By removing the e4” factor and substituting eqns. (63), (64) 
and (66) into eqn. (67), the following information is obtained: 
— 4sin Qy — 0) + qh + Qh +@ hy +... | 

+ 2(48; + 4782 + q?g3...) 

x [2 cos (2y — 0) + gh, +. q7h, + qh, 4+...] 

++ [CqBi + 78, “oes oke)e 

+ 4 + qf, + q?f. + q3f3... — 2g cos 2y] 

x [sin (2y — o) + gh, + qth, + q3h3 +...) =0 | 

(68) 


Taking this expression to be an identity, the coefficients of 
powers of q can be equated to zero. 
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Successively this gives 


@?: — 4sin (2y — o) + 4sin 2y — o) =O (an identity) . (69) 
q': hy + 4g, cos (2y — o) + 4h, + f, sin (2y — o) 


— 2cos 2y sin (2y — oc) = 0 (70) 
Writing 2 cos 2y sin (2y — o) = sin 4y — a) — sina, 
hy + 4h, = sin (4y — o) — sino — 4g, cos (2y — o) 
— f, sin (2y — o) (71) 


In this differential equation the terms in cos (2y — ca) and 
sin (2y — o) would give rise to non-periodic particular integrals. 


Hence it =O (72) 
and 20 (73) 
So the equation reduces to 
hy + 4h, = sin (4y — o) — sing (74) 
The particular integral of this is 
h, = — asin (4y — 0) —tsino . (75) 
g?: hy + 2g,h; + 4g. cos 2y — o) + gf sin 2y — a) 
+ 4h, + fh, + f, sin (2y — o) — 2h, cos 2y = 0 (76) 
Puiting into eqn. (76) the values already obtained, 
#, + 4g, cos (2y — o) + 4h, + f, sin (2y — o) 
+ $sin (4y — o) cos 2y + $sin o cos 2y = (77) 


Writing cos 2y = cos a cos (2y — o) — sino sin (2y — oa) 
2 sin (4y — a) cos 2y = sin (6y — o) + sin 2y — a) 
wwe have 
hy + 4hy = (— f, — #s + 4 sin? o) sin (2y — o) 
+ (— 4g, — 4cos asin o) cos (2y — a) — 3s sin (6y — 0) 
(78) 


To eliminate non-periodic terms from the particular integral, put 


fy = — qs + 4sin’ o 
(2 — 3 cos 20) 
= 79 
2 (79) 
und 2. = —tsinocosa 
sin 20 
= — Gee Bi 5 4 (SO 
16 (80) 
The differential equation for h is now 
hy + 4h, = — ts sin (6y — o) (81) 
The particular integral of this is 
digas 
3 hy + 2g,h, + 2g.h; + 4g3 cos (2y — o) 
+ sth + 28122 sin (2y = G) + 4h, + fA, 
+ foh, + f3 sin 2y — o) — 2h, cos 2y = 0 (83) 
vutting the values already obtained into eqn. (80), 
yor Al cos (4y — a) + 4g; cos (2y — o) + 4h, 
= 2—3 Loy) 
= ie See AO; sin (4y — o) ( i. 2) sin 0 
| +f,sin(2y — a) — 3 sin (6y — o) cos 2y = 0 (84) 


Writing 2 sin (6y — a) cos 2y = sin (8y — o) + sin (4y — o) 


Then hf + 4h, = (2 — 3 cos 20) sin o 


f; sin (2y — o) 


48 
, 2 — 3 cos 20 1 
ay 2y = 0) + ( —< + 553) sin 4y — 
$3 cos (2y — o) + 144 334 sin (4y — o) 
sin 2 1 
Se ee COS ye Gt sin (Gye) (85) 


24 384 


As before, the coefficients of sin (2y — co) and cos (2y — a) 
must be zero. 


ig == © (86) 
20 (87) 
The differential equation for /; is 
a (2 —3cos2c)sinag _ 19 —24cos2c . 
h 4h, = — 
Sea 48 ; 11327 Meee 
sin 2¢ Lay: 
ae cos (4y — a) + 384 sin (8y — o) (88) 
This leads to a particular integral of 
} _ ~~ 300s 20. 19 — 24 cos 20 (ey 
Ss 9) prague ae a 
sin 2a i ; 
a Seae cos (4y — a) — 33040 sin (8y — o) (89) 


q+: hy + 2g,h; + 2g.h, + 2g3h, + 4g, cos (2y — o) 
+ gph, + 2g yg2h, + (g3 + 22183) sin 2y — o) + 4h, 
+ fihz + fph2 + fh, + f, sin Qy — o) — 2h; cos 2y = 0 
(90) 
Replacing the known symbols, 
fe sin 20 


ees TC) cos (6y — a) + 4g, cos (2y — a) 


sin? 2o . 


a oo ae (6y — 0) + f4 sin (2y — 0) 


(2 — 3 cos 20) sin ee 


96 os 2y 


Ue a ae sin (4y — a) cos 2y 


sin 20 


144 cos (4y — oa) cos 2y 


ae pais sin (8y — a)cos2y =0. (91) 


11520 


Writing cos 2y = cos o cos (2y — a) — sina sin (2y — o) 
2 sin (4y — o) cos 2y = sin (6y — o) + sin (2y — a) 
2 cos (4y — a) cos 2y = cos (6y — a) + cos (2y — o) 


and 2sin(8y — o) cos 2y = sin (10y — a) + sin (6y — o) 
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Then 
A sin? 2c 19 — 24 cos 20 
Ot ay | 356. 13824 
= 2) in2 
7 (2—3 a sin | yen) 
a | - rapes (2 — 3cos a oCOS a ae (as (OVO) 
(2—3cos20) (19 — 24cos2¢) 1 aes 
# | - 4608 13824 73040 | in Or — 9%) 
Sil 2 Ge. Gyitel Yo, 1 i 
sia, tang ) 8 OY — D— saqggsmay » 


(92) 


As before, the coefficients of cos (2y — o) and sin (2y — o) must 
be zero. 


Therefore 
ie sin? 20 m 19 — 24cos26 (2 — 3 cos 20) sin” 2 
ose 5G, 13824 96 
145 ae Baa Re, 
= - se 2 93 
bee cae 8 Ta ha x] C» 
d __ (2 — 3 cos 20) sin o cos o sin 20 
a a4 384 1152 
ete sin 20 — = sin 40 (94) 
~ 288 512 
The differential equation for hg is 
w us 1 11 : a 
hg + 4hg ( 540 oe 4608 cos 20) sin (6y — a) 
+ =; ca cos (6 a) — ! sin (10y — o) (95) 
F608 tures 23040 ? 
So that the particular integral is 
zs cos 20) sin (6y — o) 
17280 147456 a 
aie s(6y — a) + : sin (10y — o) (96) 
147456 0 2 ee O11 RAD 4 
The solution of Mathieu’s equation may therefore be written as 
u = AeYd(y, 0) + Be-vrd(y, —o) . (97) 
where o is connected with a and g by 
a=4+@(° =) 
145 1 3 
71 Ge coe eae 2 
+ (saa54 1 3g 00820 — 756 00S 2c), ete. (98) 
pe is given by 
g ue 
B= — © sin 20 + 4 Gr sin 20 — 53 Sin de), ete. (99) 
and ¢ is given by 
: i. Lio 
p(y, o) = sin(2y — o) +4 ~ 7p Sin Gy — @) — 4 sine 
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ig | a sin (6y — | 


19—24cos2o . 


+a] 22" sin o — ae 
+ ee cos (4y — o) — = sin (8y — | 

ep | (a0 je aT COs 2c) sin (6y — 0) 

om ae sin 20 cos (6y — 0) 


oe 
en oe: — tC 
+ sr 940 Sin (Oy a] te 


We can write 


2 — 3 cos 2c 
dy, ©) = sin of 3+ ao) 


192 
+ sin (2y — o) 
s 19 — 24 cos 20 
4 in Gm; (5 ceggeyy te) 
sin 20 
+ cos (4y — o)( 88 Gae ) 
: 11 cos 20 
Be oak a seat im Cae “147456 Ja | 
25 sin aA 
008 (Gy a(— 747456" +) 
1 
+ sin (8y — o)( — Be oe ,) 
1 f 
+ sin (10y — ) aaa” .) .. - ce 


Taking only the fundamental, assuming that qg is small, the 
solution of Mathieu’s equation is approximately 


u = AetY sin (2y — o) + Be~¥ sin (2y + oa) 
This is used in Section 5 [eqn. (40)]. 


(102!) 


(9.1.2) Stability. 
From eqn. (47), the response will be stable if 


Re — p> 0 (103); 
Since k is real and positive, consider the condition 
By <« 
eae 
where uw = — 7650 20 


In the region a consideration it can be shown that o ih 
negative, 1.e. — 37 < o < OQ, so that yp is real and positive. 
A chart connecting the a and g parameters can be plotted; 


| : 
a=4+4 ae — 7,008 20 (1055 


with o obtained from sin 2c = — Les 


q 
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This may be written 


an44% eF(1— 


which is plotted in Fig. 9 for various values of the parameter x. 
The area for stable solutions is that to the left of the curve for a 
particular value of x. This corresponds to <x. 


1/2 
256K2 =) (106) 


(9.2) Evaluation of Particular Integral 


Writing « = €/wly, b = I,/Ip, and assuming that second order 
terms in « and b can be neglected, eqn. (34) reduces to the standard 
Mathieu equation form 
d2 
es a + (a — 2g cos 2y)u = exi4—»)| — (1 +b cos By) ee 
dy dy 


+ 46 sin 2 + 4b cos 2y | = (j))iSAay LOM) 


‘Thus 


y 
— € YY sin (2y + o) | e——wW sin (2x — oc) 


sin o(— 


y 
= deur sin (2y — o) | ev kkt+ u)x 


y 
za 4de-vy sin (2y + | e—(k-u)x 


. sin 
fhe sin (Qx + 0), nae 


aay be neglected. 


Now 


[ exeooae ia pee [ — 


“Somes 


+ sin (2x + o)( — 


+ cos (4x + o)( — 


+ cos (4x — o)(— 


(4x + a) terms will, on integration, be reduced in proportion to 4x, 


erms in uw either in the harmonics or in non-periodic terms, but not the fundamental. 


OX 
& dg Che = tee 
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If the torsion system is in approximate resonance, R/Ip ~ 4w?, 
and therefore a ~ 4. 

Thus the complementary function solutions of Mathieu’s 
equation are approximately 


u = &"V sin (2y — o) 
u=€é ¥¥sin 2y + o) 


where yz and o are the parameters as previously defined. 
Solving the differential equation by ‘the method of variation of 
parameters’, we arrive at the solution 


é¥ sin (2y — o) | € ¥* sin (2x + o)f(x)dx 


i 
2 sin 2c ue-*l4 = guy sin Qy — o) | e- (tw) sin (2x + 0) Oe 


2sin 20) _ ¢—-uy sin Qy + 0) i eux sin (2x — o)f(x)dx 
(108) 
d*v 
— (1 + bcos 2x) 52 
; dv 
+ 4b sin 2x — + 4bcos 2x v 
dx 
d2 
—(1 + boos 2) 
an ADP ig Nee ares Pe eed OO) 
-+- 46 sin 2x + 4b cos 2x v 
d*y dv 
b2 + 4bv ) a COS Oo (405°) 
d?v i pt? 
2) + sin (4x + o)(—b oat 4bv) dx 
dv 
4p ) 
’ dv dv 
esha] o(— b + by ) ate COs o( 405") 
d2 
desin (Ox = o)( - se 4+ sin (4x o)( b — 4bv de (110) 


dv 
on) 
3 dx 
4k approximately, and will give 


It will be assumed, therefore, that they 


1 dg | 1 dg 


a dy | o3 dy? wie 


& 
a 


the differential coefficients with respect to y are converted back to functions of time, it will be seen that, in the integral expansion, 


e differentials are multiplied by a factor 1/(« + j)w to a power equal to the order of the differential. 
iz factor is much less than unity. Hence differential coefficients as far as the second order only need be retained, and eqn. (110) 


If w is sufficiently large, 


1 d*v aA 4 dv 4 d*y 
sin o| pms a dy? GAY (ce + p)? dy (kK + pw) dy? 
‘ —m/4 — be-*Y sin (2y — 0 
4 sin 2oue E (2y ) i 4 se 
+ cosa ic way (x + py dy? 
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. 1 Hoe a 4. ad 4 oF 
~ ST ep | aye” | Ge are 
— be—* sin (2y + o) 
Hey 4 a 
a COSC ease dy (k — p)? dy? 
I 1 d*v J 4 a \e 
= ar 
sin 2y sin o cos a 
4 ae 4 d*v 
(«+p («kK —p) | dy? 


ee os | de | Se eae ergy | 
+ cos Zy Sin 0 COS GO| = x +H T CS dy 1 (K ie pe)? (i — p)? dy? 


= be“ 
Neen Vice o| 4 4 dv 4 4 ea 
| ; K+ pm K—p) dy CA CT) Ch 
1 1 Mi d*y } | 4 4 |dv 
oP 5 ah Wao + 5 “5 
— —_ y thd d 
+ cos 2y sin? o ‘cai ea ie (ky Kye 
ee 4 4 d*v 
(e+ py (« — p)? | dy? 
| | 1 }] 
v| 4sin o cos o = 
fea [lk Ie = fue 
: 
= B+ deosto| =; sia I f Asin ve0s 04 co! a 1 a | 
aa : ae 
1 1 ] 1 
+ sin o cos o + scot o | 
4 av for | (x + p)? <n} 
dy? es { 1 1 } 
sina cosa  — 
Ce C13: 
= be 
of + asinto} are ee i] 
K+ eo 1h 
d 
oF OT 4 asin co | : | I } Fi a ale 1 
a Kt Ho KH Lj + py? «pp 
+ cos 2y 


— sin? 4 si 
is sin Fie e—aft sin 0 COS o CL oe 


Leet ate ls 1 of 


dy? ieee 
+ 4 sin? o 
: late} 
Therefore the equation for u is 
— «? + uw? ) sin 2y 
(Oi ae pe (x2 — roa a 
Ue ber(§-)| - 5) - 5 sin 2y — pie a COS 29 v + bex (5-”) = 
[Rnd Be eae 8 fT ns 5 ae 2kp tan o dy 
eee fe (2 ir y2y s2y 


and terms in higher order differentials of y. 
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A SIMPLIFIED DERIVATION OF THE FOURIER COEFFICIENTS FOR CHEBYSHEV 
PATTERNS 


By J. L. BROWN, Jr., 


PAD: 


(The paper was first received 21st May, and in revised form 22nd August, 1957. It was published as an INSTITUTION MONOGRAPH in November, 1957.) 


| SUMMARY 


In the design of linear arrays containing an odd number of elements 
with constant element spacing of less than a half wavelength, the 
imathematical problem reduces to that of finding explicitly the coeffi- 
cients, b,,, in the expansion 


n 
T,(ax ae b) = 2 binTm&) 
m=0 


where a and 6b are constants, n > 0, and T,,(x) is defined as cos 
Onarccos x) for m>>0. Such a problem was initially solved by 
(uHamel and later given by Salzer in a form more convenient for 
computation. The purpose of this paper is to give an alternative 
erivation of Salzer’s result, making use of the orthogonality properties 
of the Chebyshev polynomials in order to obviate the fairly elaborate 
series manipulations required in the previous derivation. 


(1) INTRODUCTION 


A brief summary of the use of Chebyshev polynomials in 
lhe design of linear broadside arrays is given in Salzer’s paper! 
nd will not be repeated here. For an odd number of elements 
in the super-directive case (constant element spacing of less than 
: half wavelength), the mathematical problem is that of 
expanding T,,(ax + b) as a series in terms of T,,(x), where T,,,(x) 
5s the mth Chebyshev polynomial defined by T,,(x) = cos 
marc cos x) for m> 0. Salzer! provided an explicit formula 
wr the calculation of the coefficients of such an expression, his 
formula being much simpler and computationally more tractable 
han the one previously given by DuHamel.? In essence, Salzer’s 
ethod of derivation consists of expanding T,(ax + 6) in powers 
f x, expanding each power of x in terms of the Chebyshev 
olynomials, T,,(x), and then identifying the coefficients b,, from 
his final expansion. In the process, several rearrangements 
if the (finite) series are necessitated, and these are complicated 
nough to require diagrams explaining the new forms. 


b 


| Since the Chebyshev polynomials are orthogonal with 
pect to the weight function (1 — x?)~!/? on the interval (—1, 1), 
i is easily seen that the 5,,,’s in the equation 
T,{ax + 6) = > Dee). ies. 0). 6 27 i OO) 
m=0 
re given by 
( 1 
DE AGX TD) aS) 5. 
b= lb eS %) dx;m> \ 
il 
1 
1 | T,(ax +6) 
bo A V/A — x?) Ze 
= 


Tis result is used to obtain a simple alternative derivation of 
aizer’s result which eliminates the need for involved series 
servations. 


K ‘respondence on Monographs is invited for consideration with a view to 


| 5Leation. 
Brown is at the Ordnance Research Laboratory, The Pennsylvania State 


wiversity, Pennsylvania, U.S.A 


(2) DERIVATION 
Let T,,,(x) be defined as follows: 


Tx) = cos. (marc.cos. x). form: 0s. |. sen.) 


This definition employs the normalization given by Bateman.3 
Salzer! makes the special definition T(x) = 1/2 in order to give 
a consistent representation for x* in terms of T,,,(x). 

Replacing x by ax + b in the expression 


AGO) = ip 


2 
[nl2] (_y)m Gas —m— eS 2m—1yn—2m (n> 0)(3) 
m=0 m 


[Reference 3, eqn. (22)] 


and then using the binomial formula to expand the various 
powers of ax + b we have 
[n/2] n—2r 


T (axe sb) = > PCr pee) 
r=0 k=0 


where 


Ce = (—192"-2r-! E@ r ") 
ea ic — : = | (" ¥ rs a maha 


5 . m f : 
In this equation, G ) denotes the binomial coefficient 


m! 
k! (m —k k)! 
Thus far, the derivation is identical to Salzer’s, but at this point 
the orthogonality property of the polynomials is invoked rather 
than expanding x* in terms of the polynomials and then 
matching coefficients with eqn. (1). The orthogonality property is 


0, mAn 
=< T2.0nS=ms=0- a 16) 


(7, n=m=0 


and [x] denotes the greatest integer not exceeding x. 


1 
T 2) Tn) 
tee dx 
—1 


[See Reference 4, eqn. (4); the result has been altered by the 
factor 27" to conform to the normalization adopted here.] 
From eqn. (1), therefore, 


, | 
bp <2 | TH + DTW gee my 1 | 


7 /(1 — x?) 
1 


(7) 


Gx D) 
ae al vil — ie 


Using eqn. (4) for T,, (ax + 5) in eqn. (7), 
1 


[n/2] n—2r 
Mee oe | ae ce hee 


T r=0 k=0 
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[Since T,,(1) = 1 for m> 0, eqn. (1) gives 


Ta + b) = >) bin 
m=0 

Thus, bp can be found easily if the 5,,’s form = 1, 2,..., m are 
known; eqn. (7) may therefore be used without special con- 
sideration for the case m = 0.] 

The integral appearing in eqn. (8) is well known [see 
Reference 4, eqn. (6), again taking into account the different 
normalizations]: 


0 if (k — m) is odd 
ee ms 0 ifk<m 
x)x* 
m 7 = 7 k ae : (9) 
41 ve aK (i Se n) if (kK — m) is even or zero 
2D, 
Using this result in eqn. (8), the expression for 5,,, becomes 
k 
[n/2] n—2r 1 k—m ; 
bin = a, Crk SRI (<<) See Ng fg UO) 


The notation X)* has been introduced to mean that the sum 
is extended over odd integers only if the lower summation 
limit is odd and over even integers only if the lower summation 
limit is even. Substituting for c,,, eqn. (10) gives 


ue Cee, 


=< 2 n 
opis 7 (2b)2" 
eee =e 2r k a k 
x c a y 
a, k )( = m)aa) fOr yi— 1,2 SD) 
2 


The upper limit in eqn. (11) may be replaced by [(n — m)/2] 
since values of r larger than [(n — m)/2] result in the second 
sum being zero. 


Thus 
2, (2b) 


EC Ven) sD 


which is the desired formula. That this is equivalent to Salzer’s) 
form may be seen by introducing a new index of summation, j) 
in the second sum, where / is given by the equation k — m = 2j) 
Eqn. (12) becomes 


u—m 


reaanrne SEC I-C EY | 
PT Gina ae 


which is identical with Salzer’s formula for m> 1. The “a 
term by may be computed from the other 5,,’s as indicated above 


eqn. (13) when m is equal to zero. Equivalently, eqn. (13) may i 
be used for all values of m> 0 if T(x). is taken to be one-half. 
rather than unity—a device introduced in Reference 1. a 


(3) CONCLUSION 

By employing the orthogonality properties of the Chebyshev, 
polynomials, a simplified derivation of the Fourier coefficient’ 
in the expansion ' 


Tax +b) = 2 bn Tn) 


also be useful in other pattern investigations involvin) 
Chebyshev polynomials. 
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SUMMARY 


! A method is described for determining the local characteristic 
mpedance at any point on a high-frequency coaxial cable. Measure- 
wents are made of the deviations from a harmonic series of the resonant 
vequencies of a short length of open- or short-circuited cable. It is 
aown how these deviations can be used to calculate the coefficients of 
- Fourier series describing the impedance variations along the. length. 
ince the measurements are performed at microwave frequencies, the 
esolution of the impedance changes is considerably better than for 
ewe -frequency methods. 

| Measurements on an artificially discontinuous cable have allowed the 
serimental accuracy of the method to be determined, and close agree- 
sent has been obtained between the experimentally predicted and the 
stual impedance changes. 

Results from short cable samples indicate that the local variations of 
savacteristic impedance are largely due to changes in the diameter 
wer the dielectric filling. 


LIST OF PRINCIPAL SYMBOLS 


1 = Length of line. 

Zm = Mean characteristic impedance of line. 

‘x = Distance from end of line. 
2(x) = Local characteristic impedance at the point x. 
6(x) = Deviation of local characteristic impedance from Zp. 
A, = nth coefficient of Fourier series describing S(x). 

6 = Deviation of input impedance from Zp. 

A; = Spatial wavelength of periodic variation of Z(x) along 

the line. 

_V, = Peak voltage applied to line at x = 0. 

V = Voltage at any point on the resonant line. 

I = Corresponding current at any point on the resonant line. 
Cy = Capacitance per unit length of transmission line. 
| Ly = Inductance per unit length of transmission line. 


(1) INTRODUCTION 


The effects of impedance irregularities on the input impedance 
d transmission characteristics of high-frequency coaxial cables 
ave been studied frequently during recent years. Work on the 
tbject can be divided into two main groups. These are the 
tistical treatment of impedance irregularities and methods for 
ieasuring their effects. 

1 Theoretical studies which involve statistical methods! yield 
isults which are applicable to families of lines. Whereas general 
»nclusions can be drawn as to the electrical behaviour of a group 
© similar cables, precise information about any specific member 
{ the group is not an objective of this type of theory. 

! A. comprehensive review of methods for ascertaining the form 
{ ‘he impedance irregularities of a specific cable and their effect 
2 «ts electrical performance has been given by Parcé.© The 
tetiods reviewed, together with subsequently published tech- 
yques, can be divided into four subsidiary groups, as follows: 


\(@) Determination of the impedance deviation from image- 


‘Sosrespondence on Monographs is invited for consideration with a view to 
libb sation. 
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impedance measurements.—The impedance deviation, 5, is defined 
as the difference between the input impedance of the cable and 
its mean characteristic impedance when terminated by the mean 
characteristic impedance. The real part of the impedance 
deviation, 5,, can be found by determining the difference between 
the two image impedances of the cable at even-harmonic 
frequencies.® 

(b) Input-impedance methods.—Didlaukis and Kaden’s! 
measurements were performed at even-harmonic frequencies, 
the cable being terminated in a resistance R near to Zp). The 
difference between the measured input impedance and the mean 
characteristic impedance when measured under these conditions 
provides a value for 6,. Parcé® shows how this value can be 
modified to take account of small line attenuations. Cotte? & 
shows how the measurement of input impedance at even- 
harmonic frequencies of a line terminated in its mean charac- 
teristic impedance allows the construction of a Fourier series 
which represents the change of local impedance from the mean 
characteristic impedance along the length of the cable. He has 
determined the first ten coefficients of such a series from measure- 
ments at frequencies between 300kc/s and 6 Mc/s on a 75-ohm 
coaxial cable of length 240m. A variable-impedance bridge 
was used for the impedance measurements. 

(c) Resonant-frequency methods.—These techniques involve the 
determination of the resonant frequencies of a cable which is 
terminated by an open- or short-circuit. If the line were per- 
fectly uniform, the measured frequencies would form a harmonic 
series, and the slight deviations from such a series for an actual 
cable provide a measurement of the irregularities present. 
Kaden? has shown that the mean-square value of the input- 
impedance changes |5|* can be calculated from the mean-square 
deviations of the resonant frequencies from a true harmonic 
series. He has measured the frequency deviations on a cable of 
length 285m, at frequencies up to 4Mc/s, using a differential 
bridge method, thus providing 16 harmonics for the calcula- 
tion of |6]?. 

(d) Pulse techniques.—Pulse test sets enable the relative mag- 
nitudes of irregularities to be measured in terms of the return 
loss of echo pulses reflected from the irregularities when short 
pulses of carrier frequency are fed into the cable. Roberts!® has 
used a method which employs pulses 0-3 microsec long, of a 
carrier frequency of 20 Mc/s, to investigate the impedance changes 
in drum lengths and longer jointed lengths of high-frequency 
coaxial cable. The accuracy of location of an irregularity in 
such a system is estimated to be within +15m. 


The work described here began with the aim of providing 
additional information for a study of input-impedance variations 
of cables over frequency bands around 3000 and 10000 Mc/s 
which was already in progress. Some indication was required 
of the changes of impedance to be expected along the length of 
the cables being examined by this other technique. Thus a 
method which does not provide statistical results concerning a 
family of cables but gives information about a particular cable 
was required. Also, because of the high operating frequency, it 
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would be preferable if the impedance deviations could be ascer- 
tained over quite small lengths—of the order of a few wavelengths 
at these frequencies. 

The method evolved for determining the form and position of 
irregularities has the following features: 


(i) Information is provided about the changes of impedance along 
a relatively short length, which allows a graph of S(x) against distance 
along this specific cable to be drawn. ; 

(ii) Since the measurements are performed at microwave fre- 
quencies, the linear resolution of S(x) is considerably better than for 
lower-frequency methods. , 

(iii) The only parameters to be measured are changes in resonant 
frequency. This eliminates the necessity for a slotted line and 
associated equipment, which would be required at high frequencies 
if input-impedance changes were to be measured. 


On the other hand, the method has the disadvantage that 
several signal generators may be required to provide sufficient 
harmonic frequencies. Also, when the frequency deviations are 
found, their conversion to give a graph of S(x) against x is rather 
long and arduous. 


(2) DETERMINATION OF IMPEDANCE VARIATIONS ALONG 
AN IRREGULAR TRANSMISSION LINE BY MEASURE- 
MENT OF THE RESONANT FREQUENCIES OF THE 
OPEN- AND SHORT-CIRCUITED LINE 

Consider a lossless, uniform transmission line of length /, 
which is short-circuited at the far end and has a sinusoidal voltage 
applied to it [see Fig. 1(a@)]. When the line is an integral number 


a 


| SHORT- 
Z CIRCUIT 


x=l (a) xe O 
I V, 
Peaches S.C 
Xx 
eee ql 
(b) 


Fig. 1.—Resonant short-circuited transmission line. 


of quarter wavelengths long, it will resonate, and the voltage and 
current relationships are, as in Fig. 1(d): 


V = — 2jV, sin (nzx/2/) . (1) 
I= QV, /Z,,) cos(a7x/21) . (2) 


When 7 is odd, there will be an open-circuit at x = J, and when 
n is even there will be a short-circuit there. 
The energy stored under these conditions is given by 


l 
W = = (ColV|? + LolZ|2ax (3) 
0 


Hence, from eqns. (1), (2) and (3), 


W = ViCol = V?Lol/Z2 (4) 


Now consider the line to be non-uniform, the irregularities being 
assumed very small. The local values of C and L are changed 
such that 


C(x) = Co + AC) 
L(x) = Ip + ALC) } ©) 
I ] 
And | Acax = i ALdx = 0 (6) 
0 
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Also, since the irregularities are assumed to be small, 


and <1 2 ae 


If the line is imagined to be lossless and initially uniform with nm 
connections to external sources, and is subsequently deformer|) 
infinitely slowly into the non-uniform line with very smal); 
irregularities just described, the work done will be equal to thy 


change of stored energy and can be shown to be 


vi 
Aw =1| (Ac|v? + Axlr ax 
4 0) 


Hence, using eqns. (1), (2) and (6), Y 
1 i 


aw=3| v2(Fz — AC) cos (7) de ak oO 


0 | 


The fractional change in stored energy is then, from eqns. q 
and (9), 


| 
7-3) Ga) C= 
0 


Also, because of the assumption given in eqn. (7), 


S(x) | 1/AL ae 
OGRE . 


Hence 


1 
AW 1] S@) nwx 
W dl ae cos ( i jax 


0 


which has been proved for electromagnetic resonators by) 
Maclean.!! Action in this context is defined as the product 0!) 
stored energy and period of oscillation, and is constant under the) 
assumed conditions of ‘slow’ deformation. It follows that the 
fractional change in energy resulting from such a deformation is) 
accompanied by the same fractional change in resonant frequency} 

Hence, from eqn. (12) we can write at once 


1 
S(@) 
Ze 


HAS pe el 
ie l 
0 
It can be shown that, subject to certain assumptions, S(x0)/Zp) 
is real and independent. of frequency.’? This quantity can be! 
represented by a Fourier half-range series for values of x definec| 
by 0< x< /as follows: | 


SG) 
Ta = )) A,, cos 


n=1 l 
Thus, from eqns. (13) and (14) and the usual formula for the 
Fourier coefficients, we see that -| 


cos (=) dx 


Lin n=1 ve ae 
If the same length of transmission line is now considerec 


short-circuited at x = /, the voltage and current relationships 
are given by 


V = 2V, cos (=) (16; 
I = (2jV;,/Z,,) sin (= a 
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When 7 is odd there will be an open-circuit at x = 0, and when 
1is even there will be a short-circuit there. Proceeding as before, 
+he fractional change in resonant frequency is found to be 


Af SO) og (NT Ja 
as iI eS cos (“ )|a . (18) 
Comparing eqns. (17) and (13) it is seen that 
Af? = — Afi” 
and AQ = — AD. (19) 


(hus the resonant frequencies of an irregular line of length 
2A/4 when supporting a voltage sine wave (i.e. short-circuited at 
« = 0 and open-circuited at x = / for n odd, or short-circuited 
at both ends for nm even) are given by 


Gain er (20) 


where f,, is the resonant frequency for a uniform line. Also, 
he resonant frequencies of the same line when supporting a 
voltage cosine wave (i.e. short-circuited at x =/ and open- 
ercuited at x = 0 for n odd, or open-circuited at both ends for 
@ even) are given by 


ihe fae NE (21) 
suostituting eqns. (21) and (20) into eqn. (15) gives 
SO)> 2 2 nx 
Th oOo ae cos (“T) @ 


Thus, by measuring the pairs of resonant frequencies SF and 
2 of an irregular transmission line, it is possible, using eqn. (22), 
p ‘calculate the local characteristic impedance at any point on 
che line. 


(2.2) Periodic Variation of S(x) 


It is possible for the variation of S(x) to be of a cyclic nature. 
When this occurs, then, at a frequency such that the irregularity 
s repeated at half-wavelength intervals, successive reflections 
vecome additive causing very large input-impedance deviations. 
{ Suppose that the periodicity is such that m complete spatial 
wavelengths, A;, plus a fraction of a spatial wavelength are 
ncluded in the line of length /. If the distances from the 
ixtremities of the line to the nearest positive maximum values of 
x) are ad; and bA;, the fundamental component of the irregu- 
irity can be defined as 


S()1Zm & cos [27(x/A; — a] . 
The Fourier coefficients of the series defining S(x) as given by 
qn. (23) are found to be 
41[ — sin (27a) + sin 2n(l/A; — a)] 
Aim(n? — 417/A?) ‘ 
i is evident from this equation that there will be a maximum 
falue of A,, when 


(23) 


(24) 


An = 


dX ifn. (25) 


the value ub n which gives the coefficient with the Suse 
bagnitude is n', there will be further maxima when n = ont 
metc., due to the harmonic components of the irregularity. 
x is therefore possible to find whether any cyclic variation of 
.is present in a sample simply by inspection of the magnitudes 
( the experimentally-derived Fourier coefficients. Also, pee 
18 the order of the coefficient with maximum magnitude n! 
© spatial wavelength of the fundamental of the irregularity can 
c Bbiculated from eqn. (25). For example, if a line, containing 


a sinusoidal variation of S(x) including five complete spatial 
wavelengths in its length, were examined by the resonant- 
frequency technique, then, assuming a = 0-01 and b = 0-2, the 
Fourier coefficients obtained would have the following relative 
magnitudes: 


+0-19 —0-15 +0-84 +0-39 —0-25 +0-07 —0-10 


The periodicity of the cyclic variation of S(x) is thus apparent 
without having to sum the Fourier series describing S(x). 


(3) EXPERIMENTAL PROCEDURE FOR MEASURING 
THE FREQUENCY DEVIATIONS 
A schematic of the measuring apparatus is shown in Fig. 2. 
Three signal generators, each having a calibration accuracy 
better than 1%, supply a series of about 20 harmonic frequencies 


SIGNAL GENERATOR 
100 - 2000 Mc/s 
MODULATION 3kc/s 


7S~CRYSTAL 
RECTIFIER 


CABLE 


END 
Seo CONNECTORS 
allie 


Fig. 2.—Block schematic of the measuring equipment. 


COAXIAL 
SOCKETS 


[azz 


E-PROBE 
UNIT 


Fig. 3.—End connectors, showing arrangement of probes. 

from 100 to 2000 Mc/s. The signal is modulated by a square 
wave whose frequency is 3 000 c/s, and fed into the cable by either 
an H-probe for a short-circuited input or an E-probe if the input 
is open-circuited. The arrangement of the end connectors and 
probes is shown in detail in Fig. 3. The cable sample is arranged 
to have an electrical length of a quarter of the wavelength corre- 
sponding to the fundamental frequency. At its far end the 
signal is again received by an E- or H-probe, depending on the 
termination, detected by a crystal, the arrangement of which is 
shown in Fig. 4, and displayed on a selective amplifier indicator. 
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COAXIAL PLUG 


BRASS DISC 
SOLDERED TO INNER CONDUCTOR 


Fig. 4.—Arrangement of crystal detector. 


The technique for determination of the frequency deviations 
is dependent on whether the resonant frequency is close to an odd 
or even harmonic of the fundamental. For the odd harmonics, 
end 1 is open-circuited whilst end 2 is short-circuited and the 
signal generator is tuned until the meter at end 2 indicates 
resonance. End 1 is then short-circuited whilst end 2 is open- 
circuited, different probes, of course, being employed, and the 
signal generator is again tuned to resonance. The fractional 
difference between the frequencies for the two resonance condi- 
tions gives, from eqn. (22), a value for the Fourier coefficient 
corresponding to the particular harmonic used. For even 
resonant frequencies, when the line is an integral number of 
half-wavelengths long, a similar procedure is followed, but this 
time the difference in resonant frequencies is found with the 
cable originally open-circuited at both ends and then short- 
circuited at both ends. 

This measuring technique requires that the open- and short- 
circuited lengths of air-filled line at the ends of the cable can be 
represented by the same equivalent length of open- or short- 
circuited homogeneous line having the same properties as those 
of the cable. If one end of the cable is open- or short-circuited 
as in Fig. 5, it can be shown that this condition is satisfied if 


Nee ee Sole 
Z logio (r2/r) ae 


where /; is the equivalent length of J,, which allows for the 
fringing field at its end, and e¢, is the relative permittivity of the 
dielectric in the cable. 


(26) 


END 
CONNECTOR 


aia a aaa eT, 
SNS SSS, 


Spe 
= Sea 


SHORT - CIRCUIT 
PISTO 


Fig. 5.—Open- and short-circuited termination of the transmission line. 


Thus, to determine /, corresponding to a chosen open-circuited 
length /,, the equivalent shunt capacitance of the fringing field 
which is a function of r; and r3; must first be calculated.!2, The 
distributed capacitance of the air-filled line is then deduced!3 
and the shunt capacitance is transformed to an equivalent length 
of the same line. This length, when added to J, gives the 
length /;. Knowing /,, the required short-circuited length /, can 
be calculated immediately from eqn. (26). 


(4) EXPERIMENTAL VERIFICATION OF METHOD AND 
RESULTS ON CABLE SAMPLE 
To provide a standard by which the accuracy of the method 
could be ascertained, an artificial discontinuity of known magni- 
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51 0'625 CM DIA| 
ae | 


0724 CM DIA 


Fig. 6.—Cable with artificial discontinuity. 


| 

tude was introduced into a dielectric-filled cable (Fig. 6). The © 

step in the line was formed by turning down the dielectric to the i 

required diameter and then binding the braiding back into pan 
i 


The resulting line had a uniform characteristic impedance Zp, 


over one section of its length and another constant characteristic!’ 
impedance Zm. over the rest. The position of the sudden) 
change of characteristic impedance was chosen in an arbitrary » 


manner. | 


. s 7 
On testing the cable, as described in the previous Section, at . 


20 harmonic frequencies ranging from 100 to 2000 Mc/s, the | 
frequency deviations obtained yield values of A, shown in " 


Table 1. The function S(x) is now completely defined for this | 


Table 1 i 


FOURIER COEFFICIENTS OBTAINED FOR ARTIFICIALLY STEPPED 
CABLE 


4:92 —1-68 —0-87 1-29 —0-18 —0:75 0:57 


8 9 
— O22 0S Oaks 


10 11 


0-37 —0-37 —0-:-07 —0-36 


Wels =O) Mer) 


Were) SHOP IG 


particular line, and values of S(x) for any specific value of x can f 


be obtained by summing the series as in eqn. (20). This has 
been done to give graphs of S(x) along the line length for summa- 
tions of 5, 10 and 20 terms of the series (Fig. 7). It is evident’ 
from the graphs that, provided that sufficient terms of the 
summation are obtained, the method provides a very good 


approximation to the change of impedance along the line length. | 


Whereas the summation of five terms of the series gives evidence 
as to the approximate magnitude of impedance changes, more 
terms are required to determine the form and position of the 
changes. For instance, if 20 coefficients are found, then, 
neglecting end effects, the amplitude of the irregularity is given 


to better than +1% and its position is located to within 2% of) 


the cable length. Errors which arise through taking a series 
with a finite number of terms to represent an infinite Fourier series 
will be discussed more fully in Section 5. 


After these errors, together with others which will be discussed | 


in more detail in the next Section, had been reduced to a mini- 
mum, actual samples of polythene cable were examined by the’ 
frequency-deviation method. Thus, the frequency deviations of . 


a length of UR65 type cable when tested as 12 harmonics of 


150 Mc/s yield coefficients A, as shown in Table 2. The change | 
in impedance along the length of this cable as calculated from 


the coefficients A, and eqn. (20) is shown in Fig. 8(a), whilst the 
change of impedance along the same length as calculated from 


mean diameter measurements over the polythene, assuming a_ 


uniform inner-conductor diameter, is given in Fig. 8(b). 


Hh. 


i 
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S(x) 


LOCAL CHARACTERISTIC IMPEDANCE, 


DISTANCE FROM INPUT, cm 


Fig. 7.—Variation of local characteristic impedance along the artificially discontinuous cable. 


Table 2 


FOURIER COEFFICIENTS OBTAINED FOR CABLE TyPE UR65 


0:04 0:04 


0-037 0:03) 0 0-02 


0-02 


0:01 


|. Fig. 8(a) is typical of results obtained on several cables of 
ype UR65. There appears to be no impedance deviation as 
reat as 4% along the short lengths examined. Thus, if these 
eviations are taken to represent a typical section of a random 
eviation along a longer length of cable, it can be shown? that 
ne r.m.s. input-impedance deviation for a family of cables is of 
ne order of 0:2%. 

' On the other hand, the particular specimens examined were 
aken from a longer length which gave input-impedance devia- 
ons over a frequency band around 3000Mc/s much greater 
nan the expected value, when measured by a technique due to 
‘lackband.!4 The large input-impedance variations over this 
articular frequency band are due to components of the cable 
1: ome’ which have a spatial wavelength between 4-35 and 

-Ocm. However, any periodicity of S(,) is not apparent from 
ne magnitude of the Fourier coefficients as given in Table 2. 
‘his is because the impedance deviations are so small that it 
vould be very difficult to select any one coefficient whose maxi- 
num magnitude could definitely be attributed to a periodic varia- 
on of S(x) 

The iM pedance deviation for the cable length as measured 
Fig. 8(a)] bears some resemblance to that calculated from 
jemeter measurements over the polythene dielectric [Fig. 8(5)]. 
‘be r.m.s. impedance changes calculated from the two graphs 
re.0-0018 and 0-001 3, respectively. This seems to support 
%e argument that the impedance changes along the cable sample 
Ne sured are mainly due to variations in the diameter over the 
olythene dielectric. This assumption has been substantiated by 
“€«surements made on other samples of the same cable. 


(a) 


° 4 8 12 16 20 24 28 32 
DISTANCE FROM INPUT, cm 
(b) 


Fig. 8.—Variation of local characteristic impedance along sample of 
cable, type UR65. 


(a) From resonant-frequency measurements. 
(6) From measurements of diameters over the dielectric. 


(5) ERRORS AND LIMITATIONS OF THE METHOD 
(5.1) Effects of Probe Penetration on Resonant Frequency 


Consider a uniform line of length 7 terminated by an open- 
circuit. The line will resonate at a frequency given by 


Ff, = nv[4l 


If an E-probe is introduced into the plane of the open-circuit 
it will act, for small penetrations, as a shunt susceptance C, 
and the resonant frequency of the combination of line and probe 
will change from f, by a value Af. 

If the probe were introduced very slowly into a supposedly 
lossless ideal line, the action theorem!! would give 

gal ai Pe he AE 

if: W 


Change in stored energy due to C. 


where AW’ = 
W = Initial stored energy. 


The right-hand side of eqn. (27) is independent of frequency for 
a particular value of C;. Hence, for constant probe penetrations, 


Af, © Sn (28) 
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Also, for a particular value of f,, 
Nf. OCCs a, ey |.) ot eee 


since the stored energy of the probe, AW’, is proportional to its 
equivalent capacitance. 4 
Let us consider the measuring circuit to be approximately 


ie a a 
Ry : J 
‘ r ae Co ic 


Fig. 9.—Equivalent circuit of measuring apparatus. 


represented by Fig. 9. The probes at either end of the resonant 
line are assumed to have the same capacitance C. 
C2 
Then Melle ORO oe bila eee) 
v Cy 
It is evident from this equation that 


Power to indicator 
Power from generator 


Cl OO CP) 


The change in resonant frequency indicated by eqn. (29) will, 
to the first order, be independent of frequency deviations due to 
impedance irregularities and is only a function of the probe 
penetration. Thus, for large probe penetrations, it is possible 
for the frequency deviations due to the probes to be of the same 
order of magnitude as those corresponding to the irregularity 
content of the cable. This could cause considerable error in the 
experimental results. ‘The probe coupling should therefore be 
as light as possible to reduce such errors to a minimum. Unfor- 
tunately, as the probe is withdrawn the signal to the indicator is 
reduced very considerably, as shown by eqn. (31). Again, the 
amplification of the indicator is limited by noise in the system. 
Thus the choice of the optimum probe penetration is a com- 
promise between minimum probe intrusion and adequate power 
to the indicator. 

The change in resonant frequency due to the changing pene- 
tration of one probe, the others remaining at constant depths, 
can be found experimentally. Fig. 10(a) shows the changes 
which occur at frequencies near to 300Mc/s, whilst Fig. 10(5) 
shows the effect around 900Mc/s. It will be seen that these 
curves agree fairly well with the relationship given in eqn. (28) 
that, for constant probe penetrations, the change in resonant 
frequency is proportional to the frequency. It is also evident 
that, for the particular test arrangement employed, the probes 
should be at least 0-13in from the inner conductor if they are to 
have a negligible effect on the resonant frequency. Again, since 
the E- and H-probes alter the resonant frequency in different 
directions, frequency deviations due to probes will tend to cancel 
for the odd harmonics when the measurement involves the use 
of an E-probe at end 1 and an H-probe at end 2 to be used 
alternately with an H-probe at end 1 and an E-probe at end 2. 
Probe errors will be very pronounced at even harmonics, how- 
ever, since E-probes at ends | and 2 are used alternatively with 
H-probes at ends 1 and 2. 


(5.2) Validity of the Approximate Formula for S(x) with a Finite 
Number of Fourier Coefficients 


If measurements are performed at N harmonic frequencies, 
allowing only N Fourier coefficients to be calculated, the value 


RESONANT FREQUENCY, Mc/s 


ie) 0-04 0-08 0-12 0-16 


896 


IH-PROBE VARIATION 


892 


RESONANT FREQUENCY, Mc/s 
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le) O1 0-2 O-3 
DISTANCE OF PROBE FROM INNER CONDUCTOR, IN 
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Fig. 10.—Effect of probe intrusion on resonant frequency. 


(a) Frequencies around 300 Mc/s. 
(b) Frequencies around 900 Mc/s 


Sx) obtained by summing N terms of the series describing the | 
actual local impedance deviation. The nearness of the approxi- 
mation is found as follows: 


i! 


Se 2 he SG) nu nx | 
you Wye este er iO (=F) deco ) - @ 
0 


m 


Interchanging the integral sign and the summation sign and sum- | 
ming gives 


1 


[si 2N+1ysmu . mx 
Sx) 11 fsa sin | pei h =) | 
IAEA WF 2-8 
> NGTiar ana 
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he eS (i =) 
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Consider the specific case of a line with a local characteristic 
impedance which is defined by 


du (33) 


S(u) = A when 0< u< //2 
= 0 elsewhere 
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If this condition is substituted in eqn. (33) it can be shown that, 
for values of x near to //2, 


Six) Ss 2A sin 20 2nx 7 2N+17 
Zm QN+ x 4 (3 3) sin aD 
AJ...) 2N+1;m7 7x 2N +1 ax 
Sey ; 
+ 2hsi| 2 6 =) | + si( 2 "I 
(34) 


This equation has been evaluated for various values of N, and 
graphs of S(x)/Z,, versus distance along the line are shown in 


DISTANCE FROM INPUT 


Fig. 11.—Nearness of the approximate formula for the local 
characteristic impedance. 


Fig. 11. These indicate the nearness of the approximate value 
to the actual local impedance for finite numbers of coefficients of 
the Fourier series. 


(5.3) Conditions at Short-Circuited Termination of Line and their 
Effect on the Resonant Frequency 


During preliminary investigations on a cable sample open- 
2ircuited at one end and short-circuited at the other and reso- 
nating at a frequency of 300 Mc/s, it was found that rotation of 
the short-circuit plunger could cause changes greater than 0:1% 
in the measured resonant frequency. Further, it was possible 
for these changes to be doubled when the line resonated at an 
sven harmonic and was short-circuited at either end. The 
changes were thought to be due either to non-contact of the 
plunger with the inner conductor or to contact of the inner 
>onductor with the plunger in a plane different from that of the 
short-circuit. Analysis indicates that the latter possibility is 
most likely to cause errors of the same magnitude as those 
>ncountered experimentally. 

The method used to eliminate errors of this type is shown in 
de-ail in Fig: 3. The short-circuiting piston is slotted longi- 
‘udinally and a set-screw compresses it slightly to ensure good 
>eatact with the inner conductor at the plane of the short-circuit. 
lt can be shown that changes in resonant frequency due to the 
s2:row slots in the piston are less than 0:01 %, and errors due 
‘© this cause are therefore entirely negligible. 
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(5.4) Frequency Drifts of the Signal Generators 


The difference between the frequencies for the two resonance 
conditions of each Fourier coefficient, as described in Section 3, 
was measured using the calibrated vernier of the slow-motion 
drive controlling the signal generator. The signal generator was 
tuned to one resonant frequency, the line terminations were 
altered as described and the vernier was adjusted until resonance 
was again indicated. In this way, it was possible to detect 
frequency changes of less than 0:03°% of the mean frequency. 
This operation at each near harmonic could be carried out very 
quickly. Since the frequency drift of each signal generator used 
is claimed to be better than +0-005% in 15 min once fully 
warmed up, negligible error due to this cause is to be expected. 

Another source of error is frequency pulling of the main signal 
generator by the different load impedances presented to it at 
each resonant frequency. This is eliminated in the actual test 
equipment by connecting a long length of coaxial cable between 
the oscillator and the test length which acts as a padding attenu- 
ator and virtually isolates the signal generator from impedance 
changes during the test. 


(6) CONCLUSIONS 


The method described in Sections 2 and 3 can provide a very 
good approximation to the impedance changes along a length of 
coaxial cable, provided that the errors discussed in Section 5 are 
reduced to a negligible level. 

Whilst the actual experimental determination of the frequency 
deviations at one particular harmonic is quite simple, the evalua- 
tion of a series of Fourier coefficients and the interpretation of 
the results into a graph of impedance deviations, S(x), along the 
length of the cable is long and tedious. A harmonic synthesizer 
would be found invaluable for summation of the Fourier series. 

Since the errors described previously are not entirely eliminated 
and because of the various assumptions made in the theory, the 
smallest impedance change which can be measured by the present 
techniques is limited to the order of 0:2°%. Whereas, in theory, 
this performance is capable of improvement by reduction of 
errors and a more precise theory of probe effects, it is doubtful 
whether the effort would be justifiable. 
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SUMMARY 


‘It is frequently necessary, when using microwave transmission 
ystems, to determine the impedance on one side of a lossless junction 
2 terms of a known impedance on the other side. The paper provides 
rigorous analysis of the relation between Smith charts for the two 
des of the junction by utilizing the theory of a complex variable. 
airs of reference planes are chosen so that an open-circuit at the first 
lane corresponds to an open-circuit at the second, which is on the 
ither side of the junction. The transforming section is described in 
erms of the reflection coefficient at the first plane when the line 
ontaining the other is matched. The circles of constant reflection 
-sefficient, etc., which constitute a Smith chart corresponding to the 
wst plane, are transformed mathematically into corresponding circles 
it the second plane. A universal chart is derived which enables circles 
if censtant voltage standing-wave ratio (or reflection coefficient) to be 
vansformed readily from one plane to the other. 


LIST OF SYMBOLS 


p, o = Complex reflection coefficient for planes 1 and 2, 
respectively. 
k = Radius when vector p varies in such a manner as to 
describe a circle. 
K = Radius when vector o varies in such a manner as to 
describe a circle. 
a = Vectorial displacement of centre from origin when 
vector p varies in such a manner as to describe 
a circle. 
A = Vectorial displacement of centre from origin when 
vector o varies in such a manner as to describe 
a circle. 
| = e/2¢, 
¢ = Argument (phase) of p. 
z, = Normalized impedance, plane 1. 
Zo, = Characteristic impedance, plane 1. 
Z, = Normalized impedance, plane 2. 
Zo, = Characteristic impedance, plane 2. 
Z12 = Value of z, corresponding to iconocentre. 
r,; = Normalized resistance, plane 1. 
ry = Normalized resistance, plane 2. 
x, = Normalized reactance, plane 1. 
xX = Normalized reactance, plane 2. 
lb,ec 
{By 
12, X;2 = Co-ordinates of iconocentre, plane 2. 
w,, Ax, = Displacements of r; and x, respectively. _ 
| The complex conjugate is denoted by the bar, e.g. a, 5, etc. 


= Complex constants. 


(1) INTRODUCTION 


{The paper is concerned with the problem of the transforma- 
on of impedance through lossless networks. Whereas previous 
2etments of a more general nature by Deschamps,! Storer 
_ el and by Dukes?4 use rather tedious studies in plane 
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geometry with elaborate graphical constructions, in the present 
work the theory of the complex variable is applied to the 
graphical representation of reflection coefficient in the well-known 
Smith chart.5»© The results appear in a particularly clear and 
easily applicable form if the reference planes on either side of 
the network are chosen appropriately. 

The practical application of these results is illustrated by 
examples relating to the design of microwave crystal valves. 
The r.f. impedance of a crystal is measured in the coaxial line, 
but is controlled by the contact between the whisker and the 
semi-conductor. The circuit in the crystal body between the 
contact and the coaxial line may be represented as a lossless 
network whose parameters are measured or calculated from the 
dimensions. The analysis then enables the contact impedance 
to be calculated easily in terms of impedance measurements in 
the coaxial line. 

Coaxial-line crystal valves are often used in conjunction with 
waveguide/coaxial-line transformers which are by no means 
matched although their properties can be measured and specified. 
The analysis shows a simple way of calculating the impedance 
of a crystal valve as ‘seen’ through one transformer in terms of 
its impedance measured through another. 


(2) THE SMITH CHART: DERIVATION OF LOCI OF 
CONSTANT NORMALIZED RESISTANCE AND REACTANCE 

The Smith chart is a co-ordinate system representing reflection 
coefficient as a complex variable. 

For a reflection coefficient of constant amplitude and varying 
phase the plot is a circle centred at the origin. The angle sub- 
tended by the radius vector to a point on the circle and a reference 
axis through the origin of the diagram represents the phase angle 
of the reflection coefficient. One complete rotation about the 
origin represents a distance of one half-wavelength. 

The circle representing unit-amplitude reflection coefficient 
contains the entire diagram. The general equation of circles of 
constant-amplitude reflection coefficient is written in the notation 
of complex variables as 


pp sehen Ne Fi ee, ae eae 


where p represents the reflection coefficient, p its complex con- 
jugate, and x is the radius (< 1). 

Certain of these circles are selected and marked on the chart. 
They are usually labelled as circles of constant voltage standing- 
wave ratio, this being related to the modulus of the reflection 
coefficient by the formula 


1 + VP) er 
1 = (pp) 

The radial lines representing reflection coefficients of constant 
phase and varying amplitude are written in the form 


V.S.W.R. = 


ee aeyie /) APL rs) 


P 
If p is written in the form +/(pp)e*, | = €/%. 


7/7 


178 


The normalized impedance z, at any plane in a transmission 
line, is related to the reflection coefficient at the plane by 


7 LL Ce ae 


Writing z = r-+jx, where r and x are, respectively, the nor- 
malized resistance and reactance, and separating z into its real 
and imaginary parts, 


1 — pp 

ip — = ee set) os. (5), 

Pei<p p= pp 
(ae AE ee 

1+ pp —p—p 

eqn. (5) may be written in the form 
= r Ta ee Cer) 

Y es = 7 
Ol Ser) © (ary ear) 


The general equation of the circle described by the vector p 
measured from the origin, having radius k and with centre dis- 
placed from the origin by the vector a, is 


(9 -—ae-a=K 
or pp—ap—dptaa=k* . .. . (8) 
If r is constant, eqn. (7) represents a circle for which 


r 


1 
Fs 10 
(Ve 7) a) 
Similarly eqn. (6) may be rewritten 
pp —(1-2)p—(1+2)p+1=0 (11) 
5 x 
If x is constant, eqn. (11) represents a circle for which 
i 
= 1 — 
a =i s (12) 
1 
cs 
= (13) 


Eqns. (7) and (11) thus represent the circles for constant r and 
x loci, respectively. 


(3) TRANSFORMATION OF CIRCLES OF CONSTANT V.S.W.R. 


It is well known that the reflection coefficients at any two 
planes in a transmission line are bilinear functions, related by an 
equation of the general form 

ap +b 
ee or p = 
® =P I 


= = /p) 


CO 4 


(14) 


where a, b and ¢ are, in general, complex constants.! 

Circles of constant v.s.w.r. at the one plane satisfying the 
equation pp = k* transform, therefore, at the second plane into 
circles satisfying the equation 


7) (ZF) Bas 


(15) 
Writing eqn. (15) in the form of eqn. (8) gives 
oa(1 — k*ct) — o(b — k?ac) — o(b — kae) 
+ (bb — k?aa) =0 (16) 
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If A represents the vector by which the centre of this circle i) 
displaced from the origin, and K represents the radius, 


b — k2ac 
Fe ee wre 17 
4 1 — k*ce ( 


.- bb—kaa 


2M, = aa acs 18 
A Bu 1 — k*cé ( 


(a) The transforming section is lossless and is specified in term} 
of the reflection coefficient at the one plane under conditions whicl) 
give a match at the other. 

(b) The reference planes are ‘corresponding planes’, i.e. an open 
circuit at the one plane gives an open-circuit at the other. 


It is shown in Section 13.1 that when these conditions ary 
applied eqns. (17) and (18) become, respectively, 


| 
The conditions for which eqns. (17) and (18) are solved are: 


b(1 — k?) a] 
1 — k*bb ( | 
kd — bb) | 
ea Nee 20 
and | na ( 


Circles representing constant v.s.w.r. may thus be trans 
formed from the p- to the o-plane by means of eqns. (19) and (20)) 
It will be noted that the right-hand side of eqn. (19) represent 
a scalar multiplied by the vector 6. The direction of A is there 
fore that of b, which implies that the centres of the family o 
circles represented by eqn. (16) all lie on the radius which is i 
the direction of b, i.e. which passes through the iconocentre. 


(4) TRANSFORMATION OF LINES OF CONSTANT 

PHASE ANGLE | 

Substitution of eqn. (14) into eqn. (3) gives the equation 0 

the loci in the o-plane of the radial lines in the p-plane whict 

represent reflection coefficients of constant phase and varying 
amplitude: 

(Gop — (4) os I 


fs 22 QL. 
—o+b 


eS) 


CG -—.a 


Eqn. (21) may be rewritten in the following form: 


Co 


Be f=) eee eeey=y 


Ic —¢ lc —¢ lc —€ 


(22, 


It may readily be shown that the coefficients of o and G aré 
conjugate terms, so that eqn. (22) represents a circle for whict 


as Cn @3 
einai (=H) as 


It is shown in Section 13.2 that, when the relevant conditions 
are applied, eqns. (23) and (24) become, respectively, 


_ 1d —b" — bd — by 
1b — b)? — b( — 6)? © 
Ke (1 — bb) 
B -,/1 — by2 -f1 — by? 
al 2bb — Ib = b] 
[25 — (8) — oh =8)'] 
The radial lines representing constant phase angle in the 


p-plane may thus be transformed into corresponding circulai 
tracks in the o-plane by means of eqns. (25) and (26). Since 


(5 


| 
| 


SHURMER: TRANSFORMATION OF THE SMITH CHART THROUGH LOSSLESS JUNCTIONS 179 


he radial lines in the p-plane all pass through the origin, it 
otlows that the family of circles represented by eqn. (22) all pass 
hrough the iconocentre, as may also be shown by substituting 
=n eqn. (22). 
| An important result is obtained by applying the above equa- 
ions to the axis of the diagram, which is done by substituting 
= | in eqns. (25) and (26). 
This leads to the result 
bb — 2b +1 
A = —_—— . ... .. . @Q7 
Rese (27) 
K= dad — by — b) 
(6 — 5) 


The same results are obtained by substituting p = binegn. (11) 
nd applying eqns. (12) and (13). This indicates that the axis 
f the diagram in the p-plane transforms in the o-plane into the 
ircular track representing the line of constant reactance in the 
-plane which passes through the point p = b. 


(28) 


(5) TRANSFORMATION OF CIRCLES OF CONSTANT 
RESISTANCE AND REACTANCE 

Consider a pair of corresponding planes 1 and 2, the nor- 
nalized impedances at which are z,; and z, and the reflection 
oeiiicients p and oa, respectively. The form of eqn. (4) indicates 
nat the normalized impedance and reflection coefficient at any 
lane are bilinearly related, and since p and o are bilinear 
anctions so also are z, and z>. 
- Thus 


Zi 


i 
aeibaer ee hy 2.) 2 (29) 
VZ1 ae 1 
there «, 8 and y are, in general, complex constants. 
Since o = | when p = 1, it follows by application of eqn. (4) 
pat Z2 = CO when z; = ©. This implies that y = 0. 
_ Thus zy is a linear function of zy, i.e. 


z= az, +B (30) 


| When z, is purely imaginary, z, is also purely imaginary. 
‘his implies that « is real and B is imaginary. 
| When z, = 1, 


23 = Zp. = 7). + iXj2=a4+fP (31) 
thus “a=1)2 
B = x12 
ign. (30) may therefore be written 
Z2 = p22, + IX12 (32) 
: Substituting Zar y ae Xs 
29 = Tye 1X2 
© have 
ry + ix2 = rh) + JX) + IX12 
ence ee tanan (33) 
X= Tox + X12 (34) 


_“ircles of constant r, and x, are defined by replacing r and 
by rz and x), respectively, in eqns. (9), (10), (12) and (13) and 
sing the values for rz, x7 given by eqns. (33) and (34). 

. When these substitutions are made and eqns. (33) and (34) 
‘e used to define the circles in the o-plane which correspond to 
ynstant r,; and x, circles, respectively, in the p-plane, the results 
‘¢ as follows: 


Constant r. 


Boobie 
“@ I + ror (35) 
== 36 
a I + ror) ( ) 

Constant x. 
j 

qh == Ibe : 5 lai 
MPRA ENS 2S@) 
Rend a Ce 


y2X1 + X72 


(6) TRANSFORMATION OF SINGULAR POINTS 


Let the normalized impedance z, exceed unity by Ar, + jAx,, 
where Ar,, Ax, can have any value. 
Applying eqn. (32), 


Ze rl + Ar, + jAx,) + JX) 
Now 
27. = 172 + IX12 
Hence 


Pig) Z12 -- (Ar, + jAx,) A (39) 


Eqn. (39) gives a convenient means of transforming singular 
points. 


(7) THEORY OF GRAPHICAL METHOD FOR TRANSFORMING 
CIRCLES OF CONSTANT V.S.W.R. 

A set of plots are drawn on the Smith chart to provide a 
simple geometrical construction for the circle corresponding to 
any given iconocentre and any value of v.s.w.r. 

Examination of eqns. (19) and (20) shows that the family of 
circles in the o-plane corresponding to circles of constant v.s.w.r. 
in the p-plane have centres which all lie on the radius through 
the iconocentre, and also that the radii and radial distances from 
the origin of the centres of these circles depends only on the 
radial distance of the iconocentre from the origin. 

Consider two such families of circles in the o-plane, one 
associated with an iconocentre at some arbitrary point on the 
diagram and the other associated with an iconocentre having 
the same radial displacement from the origin but lying on 
the axis. 

The centre of each circle of the one family will then be rotated 
by a fixed angle about the origin of the diagram with respect to 
the centre of the corresponding circle of the other family. 

If the family of circles corresponding to an iconocentre on 
the axis is determined, it is a simple matter to find the corre- 
sponding circles with any other iconocentre which is the same 
radial distance from the origin. 

Consider an iconocentre at a point P on the axis and apply 
eqn. (39) to the two points of intersection of each circle of 
constant v.s.w.r. in the p-plane with the axis. The two points 
thus derived define the corresponding circle in the o-plane. 

Referring to Fig. 1, these pairs of points have been found 
corresponding to a succession of points P along the axis. Each 
of these pairs of points has then been rotated anticlockwise 
about P through a right angle. Plots have been drawn through 
the points so derived which correspond to the same value of 
v.s.w.r. in the p-plane. For any such value of v.s.w.r. there are 
clearly two plots, one on each side of the axis. The diameter of 
the unit circle which is perpendicular to the axis intersects the 
plots at points on the corresponding v.s.w.r. circles in the p-plane. 

The distance perpendicular to the axis from any point P to 
two corresponding plots represents the radial displacements 
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Fig. 1.—Chart for transforming circles of constant v.s.w.r. 


Centre. 
Pole. 
Iconocentre. 
Point on axis such that OP = OIL. 
A’ Point of intersection with 0-5 v.s.w.r. circle of diameter which is perpendicular 
to axis. 


bu KO 


The circle with T’ as centre and radius equal to TR’ represents the 0-5 v.s.w.r. circle transformed with respect to the iconocentre I. 


from P of the diametrical points of intersection with the axis of 
a circle in the o-plane corresponding to a constant v.s.w.r. circle 
in the p-plane. In Fig. 1, plots on the left-hand side of the axis 
represent displacements in the direction of the centre of the 
diagram and those on the right-hand side represent displace- 
ments in the opposite direction. 

The chart therefore defines the whole family of circles in the 
o-plane corresponding to circles of constant v.s.w.r. in the 
p-plane when the iconocentre lies on the axis. If the iconocentre 
lies in some other direction, the corresponding family of circles 
is obtained by rotating each circle of the previous family about 
the origin of the diagram so that its centre now lies on the radius 
through the iconocentre. 


(8) APPLICATION OF GRAPHICAL METHOD FOR TRANS- 
FORMING CIRCLES OF CONSTANT V.S.W.R. 

Fig. 1 enables circles of constant v.s.w.r. on a Smith chart 
relating to any plane on one side of a lossless junction to be 
transformed into the corresponding circles on a diagram relating 
to a corresponding plane on the other side of the junction. The 


Wi 
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R,S__ Intersections of line through P parallel to AA’ with curves AX, A’X, 
respectively. 

R’, S’ Points on axis such that PR’ = PR, PS’ = PS, 

a8 Midpoint of R’S’. 

Ts Point on OI such that OT’ = OT. 


two planes must correspond, in that an open-circuit at the one! 
plane produces an open-circuit at the other, in the case of an 
impedance diagram, and similarly for a short-circuit with an’ 
admittance diagram. Also, the point on the diagram relating 
to the second plane which corresponds to matched conditions| 
on the other side of the junction must be known. This port) 
is called the iconocentre. 


Fig. 1 is used as follows: 


To transform the 0:5 v.s.w.r. circle, for instance, from the! 
first diagram to the second, assuming an iconocentre I, the’ 
point P on the axis OX is found such that OP = OI. The line’ 
through P perpendicular to OX is drawn to intersect the plots 
AX and A’X at R and §, respectively. 

The point R’ is then marked off on PO such that PR’ = PR, 
and similarly S’ is marked off on PX such that PS’ = PS. The 
point T midway between R’ and S’ is then found. The distance 
OT’ is marked off along OI such that OT’ = OT. 

With T as centre, a circle is drawn with radius TR’. This 
circle represents the 0-5 v.s.w.r. circle transformed with reference 
to the iconocentre I. 
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Table 1 


FORMULAE FOR DEFINING CIRCLES 


Constant eplane o-plane 
parameter 
a k A K 
r 1 rey 
a Jota I 
1+hry ese ey 1 + ryory l+rpr 
X1 1+ oe ae —______ DE Ses 
XI x1 ry2X1 + X12 sees Fea 
, 0 V/(pp) 6d — ) ki — bb) 
1 — k2bb 1 — k2bb 
j a Me Kis. by Poeen ny (1 — 6b) 
Reade [| SPS a ee 
Ib. — b)2 — b(1 — By2 ee ease 
1—5 1—b 


(9) SUMMARY OF FORMULAE 


A summary of the formulae defining all the various circles 
‘hich have been considered in the paper is given in Table 1. 


(10) THEOREM 


Consider an arbitrary reference plane in a transmission line 
(hich is initially matched. It is clear that by inserting a series 
sactance which is variable in magnitude and position between 
e reference plane and the matched termination any value of 
flection coefficient may be produced at the reference plane. 
It has been shown that the properties of a lossless junction 
“e uniquely defined by the complex value of reflection coefficient 
: a reference plane in the measuring line corresponding to 
:atched conditions at the load. Any such lossless system may 
erefore be represented by an equivalent system of a matched 
ne with a reactance inserted at some particular plane. The 
yatching of such a system is then equivalent to removing his 
reactance. 


(11) ACKNOWLEDGMENTS 


The work was carried out under a contract placed by the 
i\dmiralty, to whom acknowledgment is made for permission to 
ablish. 

The author is particularly indebted to his colleague, Dr. R. 
mnsmuir, of the British Thomson-Houston Company Research 
laboratory, whose preliminary investigations were aninvaluable 
undation to the present work. 


(12) REFERENCES 


) Descuampes, G. A.: ‘Determination of Reflection Coefficients 
and Insertion Loss of a Waveguide Junction’, Journal o, 
Applied Physics, 1953, 24, No. 8, p. 1046. 

) Storer, G. E., SHEINGOLD, L. S., and SreIN, S.: ‘A Simple 
Graphical Analysis of a Two-Port Waveguide Junction’, 
Proceedings of the Institute of Radio Engineers, 1953, 41, 
No. 8, p. 1004. 

} Duxes, J. M. C.: ‘Waveguides and Waveguide Junctions’, 

Wireless Engineer, 1955, 32, No. 3, p. 65. 

) Dukes, J. M. C.: ‘Transmission-Line Termination’, ibid., 

| - 1955, 32, No. 10, p. 266. 

} Smitu, P. H.: ‘Transmission Line Calculator’, Electronics, 

| January, 1939, 12, p. 29. 

) Suir, P. H.: ‘An Improved Transmission Line Calculator’, 
ibid., January, 1944, 17, p. 130. 


(13) APPENDICES 


(13.1) Transformation of Circles of Constant V.S.W.R. 


The solution of eqns. (17) and (18) for the three specified con- 
ditions is obtained in the following manner: 


Condition 1. 


The transforming section is lossless. This implies that with a 
purely reactive termination of the line the modulus of the 
reflection coefficient is unity at all planes. 


Thus, for k =1, 
Ka = 
40 
pay (40) 
Substituting these values in eqn. (17) gives 
bat = eee ee) 
and hence b=ac . (42) 


Condition 2. 
The reference planes are chosen such that an open-circuit at 


the one plane gives an open-circuit at the other. This may be 
written: 
For p=l1 
Or 
Substituting these values in eqn. (14) gives 
a+b=c+1 (43) 
G@+b6=¢+1 (44) 


Condition 3. 


The transforming section is specified in terms of the reflection 
coefficient at the one plane under conditions which give a match 
at the other, i.e. the value of o corresponding to p = 0 is known. 

Substituting p = 0 in eqn. (14) gives o = 6. Thus 5 and b 
are known constants. The point whose affix is b is called the 
iconocentre.! 

Using the above results, eqn. (17) may be solved as follows: 

Substituting ean. (41) into eqn. (17) gives 


_ ba —P) 


= 45 
1 — k*ct GS). 


A 
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The term cé may be evaluated as follows: 


b(1 +. <) =C + 1 
CG 

or alee’ (46) 
b 
—-— | 
ce 

Hence C= z =i? (47) 
ae 
ce 


Multiplying eqns. (46) and (47) and simplifying the resulting 
equation gives 


(cc)? — (1 + bb)c@ + BH =0. (48) 


bb) =0 (49) 


or (ce — 1)(ce 
Thus, cé = 1 or bb. 

If cé = 1 is substituted into eqn. (45) the result is A = 5, 
which is the solution when p=0. The general solution of 
eqn. (27) is 

ce = bb. (50) 

_ Egn. (45) may now be written in terms of the known values 6, 
6 and k, which gives eqn. (19). 

Returning to eqn. (18) for the solution of K, it is seen that the 


only term not evaluated above is the product ad. Substituting | 


eqns. (40) and (50) into eqn. (18) gives 
a= li GS 5e i ee 


Substituting for the various terms of eqn. (18) which are now 
known in terms of 6, 6 and K gives eqn. (20). 


(13.2) Transformation of Lines of Constant Phase Angle 


Eqns. (25) and (26) are derived from eqns. (23) and (24), | 
respectively, as follows: 

The value given by eqn. (41) for a in terms of 6 and ¢ is” 
substituted into eqns. (23) and (24). 

The terms c and @ are evaluated by substituting eqn. (41) into} 
eqn. (43) and using eqn. (50), whence | 


ne s — (52)! 
SiG) 
fa Reta 3) 


Substituting for a from eqn. (41) in eqn. (23) gives 


b (3-8) — 2) 
© loc 
and applying eqns. (52) and (53), gives eqn. (25). 4 
Substituting eqn. (25) into eqn. (24) and putting // = 1 gives | 
eqn. (26). 
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THE CONDUCTIVITY OF OXIDE CATHODES 
Part 3.—Movements of Electrolytic Oxygen in a Conventional Diode System 


By G. H. METSON, M.C., Ph.D., M.Sc., B.Sc.(Eng.), Associate Member. 


(The paper was first received 3rd April, and in revised form 2nd September, 1957. It was published as an INSTITUTION MONOGRAPH in 
December, 1957.) 


SUMMARY 


A conventional form of oxide-cathode diode can,’in appropriate 
circumstances, evolve a continuous current-dependent stream of 
slectrolytic oxygen. This oxygen emerges from the cathode surface 
as a negative ion and passes to the anode, where it may or may not 
be chemically absorbed. If absorption is incomplete, a proportion of 
“he oxygen can be returned to the cathode and give rise to a number 
of characteristic reactions. These reactions are studied and shown 
0 be analogous to the electrolytic actions of the S-type assembly 
described in Part 2 of the paper. 


LIST OF PRINCIPAL SYMBOLS 


I, = Flectron current through matrix. 
V, = Potential difference between anode and cathode. 
Ioyt = Rate at which oxygen ions leave matrix. 
i,or = Rate at which oxygen atoms return to matrix. 
S = Gas return factor = i,.;figy;- 
A = Cathode area. 
_ 6 = Distance from matrix surface to anode in a diode. 
Viz = Voltage applied to cathode heater. 
Tc = Absolute temperature of cathode. 
Rg = Matrix resistance. 


(1) INTRODUCTION 
(1.1) Purposes of Present Part 


The movements and effects of ions in an oxide matrix sand- 
wiched between two core pieces have been shown in Part 2 to 
»e complex but systematic. Of the two forms of gas action studied 
he residual component is found to be transitory in a well- 
wrocessed system—a technological by-product which can be 
\liminated by further processing improvement. The electrolytic 
yomponent, however, is fundamental to the operation of a 
matrix, and the generation of electrolytic oxygen will continue 
0 long as the matrix passes the useful electron stream which is 
ts sole reason for existence. The purpose of the present Part is 
\o extend the study of electrolytic oxygen to a practical form of 
jalye—the oxide-cathode diode with a finite spacing between the 
inode and the electron-exit boundary of the matrix. 


(1.2) The Gas Return Factor 


If the anodic core of an S-type valve is withdrawn from the 
natrix by a distance 5, as in Fig. 1, the system changes into the 
onventional form of oxide-cathode diode. For vanishingly 
mall values of b the two systems become indistinguishable, and 
> seems possible that they are members of a common system 
vhose qualitative behaviour is independent of b. If such an 
syeothesis is justified we might expect to find close parallels 
“erween the reactions of an S-type valve and a conventional 
(iede to electrolysis. 


| Te paper is a continuation of Monographs Nos. 221 R and 243 R, published in 
“iS aary and June, 1957, respectively (see 104 C, pp. 316 and 496). ; 
_©orrespondence on Monographs is invited for consideration with a view to 
“46 .cation. 

/ 1. Metson is at the Post Office Research Station. 
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CONVENTIONAL DIODE 


Fig. 1.—Cross-section of S-type assembly and conventional diode. 


Consider the two systems shown in Fig. 1 fitted with platinum 
cores or electrodes. An electron flow, 4, in either system is 
coincident with a p.d., V4, across the matrix which induces an 
electrolytic flow of oxygen ions. These ions will cross the 
electron-exit boundary of either matrix at some rate i,,,. In 
the S-type valve the ions will discharge on the anodic core and 


be returned intact to the matrix at a rate i,,,. Thus, 
lout = ret 
i 
or S=—— = 1-0 
lout 


where S is the gas return factor. In the conventional diode 
shown in Fig. 1 the oxygen ions will pass the electron-exit 
boundary, cross the intervening vacuum gap and discharge on 
the platinum anode. Since the oxygen atoms cannot congregate 
indefinitely on the platinum surface, they will pass back into 
the vacuum gap and, if the anode envelops the system, all 
will re-enter the matrix. Thus the above equations again apply. 
Both systems, with a unity return factor, will therefore build 
up their oxygen concentrations in identical manner, and their 
resistance reactions should follow in similar fashion. 

Suppose now that the two systems have chemically active 
electrodes capable of removing electrolytic oxygen as fast as 
it is generated. In each case the ion stream on to the anodic 
electrode is i,,,, but the returning atom stream is zero. The 
return factor is therefore O/i,,;, i.e. zero, and no oxygen concen- 
trations build up in the matrix. 

The resistance reaction of a system to ion flow is thus deter- 
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mined by its chemical activity and is qualitatively independent 
of its mechanical arrangement. The activity is conveniently 
defined by the return factor, S: an inert system, with S = 1, 
showing the maximum resistance reaction and an active system, 
with S' = 0, showing no response whatever. The magnitude of the 
return factor in an inert system is largely a matter of geometry. 

In a parallel-plate system with cathode area A and spacing 5, 
the factor will approach unity as the ratio A/b becomes large. 
The resistance reaction should, of course, be observed for any 
finite value of S, but it will be convenient experimentally to 
make it sufficiently great to ensure easy detection. 


(1.3) System Activity 


It has been assumed so far that the activity of a system is 
localized at the anodic core surface. This simple picture has 
been adequate up to the present, but a more sophisticated view 
will now be required. Consider the case of an S-type valve fitted 
with one core of platinum and the other of active nickel. If the 
electron stream passes from the inert to the active core, the 
system is clearly active; if the electron stream is reversed, the 
system would logically seem to be inert, since the platinum anode 
is unable to accept the electrolytic oxygen. In fact, the assembly 
behaves as an active system in both directions of transmission 
and the idea of a purely localized anodic absorption of oxygen 
must be modified. 

The activity of a core is a measure of its ability to reduce 
barium oxide chemica]ly and inject a stream of metallic barium 
into the matrix. If, for example, the rate of chemical reduction 
by the cathodic core is equal to or greater than the rate of 
electrolytic oxygen generation at the anodic core, then, in an 
equilibrium state, no build-up of oxygen is possible: the barium 
metal will diffuse under a concentration gradient into the trailing 
section of the matrix as fast as or faster than the anodic discharge 
rate of oxygen. Such a system will therefore be active, whether 
or not its anodic core is itself active or inert. 


(2) CURRENT-DEPENDENT DECAY PHENOMENA 


(2.1) Experimental Valve 


The valve used in the present work is the experimental Post 
Office diode type 6Di5—a 2-watt rectangular-box indirectly- 
heated cathode and a collector consisting of a fine molybdenum- 
wire grid structure supported on copper or nickel support rods. 
The structure is, in fact, identical in general form with the cathode 
and control-grid arrangement in a typical high-slope pentode. 

The 6D15 has been extensively studied* in respect of its long- 
term emission stability when fitted with active and inert core 
materials, and this accumulation of experience makes it a 
useful starting-point for the present endeavour. The valves are 
processed on a high-grade bench pump and emerge with a total 
or temperature-limited emission of 3-6amp/cm? at 1020°K— 
an emission level which is largely independent of the activity of 
the core metal employed. 

The collector or anode of the 6D15 is essentially inert at its 
operating temperature and the activity of the system is therefore 
determined by the choice of core metal. The return factor of 
an inert system should be about 0:5, since there is a roughly 
equal geometrical probability of an oxygen atom, on leaving the 
collector, escaping into the outer vacuum or being returned to 
the matrix. This value of S is adequate for easy experimental 
detection. 

The current/voltage characteristic of a typical 6D15 at 1020°K 
is shown in Fig. 2. 


* MeTSON, G. H.: ‘A Study of the Long-Term Emission Behaviour of an Oxide- 
Cathode Valve’, Proceedings I.E.E., Paper No. 1790 R, April, 1955 (102 B, p. 657). 


Ty, mA 


Va_, VOLTS 


Fig. 2.—Typical voltage/current characteristic of the type 6D15 diode. 


(2.2) Characteristics of 74/Time at Constant V4 


A typical experiment is carried out on the following lines. A | 
group of ten 6D15 valves is selected for reasonable uniformity | 
of total emission and is set up on a test rack under the following 
conditions: 


Vy = 6-0 volts. 
V4 = 10-0 volts. 
Tc = 1020°K. 


The voltage conditions are maintained constant for a test period 
of 12000 hours and regular measurements made of the anode 
current, Jy. Fig. 3 shows the characteristics of I4/time for three 
groups of valves—each curve being the mean of ten samples and 
referring to a different cathode-core material. ; 


6 
TIME, HOURS 


Fig. 3 —Characteristics of conductance decay in 6D15 diode. 


(a) Active-nickel cathode core. 
(6) Pure-nickel cathode core. 
(c) Platinum cathode core. 
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The significance of the results seems to be in the level of anode 
urrent which can be supported by the (BaSr)O matrix on a 
articular core metal. The two essentially inert cores of pure 
ickel and platinum are only able to maintain some 15-20mA; 
he conventional active nickel changes its normal space-charge- 
imited current but little over the whole test period. 

The low steady conditions achieved by the inert cores after a 
ew hundred hours of operation will be described as the ‘decayed 
tate’. 


(2.3) Properties of the Decayed State 


2.3.1) Uniformity of the Decay Effect. 


The decay of the platinum-cored system shown in Fig. 3 
nvolves a fall from the space-charge-limited level of about 
OmA to the steady level of about 17mA which hardly varies 
yver a period of 10000 hours. This constancy is notable, but 
‘yen More so is the small spread in individual level amongst 
amples. Fig. 4 shows the distribution of I, in a group of 60 


15 


NUMBER OF SAMPLES 


(0) = 10 mS 20 25 
I, ,mA 


Fig. 4.—Distribution of anode currents of 6D15 diodes in 
decayed state. 


amples of platinum-cored valves after a 1000-hour run under 
he standard conditions given in Section 2.2. The whole of the 
troup is included in the range 17 + 7mA. Such uniformity can 
iardly be fortuitous. 


2.3.2) Current Dependence of the Decay. 


A group of ten 6D15 platinum-cored valves was set up on the 
est rack to run at Vz, = 6:0 volts but under zero-current load 
ondition. J, at V4 — 10-0 volts was explored at suitable 
atervals, but showed no signs of decay from its initial high level 
f about 80mA. At the end of a 35000-hour run the mean 
urrent/voltage characteristic was essentially that shown in 
"ig. 2. Similar results were obtained for 6D15 valves fitted with 
fare nickel cathodes. 

A first conclusion can now be drawn, namely that the decay 
ffects in the inert systems shown in Fig. 3 are wholly current- 
ependent. 


2.3.3) Complete Reversibility of the Decay. 

A 6D15 valve fitted with a platinum core was set up at 1020°K 
nd run with V, = 8-0 volts for 250 hours. The initial anode 
urrent of 55mA decayed during the test to 23mA. The valve 
vas then subjected to the following sequence of measurements: 
“, was removed from the valve, which ran for 5 min under zero- 
urvent load except for 2 sec pulse tests at V4 = 8-0 volts applied 
t !min intervals. For the next 5min the potential V4 = 8-0 
olts was continuously applied, and so on until three complete 
yeies had been traversed. The result is set out in Fig. 5, and 
hows that the current-dependent decay of J, is completely 
sversible on zero-load running. The phenomenon is shown in 
+ ther different way in Fig. 6. A group of ten 6D15 tubes with 
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Fig. 5.—Reversibility of current-dependent decay (6D15 diode). 
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Fig. 6—Mean voltage/current characteristic of 6D15 diode after 
recovery from decayed state. 


Platinum core after recovery. 
—-—-- Typical active-nickel core. 


pure nickel cores was run for 3000 hours in the decayed state 
with Vy = 6:0 and V4 = 10-0 volts. At the end of the run 
the group was allowed to recover under zero load, and was then 
measured for current/voltage characteristic by a 2sec pulse 
application of voltage. The mean characteristic of the recovered 
group is compared in Fig. 6 with that of a typical active-nickel- 
core valve. 


(2.3.4) Temperature Dependence of the Decay. 


Temperature dependence of conductance decay is simple to 
demonstrate. A platinum-cored 6D15 is aged for a few hundred 
hours into the decayed stage under current load; the variation of 
L,/V at constant V4 is then measured, a typical example being 
shown in Fig. 7. The valve is now allowed to recover for an 
hour at 1020°K under zero-current load and the characteristic 
measurement is repeated, using only pulse application of V4 
for current measurement. The value of V4 for both sets of 
measurements shown in Fig. 7 is 8-0 volts. 
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Fig. 7.—Temperature dependence of the decay phenomenon of 
6D15 diode at V4 = 8 volts. 


The results show that the conductance decay—or the difference 
in level of the two characteristics at a common heater voltage— 
decreases as the cathode temperature increases. 


(2.3.5) Current Limitation in the Decayed State. 


The factor limiting 7, in the decayed state appears to be a 
straightforward lack of emission from the cathode. Fig. 8 
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Fig. 8.—Voltage/current characteristic of diode in decayed state. 


shows the mean current/voltage characteristic at 1020°K of a 
group of ten platinum-cored valves which have run for 1000 
hours in the decayed state. The characteristic is typically that 
of an oxide-cathode diode running into saturation at about 
10mA. The broken line sketched into Fig. 8 is the mean charac- 
teristic after recovery under zero-current load. 

Fig. 9 shows the variation of log 1, with reciprocal of cathode 
temperature for a tube in the decayed state. The characteristic 
is similar to a Richardson plot with a work function of about 
TESICVe 


(2.3.6) Influence of an Ionizing Voltage on the Decayed State. 


The magnitude of the applied potential, V4, seems to have 
little effect on the stable level of the decayed state until an 
ionization potential is reached. The experimental result set out 
in Fig. 10 illustrates the reaction. A group of eight 6D15 
valves with platinum cores was set up for test at 1020°K with 
V4, = 10 volts. The whole test period of 1200 hours showed a 
normal decay reaction with the exception of an intercept of 
160 hours under an ionizing potential of 15 volts. It is clear 
that ionization depressed the normal decayed level of I, by a 
substantial amount. 
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9.—Variation of log [4 with the reciprocal of absolute temperature | 
for 6D15 diode in the decayed state. 
A Va = 10 volts. 


x Va= 9 volts: 
© Va= 8 volts: 
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Fig. 10.—Influence of an ionizing potential on a normal decay 
characteristic of a diode. 


(2.4) Correlation of Decay Phenomena and Changes of Total 
Emission 


(2.4.1) Measurement of Total Emission in the 6D15 Valve. 


The total or temperature-limited emission in the 6D15 diode 
is conveniently measured by the low-temperature technique, i.e. 
the temperature of the cathode is lowered to 700°K and the 
total emission is measured with the collector at a saturating 
potential of 5-0 volts. It is not practicable to use temperature 
as a basis of accurate and reproducible measurement, and it is 
therefore customary to make the measurement on the basis of 
cathode heater power. The 6D15 cathode takes about 1-5 watts 
at 1020°K. The measurement of total emission is therefore 
undertaken at 400 mW of heater power and an applied collector 
potential of 5-0 volts. 

New 6D15 valves have total emission in the range 0-5-8-:0mA, 
but values outside the range 2-6mA have been rejected for the 
present work. The conversion factor relating total emission at 
700° K and at the normal operating temperature of 1020°K is 
about 1000, i.e. a total emission of 1mA at 700° K is equivalent 
to a normal-temperature emission of 1 amp. 
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2.4.2) Variation of Total Emission with Time for Zero-Load Running 
at 1020°K. > 

Groups of 6D15 diodes fitted with pure-nickel, active-nickel 
ind platinum cores were run under zero-current load at 1020°K 
or 12000 hours. At intervals the valves were measured for low- 
emperature total emission, and the mean variations of total 
mission with time for ten samples of each type are set out in 


LOW-TEMPERATURE TOTAL EMISSION, mA 


6 
TIME , HOURS 


Fig. 11.—Variation of total emission with time under zero load at 
1020°K. 


(a) Active-nickel core. 
(6) Pure-nickel core. 
(c) Platinum core. 


Low-temperature total emission measured at 700° K. 


“ig. ll. The cause of the several behaviours of the emission 
tas been considered elsewhere* and the characteristics need be 
garded here only as phenomenological information. A com- 
sarison of the total-emission characteristics with those of con- 
juctance decay in Fig. 3 brings out the following points: 

(a) The two sets of characteristics have a general resemblance to 
. each other. 

(6) The decayed Jevel of 74 at any time might be correlated to the 
; emission level at that time. 

(c) When the total emission ceases to vary with time, so also 
. does the decayed level of 14. 
from such observations it is concluded that the decayed level of 
, is a direct function of the total emission of the cathode. The 
onclusion is supported by Fig. 12, which shows the decay 
haracteristics at 1020°K of two platinum-cored tubes of widely 
jifferent total emissions. 


2.4.3) Total-Emission Transitions. 


_ A group of ten 6D15 platinum-cored diodes was run at 1020°K 
ind collector potential of 10 volts for 1400 hours, the mean 
vecayed level of J, at the end of the run being 17mA. At this 
rage the power was removed from the valves in such a way that 
n electric stress remained across the matrix during the cooling 
eriod, i.e. Vz was switched off before V4. This switching 
equence prevented any zero-load recovery of the valve during 
doling down. A low-temperature total-emission measurement 
newed the group to have a mean value of 10 ~A—equivalent 
» the conversion factor of Section 2.4.1 to an emission of 1OmA 
t 1020°K. The group was next run at 1020°K under zero 
pad for 300min with intermittent measurements of low-tem- 
seature emission. This operation resulted in a steady increase 
f otal emission up to a constant value of 0-73 mA—equivalent 
5 %-73amp at 1020°K. The sequence is set out in Fig. 13 and 


* See footnote on page 184. 
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Fig. 12.—Dependence of decayed level of 74 on total emission. 
Low-temperature total emission measured at 700° K. 


KA 


Zz 
(2) 
a 
Y 
= 
uw 
= 
~¢ 
E 
24 = 
Ww 
a 
= 
<t 
a 
WwW 
a 
S 
WwW 
i 
= 
fe} fis 
as 
re) 50 100 ISO 200 250 


TIME, MIN 


Fig. 13.—Recovery of low-temperature total emission under zero load 
at 1020°K. 


Low-temperature total emission measured at 700° K. 


shows a remarkable dependence of total emission on current 
load. 
The following conclusions may now be set down: 


(a) A cathode gives its maximum emission on zero-current load. 
The level of the emission is then a function of the excess barium 
concentration in the matrix. 

(6) A current, 4, passing through the system reduces the total 
emission. 

(c) As I4 is increased, the total emission decreases until a state of 
equilibrium is established and J4 becomes equal to the total 
emission at 1 020° K (which can be calculated from the measurements 
at 700° K). 

(d) The actual level at which the equilibrium or stable decayed 
state is established is a function of the zero-load total emission, i.e. 
of the excess barium concentration in the matrix. 


These conclusions, of course, refer to a particular valve—the 
inert 6D15—which has a substantial gas return factor. 
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(2.5) Comparative Behaviour of the 6D15 Diode and the S-Type 
Assembly 
It will have been noticed that the general lines of examination 
of the 6D15 diode have followed those applied to the S-type 
assembly in Part 2 of the paper. Comparison of the various 
characteristics of the two systems, in both active and inert 
forms, are set out in Table 1. 


Table 1 


COMPARISON OF CHARACTERISTICS OF THE 6D15 AND S-TYPE 
VALVES ; 


S-Valve 
Characteristic 


Active Inert Active 


No decay 


I4/time at No decay Decay 


constant V4 


Not 
applicable 


Not 
applicable 


Completely 
reversible 


Completely 
reversible 


Resistance re- 
versibility on 
zero-load 
running 


Not 
applicable 


Not 
applicable 


I4 increases 
with tem- 
perature 


I4 increases 
with tem- 
perature 


Dependence 
of decayed 
level of [4 
with tem- 

perature 


In the three principal characteristics examined it seems that, 
in both active and inert forms, the S-valve and 6D15 diode are 
qualitatively identical in performance. The conductance stability 
or otherwise is thus independent of the existence of a spacing 
distance, b, and is determined only by the magnitude of the gas 
return factor. 
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(3) DISCUSSION OF RESULTS 
Experimental results are summarized in the following form: 


(a) The active system shows a high level of conductivity which is 
independent of time. a 

(b) The two inert systems show a high initial level of conductivity, 
but this decays rapidly with time under current load. 

(c) The low conductivity or decayed state is constant over pro- 
longed periods of operation and represents an equilibrium condition, 

(d) Conductance decay is wholly dependent on current load and 
disappears completely on removal of the load. } 

(e) The decayed current level is a function of matrix temperature, 

(f) The decayed current level is a function of the zero-load total 
emission of the matrix. 


The interpretation of the results follows an identical course to 
that put forward in Part 2 for electrolytic action in the S-valve. 
Both cases are explained in terms of a gas return factor which 
feeds back and accumulates electrolytic oxygen in the vacuous 
pores of the matrix. = 

The only novel point arising in the present work is the sudden 
reduction of the decayed level of J, when V, reaches an ionizing 
potential. The action is clearly that of returning a proportion 
of the electrolytic oxygen atoms, which would otherwise have 
escaped into outer space, to the matrix in positive ion form, i.e. 
the effect is equivalent to a sudden increase in return factor. 

The implied assertion in (a) above, that the active-nickel 
system has a zero return factor, is, of course, only a partial truth. 
As the activators perform their chemical work they will exhaust 
themselves, and the activity of the system will diminish with 
time. This slow activity decay is clear in the active-nickel cases 
depicted in Figs. 3 and 11. , 
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THE CONDUCTIVITY OF OXIDE CATHODES 


Part 4.—Electron Transfer Mechanisms 
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SUMMARY 


The present Part considers the mechanisms of electron transfer 
hhrough the oxide-cathode matrix. In the temperature range 850- 
100°K it is shown experimentally that, effectively, the whole of the 
lectron stream passes through the vacuum interstices of the matrix. 
‘rogression is on a start-stop basis, with the electrons dissipating 
mergy in the form of heat by successive non-elastic collisions with 
mpeding oxide particles. The whole electron current is emitted 
nermionically at the cathodic core surface, where the theoretically 
sredicted cooling effect is localized and observed. In the temperature 
ange 290-600°K, electron transfer is on a purely resistive basis and 
mvolves no act of thermionic emission, i.e. the electron never emerges 
yem the solid oxide into vacuum. 

| The results of the experimental work are in complete harmony with 
ne hypothesis put forward in 1949 by Loosjes and Vink. 


LIST OF PRINCIPAL SYMBOLS 


ZI, = Current through matrix, mA. 
Py; = Cathodic-core heater power, mW. 
Pr» = Anodic-core heater power, mW. 
Pr, = Equivalent cathodic-core power, mW. 
Pr = Equivalent anodic-core power, mW. 
P,; = Emission cooling power, mW/mA. 
R = Resistance of solid matrix, ohms. 
Tc = Cathodic-core temperature, deg K. 
T,4, = Anodic-core temperature, deg K. 
V4 = P.D. across matrix, volts. 


The following difference symbols are used: 


APy = Pa — Pin 
ANTES aS 

APr = Pg — Pry 

a, b, and k are constants. 


(1) INTRODUCTION 


It is proposed in the present Part to examine the mechanisms 
° electron transfer through the oxide cathode. It is known, of 
ourse, that the matrix has an open porous structure and that 
ihnly one-fifth of its volume is filled with solid (BaSr)O particles. 
im electron crossing the matrix therefore has a choice in the 
ath that it selects: it may proceed down a continuous but irregu- 
r chain of particles on the basis of a solid semi-conduction, 
'- it may travel freely in vacuo down a series of hollow passages 
| pores. 

_Loosjes and Vink* in 1949 examined the complex nature of 
‘ conductivity/temperature characteristic of an oxide cathode 
%¢ put forward the novel view that complexity was due to the 

* Loosses, R., and VINK, H. J.: Philips Research Reports, 1949, 4, p. 449. 


his paper is a continuation of Monographs Nos. 221 R_and 243 R, published in 
rbevary and June, 1957 (see 104 C), and No. 268 R, December 1957 (see page 
1B) 


‘© respondence on Monographs is invited for consideration with a view to 
bli ation. ae 
1: Metson is at the Post Office Research Station. 


existence of two forms of transfer mechanism—a solid semi- 
conduction at low temperature and a vacuum flight through the 
pores at higher temperature. The present work examines this 


hypothesis with the aid of a new experimental technique which 
seems capable of a rigorous and quantitative assessment of a 
conduction mechanism. 

The experimental valve used in the work was the standard 
S-type assembly described in Part 1 of the paper. The essential 
features of the matrix are shown in Fig. 1, together with the 
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Fig. 1.—Schematic of S-type assembly. 


basic symbols employed in subsequent Sections. To avoid 
the ion effects described in Part 2, the assemblies were fitted 
with active-nickel cores and were run for sufficient time to 
achieve the stable-characteristic-resistance, Rp, state. Mechanical 
dimensions and vacuum processing techniques for the valve 
were described in Part 1. All valves for the present work had 
independent heater-power sources and individual thermocouples 
fitted to each core. 


(2) POSSIBLE TRANSFER MECHANISMS 


(2.1) Preliminary Considerations 


It is possible to visualize an electron traversing the matrix of 
an S-type valve in two distinct physical ways—the path may be 
through the crystal lattice of a solid chain of activated oxide 
particles, or it may be a wholly vacuum flight through hollow 
pores. 

First suppose that the transmission path is a uniform solid 
semi-conductor of resistance R. An electron current, J,, under 
an applied potential, V4, will dissipate power V4, and result 
in a uniform generation of heat throughout the matrix on an 
I?Rbasis. The temperature of the system as a whole will increase, 
but no temperature gradient will arise between the two core 
pieces, since power dissipation is symmetrical in an essentially 
symmetrical system. 

Suppose now that the transmission path is a vacuum which is 
traversed by current J, under potential V4. Owing to the 
random tortuosity of the vacuum path, the electrons will collide 
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at frequent intervals with the solid walls of the passage, but, 
after each rebound, will travel in the same overall direction set 
by the applied electric field. These collisions may be elastic or 
non-elastic. In the elastic case the electrons will show a mean 
acceleration throughout their passage and will deliver the whole 
power, V.,/,, for thermal dissipation at the anodic core surface. 
In the non-elastic case a start-stop method of progression will 
occur, mean acceleration will be zero and the power, V.4l4, will 
be uniformly dissipated throughout the matrix. 

The three cases of VJ, dissipation are summarized in Table 1. 


Table 1 


DISSIPATION OF POWER V4l4 


Transfer mechanism | Location of power dissipation V 4/4 


Uniform dissipation through- 
out matrix 

Uniform dissipation through- 
out matrix 

Dissipation wholly at surface 
of anodic core 


Solid semi-conduction 


Vacuum flight with successive 
non-elastic collisions | 
Vacuum flight with successive | 


elastic collisions 
| 


A further and different aspect of power transfer must now be 
considered. Cases (b) and (c) involve the free flight of electrons 
in vacuo, and both cases imply an act of thermionic emission at 
the cathodic core surface. Energy will therefore be extracted 
from the cathodic core, carried intact* through the body of the 
matrix, and delivered for local dissipation on the surface of the 
anodic core. If the coefficient of cooling power is P; milliwatts 
per milliampere, then in both cases there will be a loss of power, 
P,rl,, at the cathodic core and a gain of power Prl, by the 
anodic core. 

Three different mechanisms of electron transfer have now been 
postulated, and it seems that to each can be assigned a unique 
distribution of power dissipation. If these distributions can be 
recognized experimentally, the actual transfer mechanism at any 
particular temperature can be determined. It is probable, of 
course, that different operating temperatures may involve 
different transfer mechanisms, and experimental success will be 
possible only if temperatures can be selected at which a particular 
mechanism is in absolute ascendancy over others. 


(2.2) Distribution of Power Dissipation 


(2.2.1) Assumptions and Nomenclature. 


The reactangular slab of oxide matrix sandwiched between the 
two core pieces of the S-type assembly is such that the slab 
thickness is small compared with its other two dimensions. 
Almost all the power generated within the slab must therefore 
cross the two core-matrix boundaries, to be lost by radiation 
from the backs of the two cores. A small fraction of power 
will, in fact, be lost by direct radiation from the narrow edges, 
but this is assumed, on dimensional grounds, to be inconsiderable 
and will be disregarded. Such an assumption leads to the 
following useful result: if power VJ, is uniformly dissipated 
throughout the matrix, it will produce the same core-temperature 
distribution as would a direct addition of 4V4I, to each core- 
heater power. Various modes of power dissipation in the matrix 
or at its boundaries can thus be compounded with the core- 
heater powers to give equivalent core-temperature distributions. 

* Noelement of the power Prl, is dissipated within the body of the matrix, since 
the individual oxide particles cannot accumulate electrons, i.e. an impacted particle 


will gain an element of the energy Py/4 on the arrival of an electron but must lose it 
when the electron departs. 
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For the particular case of uniform dissipation of powet 
within the matrix it follows that 


Pry = Pu: + 4Val 
Pe = Poo + 4Valy 
AP; = APy = 0 


for the condition of equal core-heater powers and for all values 
of Jy. On grounds of symmetry it follows that AT = 0 for all 
values of I4. 

A second assumption will now be introduced, to the effect 
that differences in equivalent core powers, APg, result in pro- 
portional differences in core temperatures, AT, provided that 
the temperature range 74 — Tc is sufficiently limited. This 
assumption 


and 


APy = KAT 


will be justified over the working temperature range in Section 
DIAS. ; 


(2.2.2) Case A.—Semi-Conduction Mechanism. 


This simple case postulates the dissipation of power V4l, in 
a uniform semi-conductive resistance. The equivalent core 
powers are therefore written 


Prey = PH, + 32Valy 
Peo = Pa. + 3V al 


AP; —— APy 
For the case of equal core-heater powers we can therefore 
write 


for all values of J4. The semi-conducting case is therefore 
defined by the condition AT = 0 for all values of Z4. It should 
perhaps be mentioned that, if Py; = Py, then AT is a positive 
or negative constant for all values of I. 


(2.2.3) Case B.—Free Flight with Non-Elastic Collisions. 


This case postulates the thermionic emission of the whole 
electron stream J, at the cathodic core-matrix boundary and its 
subsequent free flight through the vacuous pores of the matrix. 
During flight the electrons suffer successive impacts with the 
walls of impeding oxide particles, and these impacts are regarded 
as non-elastic. Each electron therefore accelerates from rest to 
some velocity at which it strikes a particle and loses the whole 
of its kinetic energy. After impact, the performance is succes- 
sively repeated until the electron finally arrives at the anodic 
core surface. Assuming uniformity of matrix structure, the 
power Vl, therefore suffers uniform dissipation and, so fat 
as core temperatures are concerned, is equivalent to increasing 
each core-heater power by 4V,1,. The distribution of power 
dissipation is now similar to that of case (a), but the picture is 
not yet complete. The thermionic emission of current J, at 
the cathodic-core surface results in a cooling effect which is 
equivalent to a decrease of cathodic-core power by Pr, and 2 
corresponding increase of anodic core power by Pry. 

The equivalent core powers are therefore written 


Pa = Pay 4h ee 
Pry = Py t4V al, + Pely 
APP APe OO Ree 
It follows that, for the case of equal core heater powers, 
APy = 2Prl, = KAT. 
or NEC, 
for all values of I4. 
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The case of thermionic emission at the cathodic core and 
ibsequent free flight with non-elastic collisions is therefore 
sfined by a direct proportionality between the function AT 
ad I, for all values of I,. The case can, of course, be generalized 
wr unequal core-heater-powers in the form 


AT=a-+ bl, 


here a and b are constants. 


.2.4) Case C.—Free Flight with Elastic Collisions. 


This case is similar to the previous one, with the exception 
\at the electrons lose none of their kinetic energy on colliding 
ith the oxide particles. Each electron therefore experiences a 
rogressive increase of velocity during transit and arrives at the 
nodic core boundary surface with energy eV. The whole of 
ie power VI, is therefore delivered to the anodic core and not, 
| in the two previous cases, equally divided between the two 
wres. The equivalent core powers are therefore written 


Vey hice oh pees ag at 
Peo = Pry Valy Pel 
AP? = APae Vial, + 2Prl, 


It follows that. for equal core-heater powers, 
AP, = V4l, + 2Prl, 
= KAT 
AT & (V4ly + 2Prl4) 


r all values of Jy. 

The case of thermionic emission at the cathodic core and 
sequent free flight with elastic collisions at the oxide particles 
therefore defined by a proportionality between the functions 
F and (V4l,+2Prl,). The case can be generalized for 
‘equal core heater wattages in the form 


AT=a+b(Valy + 2P rly) 


2.5) Summary of Cases. 


The characteristics of AT =f(/,) for the three postulated 
nsfer mechanisms are summarized in Table 2. 


Table 2 


AT = f(I4) FOR TRANSFER MECHANISMS 


Electron transfer mechanism AT = f(/4) 
jolid semi-conduction ae ee INTO (oi 
'hermionic emission from cathodic- AT=a+ bly 


core surface and free flight with 
non-elastic collisions 

‘hermionic emission from cathodic- 
core surface and free flight with 
elastic collisions 


AT=a+ bVa4l4 + 2Prla) 


Whe quantities a and b are constants, with a always zero for 
special case of equal core-heater powers, i.e. APy = 0. 
+ 2 shows the flow patterns of power for the three cases. 
t sow remains to determine the form of A7/JZ, for a practical 
ve, and to attempt to relate it to one or other of the above 
weeteristics. Before attempting this task, however, it will be 
ifvi to justify the assumption APs = kAT and to consider 
| faatrix temperature ranges into which experimental effort 
|| -e most profitably directed. 


OXIDE CATHODES: PART 4 191 


CASE (a) 


QT CONSTANT 


CASE (b) 


CASE (€) 


— 
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Fig. 2.—Power distribution patterns. 


(a) Solid semi-conduction. 
(6) Vacuum flight with non-elastic collisions. 
(c) Vacuum flight with elastic collisions. 


(2.2.6) Justification of the Assumption APg = KAT. 


With zero current, J,, in the matrix the quantities AP; and 
AP, are identical and the task reduces itself to that of justifying 
the condition 

APy = kAT 


over the working range of temperature. The task is a simple 
one and involves the initial setting-up of a standard S-type 
assembly with accurately measured core-heater powers Py; 
and Py» with J, =0. Either one or both heater powers are 
then changed by successive small amounts and the corresponding 
core temperatures are recorded. A plot of (Py. — Py,)/(T4 — Tc) 
is finally made over a temperature range of 60°. A typical result 
for tube S-103 is shown in Fig. 3 for the special case of equal 


Fig. 3.—APy/AT. 
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initial core-heater powers. If the initial value of AP, is not 
zero but some small quantity, the slope of the characteristic 
remains unchanged but it acquires positive or negative intercepts 
on the two axes. 

Within the limits of experimental error it has always been 
found that the relationship AP; = KAT is observed over the 
temperature range of 60°. Some curvature of the characteristic 
must, of course, exist, but it is less than 1° in 60° and any 
systematic trend is not detectable by the adopted method of 
core temperature measurement. The quantities To and Ty, 
were actually measured by platinum/platinum—rhodium thermo- 
couples connected to a high-grade potentiometer standardized 
against a standard cell. These thermocouples were readily able 
to detect core-temperature changes of 0:2° at 800° C when the 
thermocouple cold junctions were held constant. Random 
variations from linearity were thought to be due to second-order 
mechanical instabilities in the core-matrix system rather than 
to power-law radiation effects or measurement errors. 


(2.2.7) Selection of Suitable Temperature Ranges. 

We can hope to recognize an electron transfer mechanism by 
examination of the A7/J, characteristic, provided that only one 
mechanism is present. Fig. 4 shows a plot of the logarithm of 


CONDUCTIVITY, mho 


Fig. 4.—Conductivity/temperature characteristic. 


matrix conductivity against the reciprocal of absolute tempera- 
ture fora typical S-type assembly. The result is very similar 
to those of Loosjes and Vink, who propose that the two straight 
parts of the characteristic are due to two different transfer 
mechanisms. The curved part of the characteristic is therefore 
likely to cover a temperature range over which two mechanisms 
coexist in varying proportions. Measurements of the ATIL, 
characteristic must accordingly be directed into temperature 
ranges corresponding to the linear sections, namely 290-600° K 
and 850-1 100° K. 


| 
(3) TRANSFER MECHANISM IN TEMPERATURE RANGE 
850-1 100° K 


(3.1) Characteristic of A7/I4 with APy = 0 


Determination of the A7/J,4 characteristic is a straightforward 
affair using a standard S-type assembly. The core-heater power 
are first adjusted to equality to give core temperatures of abou) 
1000°K. With these powers, Py; and Py», accurately constan) 
and equal, the current, J,, through the matrix is increased from} 
zero to about 150mA. The core temperatures, Tc and Ty, are 
measured with the d.c. potentiometer for each current setting 
The resulting characteristic of AT/I, for valve S-43 is shown it 
Fig. 5, and the variation of core temperature with matrix curren 
is shown in Fig. 6. 

The results show an unequivocal option for case (b) as thé 


AT, OEG 


Ta,mA 


Fig. 5.—AT]I4 for valve S-43. 
Slope = 0-410 deg/mA. 


CORE TEMPERATURE, DEG K 


Ta,mA 


Fig. 6.—T 4/14 and Tc/I4 for valve S-43. 
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electron transfer mechanism at 1000°K, i.e. the electron stream 
is thermionically emitted at the cathodic-core surface and there- 
after travels by way of porous passages, suffering regular non- 
elastic collisions with the impeding matrix particles. Apart from 
‘the linearity of the A7/Z, characteristic, perhaps the most 
interesting feature of the results is the relative change with J, 
of the two core temperatures. While T, rises continuously in a 
‘regular manner over a range of 60°, T¢ falls slowly by about 5° 
_and has gained only 3° over its initial level when 7, has reached 
‘its highest value—a spectacular demonstration of the cooling 
teffect at the cathodic-core surface. 

Under the condition AP; = 0 we should achieve the state 
AT = 0 for 1, = 0, but this can never be realized in practice, 
sowing to a small unavoidable asymmetry introduced during 
assembly of the S-type device. This is the reason why the AT/I, 
jcharacteristic misses the origin by about 3° in Fig. 5. The 
phenomenon is, however, without significance to the, general 
conclusions. 

Attempts were made to fit the experimental data to the 
criterion of case (c), but without success. With various values of 
the cooling factors, Pr, in the predicted range of 1-0-2:0 mW/mA, 
a series of characteristics of AT/(V4l, + 2PpI,4) were obtained, 
ibnt these showed an increasing departure from linearity as J, 
increased. Case (c) has therefore been abandoned as inapplicable 
mn the range 850°-1 100°K. 


(3.2) Characteristic of AT/I4 with APy = 0 


To illustrate the generality of the technique, a further example 
is shown for valve S-103 in Figs. 7 and 8. Py, >Py> to the 
sxtent that, with zero matrix current, JT; exceeds Ty by about 30°. 
ith the initial core powers constant, increasing J, results in Ty 
exceeding Tc by 30°. Comparison of the characteristics for 
valves S-43 and S-103 will show that they are identical in all 
ssential respects. 


+30 


AT, DEG 


-20 


ro) 40 60 (20 160 
In,mA 


Fig. 7.—AT/L4 for valve S-103. 
Slope = 0-342 deg/mA. 
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Fig. 8—T4/14 and Tc/I4 for valve S-103. 


(3.3) Characteristic of AP 71/14 at Constant AT 


The power-flow diagram in Fig. 2 for case (b) shows that the 
anodic core has an excess of power of 2Pr/, over that of the 
cathodic core. This results in a difference of core temperature 
AT = bl, for the condition AP; = 0. It will be obvious that 
additions of power AP;,, to the initial cathodic-core heater 
power, P;;,, can be made in such a way that the two core tem- 
peratures remain equal for all values of Jy. Both Tc and Ty, 
will, of course, increase with each addition to Z4, but AT will 
remain zero so long as AP;, =2PrJ4. The power balance for 
AT = 0 is thus defined by the following equations: 


Pri Perry 
APy} =e hy 


and is shown diagrammatically in Fig. 9. The case can be 
generalized for finite values of AP, by substituting a constant 
for the zero value of AT. 


DIRECTION OF ELECTRON FLOW 
ar 


CATHODIC CORE 
ANODIC CORE 


Fig. 9.—Power-flow diagram for AT = 0. 


Flow conditions: Pa1 = Pa2 


Pr = 2Prl,4 
Ta —Tog = AT=0 


The experimental characteristic APy,/1, at constant AT is 
readily available from the standard S-type assembly. The valve 
is set up initially with equal core-heater powers. As the matrix 
current J, is then progressively increased, so an element APuy 
is added to the cathodic-core heater power to maintain T¢ at 
the same level as Ty. A typical result is set out in Fig. 10, 
which shows that the predicted linearity of AP;,;/Z, is experi- 
mentally realized. The slope of the characteristic is given by 
2P,r, and we have now for the first time in the paper given to 

6/ 
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Fig. 10.—AP ;;/14 for constant Ly. 
Tan 0 = 2Pr = 4-6mW/mA. 


the coefficient of cooling power a numerical value, namely 
2:3mW/mA. 

Py can be calculated from the basic thermionic constants and 
will probably be in the range 1-5-2-5mW/mA, depending on the 
actual numerical values assigned to the constants. The measure- 
ment taken from the characteristic in Fig. 10 is therefore in good 
agreement with the theoretical prediction. Two direct deter- 
minations of P; were made in the laboratory on a conventional 
form of oxide-cathode diode. The core cooling effect was 
derived from a knowledge of the rate of change of core tem- 
perature with cathode-heater power and on the observed rate of 
change of core temperature with cathode current. The two 
samples gave Py = 1-8 and 2-4mW/mA respectively. 


(3.4) Conclusions 


Experiments on the lines described above have been carried 
out over the temperature range 900-1 100° K, and the conclusions 
set out below refer to this range: 

(a) The whole of the matrix current [4 is thermionically emitted 
at the cathodic-core boundary, at which it causes the theoretically 
predicted cooling effect. 

(6) The whole of the current /4 travels in vacuum through the 
matrix by way of porous passages. 

(c) During the vacuum flight through the uniform matrix the 
electrons suffer successive non-elastic collisions with impeding oxide 
particles, as a result of which the power V 4/4 is uniformly dissipated 
throughout the matrix and the average electron velocity during 
transit remains constant. 


(4) TRANSFER MECHANISM IN TEMPERATURE RANGE 
290-600° K 


(4.1) Characteristic of AT/I, with APy = 0 


Determination of A7/I, in the range 290-600°K is some- 
what difficult, on account of the restricted temperature range. 
Py, and Py» must therefore be set as low as is consistent with 
obtaining a reasonable range of matrix current with a reasonable 
voltage. If, for example, Py; = Py, = 300mW, then, without 
any power, V4l,, in the matrix, the core temperatures will be 
about 600°K and we are already entering the inadmissible 
temperature region. It is clear, then, that the condition 


(Pry ae PH ala Val 4) <a 600. milliwatts 


must be observed. Furthermore, if a reasonable range of Vl, 
is to be obtained, 


Val4 > PH + Pao 


These conditions seem to be onerous, but in fact they turn out 
to be simple: the S-type assembly with active nickel cores is 
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quite ready to start up from cold under the matrix power V4l, 
alone. The core-heater powers can therefore be maintained at 
zero and the whole power range of 600mW is available for use i 
as V gly. 

A practical messurement is taken in the following manner: | 
The core-heater powers are set either to zero or some small equal 
value (say 50mW). A voltage, V4, is then applied across the: 
cores, and this results in a current J, and a power dissipation’ 
V,14; this in turn leads to a general temperature rise, and the | 
values of Tc and T, are noted as functions of V4l4. V4 is then) 
increased and the sequence is repeated until the required range is | 
covered. Results on a typical valve for the two conditions | 


Px, =Py2 = 0 and 50mW are set out in Fig. 11, which shows} 


8 


a 
(e) 
e) 

L 


CORE TEMPERATURE TaOR Tc,DEG K 
fe) 
1) 


300: we 
 RREEEESe) 300 300 FOO 500 ele) 


Va La, mW 


Fig. 11.—Variation of Tc and T4 with matrix power V4l4. 


that, over a range of 500mW, the two core temperatures move! 
almost exactly together over the absolute temperature range} 
300-680° K, i.e. a span of nearly 400°. The A7/I, characteristic) 
over a current range corresponding to a core-temperature spar : 
of 320°K is shown in Fig. 12. After discounting the initial) 


OT DEG 


Fig. 12.—Variation of AT/I4 over temperature range 360-680° K. 


difference of 2° for zero current, the average value of AT ove 
the whole core-temperature range is 1-6°, i.e. about 0:5% ol) 
the range. Such variations are regarded as experimental errors,! 
and it is concluded that, for the condition Py; =P,» in the! 
temperature range 300-600°K, AT is zero for all values of La| 
The electron-transfer mechanism below 600° K therefore follows) 


case (a) as a purely resistive process involving no act of thermionic! 
emission. 


(4.2) Experimental Note 


It may surprise some engineers to learn that the oxide cathode 
sandwiched between active-nickel cores has sufficient solid con: 
ductivity at room temperatures to start up on the dissipatec 
power V4l4 alone. The action appears to take the following 
course: on application of V4 a small power, V4J4, is dissipatec 
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in the matrix. This raises the matrix temperature and lowers 
its resistance, which leads to a further power increase. At 
constant applied voltage the system therefore tends naturally to 
rise in temperature up to a point where radiation losses bring 
the system into thermal equilibrium. A further increase in V, 
then sets the process going again until a matrix temperature is 
reached at which thermionic emission occurs, whereafter the 
system becomes progressively unstable. A typical example of 
the behaviour is shown in Fig. 13, where an S-type valve has been 
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| Big. 13.—Cold-self-starting property of oxide matrix under power 
ALA. 


laced in series with a 25-volt battery and a ballast resistor of 
00 ohms. | 

This self-starting property has been mentioned because it 
as a bearing on the practical determination of the characteristic 
thown in Fig. 11. Since the system is dynamic, one precaution 
inust be taken to ensure that the core temperatures change slowly 
suring the operation and that Tc and 7,4 are measured simul- 
eously. In practice, this proves a simple task if V4 is advanced 
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by small increments and the temperatures are measured on 
direct-reading moving-coil-type pyrometers. 


(4.3) Solid Conduction at 1000° K 


In Section 3 it was concluded that the whole of the current I, 
at 1000°K was emitted thermionically at the cathodic core and 
travelled through the vacuum pores of the matrix. This view 
must now be modified to include a smal) element of 4 which 
may travel by way of a solid semi-conduction process. The 
magnitude of this element can be estimated from Fig. 4 by 
extrapolation of the solid-conductivity characteristic; at 1000°K 
the solid resistance is about 350 ohms, compared with the 
total resistance of about 15 ohms. The current travelling 
vacuum-wise is therefore more than 95% of the total current J. 
Thus, for practical purposes the conclusions set cut in Section 3.4 
remain unaffected. 


(5) CONCLUSIONS 


The results set out above are in complete agreement with the 
hypothesis of Loosjes and Vink. In the examined range 900— 
1100°K, effectively the whole current J, is thermionically 
emitted at the cathodic-core surface and travels in vacuum 
through the matrix. During passage the electrons progress on a 
start-stop basis, dissipating energy uniformly by successive non- 
elastic collisions with the solid oxide particles. The cooling 
effect at the cathodic-core surface is similar to that predicted 
theoretically. 

In the examined range, 300-700° K, the transmission mechanism 
is essentially one of solid semi-conduction and no act of 
thermionic emission is involved. 
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SUMMARY 


A recent paper showed that in the well-known relation 
I=f(Vq + “V,), the parameter (commonly called the ‘amplifica- 
tion factor’) should be a constant, and thus independent of the mag- 
nitude of J. Though long experience has shown that y is substantially 
independent of J, yet the derivation, used in that paper, for calculating 
the value of u, appeared to show that it ought to be completely 
independent of /. The classic derivation of y, e.g. that used by H. J. 
Van der Bijl, appeared to show that the classic formula for “” was 
exact only in the limit when J was vanishingly small. 

This paper describes measurements designed to test whether su 
really is independent of /. A balance method was devised which was 
capable of measuring j« to an accuracy of about 1%. The valve which 
was tested consisted of a separately heated disc cathode, 8mm in 
diameter and an anode (also 8mm in diameter) 0:55mm distant 
from it. The distance between the grid plane and the cathode was 
0-15mm. 

Fig. 3 shows the measured values of 4 plotted as a function of V, 
for three different constant values of anode current. It shows that, 
for a given value of Vz, m, in fact, increases by some 20% as J is 
increased from 3 to 11mA. It also shows that, in fact, Mt decreases 
by about 20° when /is constant, as the negative value of Vz is increased 
from about 3 to 8 volts. 

Fig. 4 shows that, for constant J, the effect of changing V, is removed 
by a substantial reduction of cathode temperature; but this reduction 
does not remove the increase of with increase of J. This means that 
the increase of 44 with J is due to the increase of distance between grid- 
plane and barrier—an increase which must be significant for a valve 
in which the distance between grid plane and cathode is only 0:15 mm. 
It is argued, it is thought conclusively, that the effect of Vz is due to 
the periodic fluctuations, across the plane of the barrier, of the current 
density crossing it. The author is convinced that, if a valve had been 
used in which the pitch of the grid wires was small compared with 
their distance from the barrier plane, 4 would be independent of both 
I and Vz. In other words, ~ was constant in the early separately- 
heated cathode valves. 

Section 5 points out that the necessary and sufficient condition for 
constant anode current is that any change in V, must not cause any 
change in the positive charge on the cathode. Accordingly the positive 
charge, extracted from the grid to make it more negative, must be 
handed on, unchanged, to the anode, thereby increasing its potential. 
If the electric force due to the space charge between grid and anode 
is ignored as unimportant, and it is shown that this must be true, 
is equal to the product of the capacitance between grid and anode 
and the capacitance between grid and the barrier plane, both in the 
absence of space charge—a form which has long been known but 
whose meaning has always seemed rather obscure. Its validity depends 
only on (a) ignoring any striation in the stream of anode current, 
and (4) ignoring the effect of the presence of space charge between 
grid plane and anode. 

Section 6 explores the dependence of on the ratio of peak grid- 
swing to mean grid potential. Experiment shows that ju is constant, 
within about 1%, for all peak grid swings which do not exceed the 
grid bias. 


(1) INTRODUCTION 


About the year 1915, H. J. Van der Bijl discovered experi- 
mentally that, with a given current to the anode of a triode valve, 
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if the observed voltage of the anode and of the grid were plottec 
as rectangular co-ordinates, the points of observation lay or 
what appeared to be a straight line. This observed fact is ofter 
expressed by the familiar equation J = f(V, + uV,), where 5 
was a constant, and one which was approximately independen 
of I. | 
Within a few years of the discovery of this remarkable property 
of a triode, Van der Bijl published a study relating to the electri 5 
field of a charged grating of wires, and likened it, very plausibly) 
to the problem of the triode. By this means he obtained al 
algebraic formula for the constant jz. Numerical evaluation of 
this formula yielded results which evidently were approximatel 
correct. But his formula for pz explicitly ignored the electriy 
forces arising from the electrons in transit from cathode to anode 
Thus his expression for js appeared to be the limiting value fo 
a vanishingly small current. His exposition seems to have bee 
accepted, rather blindly, for the next 40 odd years. Experience) 
showed that, in fact, the measured values of were substantiall” 
independent of current over a very wide range. This experienc): 
might well have given the clue that the value of jx, valid onl® 
in the limit when the current was vanishingly small, couli) 
scarcely have been derived on a basis which really was sound) 
but, in fact, it did not give the clue. 


6 


(. 


urging the electrons to proceed to the anode arises only from th. 
electrons which are in transit. Consequently, any derivatio}: 
Ls 


calculated by Van der Bijl for the limiting value when the currer 
is zero. A crucial experimental test of the soundness of th! 
present writer’s treatment must be to find by observation that / 


balance method, with considerable accuracy. This paper ik 
concerned chiefly with the result of these measurements. Th) 
experimental method of measuring pz is described. 

The familiar formula for jz contains the distance g betwen 
the plane of the grid wires and the barrier plane, which is a sma} 
distance from the cathode. If pz is to be independent of J, it 
essential that a change of J shall not cause a change of th 
distance g; in other words, the inescapable approach of th 
barrier towards the cathode, as the anode current increase’ 
must not cause an appreciable increase in g. Until some te) 
years ago, the mechanical method of constructing the grid of | 
triode was such that it was obviously unimportant to the ca’ 
culated value of whether g was taken as the distance fro 
grid plane to cathode or as the slightly smaller distance fror 
grid plane to the barrier plane, wherever the barrier migl 
reasonably be assumed to be. But in more recent times, th 
methods of mechanical manufacture have improved so marked)” 
that the distance between grid plane and cathode may well t. 
no more than 4mm. In such circumstances the inevitable sma! 
movements of the barrier, caused by changes of J, will certain’) 
be significant in the calculated value of ft. Hence, in triodes i 
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which g is only a small fraction of a millimetre, it is clear that ivy 
will not be independent of J—not because the force due to the 
moving electron was changing, as such, but because in effect 
the geometry of the triode was changing significantly with /. 

The three curves in Fig. 3 show the measured values of 
plotted as a function of V, for three constant values of anode 
suirent. Ignoring, for the present, the finite effect of changes 
of Vz, it is evident that jz increases with anode current, in fact 
from about 25 to 30 as the current increases from 3 to 11mA. 
The cathode temperature being constant, an increase in anode 
Surrent must cause the barrier to move closer to the cathode 
surface and thus increase the distance g between grid plane and 
parrier; and evaluation of the formula for ~ shows that an 
crease of g does tend to cause an increase in bey 

Fig. 4 shows yx plotted as a function of V, for two different 
anode currents when the temperature of the cathode was very 
much reduced. This decrease of temperature has resulted in 
increasing from 24 to 35 when the anode current was about 
4mA. Figs. 3 and 4 are in accordance in showing that pu is 
appreciably a function of anode current in this valve, not because 
u was a function of anode current, per se, as an effect of space 
charge, per se, but because the change of current in effect changed 
he geometry on which yz depends. The valve was being made 
ic function as a variable-mu valve, in the most accurate sense of 
tne term. 

Accordingly the measured results do not conflict with the 
main finding of Reference 1, namely the argument showing that 
u should not be a function of anode current, as follows implicitly 
from the work of Van der Bijl onward. To make direct observa- 
tions on an old type of triode, with large spacing between grid 
slane and cathode, seemed accordingly to be ill-judged and 
trelevant. 

Fig. 3 shows that when the barrier is very close indeed to the 

zrid plane, then is a function (to a small degree) of V,. The 
nference is pretty clear that this is due to a considerable con- 
-entration of density of anode current in the spaces between the 
zrid wires—an effect which was ignored in the argument set out 
n Reference 1. 
_ Thus these accurate measurements of 4. appear to show that 
‘he treatment of a triode developed in Reference 1 is both valid 
and complete for the old pattern of triode, for which, in fact, 
-he whole concept of yz was developed. It is only with triodes 
n which the grid-cathode clearance is exceedingly small that the 
original concept of a constant ps may possibly need to be treated 
ith a small amount of reserve. 

The present paper describes some experimental work which 
nas been done to extend and test the analytical work described 
m Reference 1. In 1913 and 1920 H. J. Van der Bijl?- described 
‘he experimental discovery that (at least provided that the grid 
of the triode was negative) the anode current J was a function of 
V, + pV), where jz was a constant depending on the geometry 
bf the valve. Within this period an analytical description of 
his property was developed and the numerical value of the 
factor was calculated in terms of the geometry of the valve. 
dowever, the derivation was said explicitly to be valid only in 
he limiting case when the current was vanishingly small—in 
ther words, the effect of space charge was ignored. The present 
suthor has pointed out! that it is absurd to ignore the effect of 
ace charge, since it is the space charge alone which causes the 
‘iectrons to move from the ‘barrier region’ to the anode. Taking 
nto account this basic principle of operation, he showed that 
ae classic and limiting value of the constant yz should be correct 
ox all values of anode current, from zero upwards. The experi- 
neatal work, to be described here, was undertaken to determine 
vybether or not the factor jz was independent of current in the 
‘iedes used in engineering practice. 


The. Van der Bijl principle is perhaps described more accurately 
as follows: for any given anode current (V,, + 2V,) is constant 
and yz is substantially independent of this current. Accordingly 
if, for any given current, V,, is plotted as a function of Vi, the 
result should be a straight line and the family of such lines (for 
various constant currents) should be very nearly parallel. This 
is illustrated in Fig. 1. The experiments, now to be described, 
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Fig. 1.—Graphical display of the equation J = f(Vq + Vg). 


The lines should be straight and parallel. 


were designed to test accurately whether (a) the lines typified by 
Fig. 1 really are straight, and (b) if so, they are parallel. 

The method used was to make an accurate measurement of 
the slope of any one line at many points along its length. This 
was done by applying small anti-phase sinusoidal fluctuations 
of V, and V, and adjusting their ratio until the consequent 
sinusoidal fluctuations of anode current passed through their 
zero value. The diagram of connections for the test is shown in 
Fig. 2, in which I is a d.c. 0-lOmA milliammeter, and D is a 


Fig. 2.—Circuit diagram to describe the balance method used for 
measuring yw in terms of x and T. 


reflecting dynamometer instrument whose fixed coils are excited 
from the 50c/s mains supply. Its sensitivity was 160mm per mA 
(r.m.s.) at 50c/s. For successive values of Vz, V, was adjusted 
until J attained its assigned value. Then the wander point P 
on the 10-kilohm voltage divider was adjusted until the deflec- 
tion of D passed through zero, at an observed value of x. The 
sensitivity was such that it was possible to ascertain that the 
alternating component of anode current was less than 10 wA. 

If the turns ratio of the transformer T was k, the value of ju 
was k/x when x had been adjusted so that the deflection of D 
was zero. The voltage divider was constructed from ten 
resistors in series, each of 1 kilohm, its switch system being such 
that the wander point P could be set at any tenth of any one of 
the ten resistors. It often happened that a setting of, say, 
x = 0-76 produced a small right-hand deflection of D whereas 
x =0:77 produced a small left-hand deflection. In such 
circumstances the correct value of x would be recorded as, say, 
x = 0-763. Thus p could usually be determined to closer than 
1°%. Since the tests were concerned with changes of ps as a 
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function of V,, for assigned values of J, the value of k was 
unchanged during a given test. Hence, so far as the changes 
of ws are concerned, an inaccuracy in the various possible turns 
ratios, available on the transformer, would have been of no 
importance. 


(2) DETAILS OF TRIODE AND TESTS AT CONSTANT 
CATHODE TEMPERATURE 

An appropriate triode for the test was a pattern D.E.T. 
valve. It is similar in design to, but larger than, the type CV273 
(illustrated in Fig. 27 of Reference 4), and was chosen largely 
because it is a very close approximation to a planar triode. 
The anode and the cathode are circular discs 8 mm in diameter. 
The distance between the cathode and grid planes is approxi- 
mately 0:15mm, and the distance between the anode and grid 
plane is 0-4mm. Thus 


d 4 


—= =2°6 
g [py 6 


The grid wires are 0:05mm in diameter and their pitch is 
0:21mm. The factor B is defined by the equation 


—B= z | toe sinh eee ei 
7 S c 


S 


In this valve c/s = 2-5/20, whence zrc/s = 0-4. Moreover, since 
the distance between grid plane and barrier must be less than 
0-15mm, the value of g/s must be less than 15/20. Accordingly 
this is a valve in which the pitch of the grid wires is inevitably 
larger than the distance between grid plane and barrier. Taking 
glsas 3, mg/s = 2°35. Then 


s[,__ sinh 2-35 57S AS 
See — 2: = 0S — . 
- 5 tog Sas Gace 9) = (108 jay — 1-95) 
= 202-6 — 1-95) =0-65— 
7 7 
whence 
2rd _ 2nd _ 270: 2704 


Suppose that the distance between the cathode and the barrier 
is 0-1 mm; then g/s = 5/20 and zg/s = 0-8, and 


Ss sinh 0:8 
“38 > (los sinh 0-4 
whence 


— 0-4) =20-77 —0-4) 
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Hence for a given current it might well be expected that 1 would 
increase very considerably with the temperature of the cathode. 
Since c/s = 0-125, it is clear! that these calculated values of B 
cannot be invalidated appreciably by the finite diameter of the 
grid wires. Moreover, for a given cathode temperature g must 
increase with J, thus involving a diminution in the value of the 
geometrical factor B. Thus it is to be expected that, in this 
valve, 2 may well increase appreciably with increase of anode 
current. The heater current was about lamp at 6 volts. The 
anode voltage should not exceed 400 volts or the anode dissipa- 
tion 20 watts; the grid conductance was expected to be about 
10mA/V. 

Fig. 3 shows curves of measured values of » as a function of 
V, for three values of constant anode current, the heater voltage 
being 6 volts. It shows that 2 tends to about 23 (which is about 
halfway between the calculated values of 4; and jy above). 
Even for constant J, LE is not precisely constant but passes through 


2 
bz = 2:7 Xx ae and jo/py = 
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Fig. 3.—Typical test of « as a function of Vg with J constant, for thre) 
different values of J. | 


4 6 8 
Vg» VOLTS (NEGATIVE) 


V7 = 6 volts. 


a maximum at V, ~ 1 volt (negative). Moreover u increases 
slightly with trom about 23 to 26 as I increases from 3 tc 
11mA. Accordingly the lines typified by Fig. 1 (Van der a 
relationship) are neither precisely straight nor parallel. 

That pz should increase slightly with J for a constant cathode 
temperature is to be expected, since an increase of J will om 
the barrier to move towards the cathode and thus increase the 
distance g. But that, for constant J, should decrease slightly 
as the grid is made more negative is surprising, and a rationa) 
explanation of this effect must now be sought. [ 


(3) TESTS OF EFFECT OF CATHODE TEMPERATURE | 


The tests recorded in Fig. 4 differ only from those of Fig. < 
in that they were obtained at a reduced cathode temperature, it 


Vg»VOLTS (NEGATIVE) 


Fig. 4.—Typical test result as in Fig. 3, but with much reduced cathod), 
temperature. 


Vz = 3°3 volts. 


that the potential difference across the cathode heater wa 
reduced from 6 to 3:3 volts. Fig. 4 shows that, for a givel 
anode current, the measured values of x are now independen’ 


The observed value of bo still i increases with J, as is to be expec 
But now yw has increased from about 25 to about 35. 
cathode emission in Fig. 4 must have been considerably less the 
in Fig. 3, with the result that the barrier must have been brough 
much nearer to the cathode, with consequent considerabl 
increase of g. And thereby a substantial increase in wu is to b) 
expected. In fact, x has increased in a ratio of about 35/25 = 1:4 
We have seen earlier that, if the barrier-to-cathode distanc. 
decreased from 0-1mm to zero, this would be expected ti 
increase yz in the ratio 1-75. Accordingly an observed increas! 
of 1-4 times is not unreasonable. We appear now to hav) 
found that the dependence of ~ on V, can be removed b- 
decreasing the cathode temperature, even though it is not ye 
apparent why this should be. 
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Curves corresponding to Fig. 4 were plotted when the potential 
fference across the heater was 3-6 and 3-8 volts, respectively, 
ut without introducing a dependence of f on V,; but it did 
yuse a reduction of yw for a given current. This last is in 
cordance with expectation, since increasing temperature will 
ecrease g. But when the heater voltage was increased to 4-1, 
ie measured values of jz decreased appreciably and progressively 
ith increase of —V,. This implies that the dependence of be 
n V, does not occur until g is less than some definite size. 

The presence of the grid will cause the current density to 
mncentrate somewhat in a succession of planes normal to the 
arrier, and it would seem as though the overall effect of this 
henomenon is not significant until g is less than some definite 
alue. This leads us to consider more closely the-formation of 
barrier surface in the presence of a grid. 


(4) THE BARRIER SURFACE IN A TRIODE , 


Fig. 5 serves to describe a planar triode having an anode A, 
cathode C and grid G. Between G and C there must be some 


A 
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ig. 5.—Diagram showing anode A, grid GG’, barrier plane B and 
cathode C, for planar triode. 


arface at which the normal component of electric force passes 
stough zero, in the process of changing sign; it is commonly 
sled the ‘barrier surface’, Below B electrons are moving out- 
ards from the cathode and returning back to it. Between B 
ad G electrons are moving outwards only, and, provided that 
is sufficiently negative, all will continue to move outwards 
otil they collide with the anode. The barrier surface must 
tist, since it provides the mechanism which permits the anode 
utrent to be less than the rate of emission from the cathode, 
nich depends only on the temperature of the cathode. All 
ectrons which reach the barrier surface, against the electric 
xxce (which is in the direction B to ©) at all points between B 
id C, will cross the barrier and proceed onwards under the 
ition of the electric force (which is directed towards A at all 
vints between B and A), even those whose outward velocity 
's fallen just to zero when they reach B. Since the region 
\tween B and C is occupied by a gas of negatively charged 
irticles, it follows that the charge on the cathode plate must be 
»sitive in order that it can be possible for the normal electric 
yee across B to be zero. When the charge on the grid is 
igative, there must be an equal positive charge on the anode. 
| the grid were a continuous flat sheet, the net electric force 
‘tween C and B would be zero. Let the charge on the wires of 
2 grid be negative. There is a gas of electrons (therefore 
‘aring a negative charge) between the anode plate A and the 
weer surface B, where the force is zero by definition. Conse- 
sertly, A must bear a positive charge equal in amount to the 
vai negative charge on the grid wires together with the total 
neunt of negative charge in the electron gas which is in transit 
#eeeen B and A. It is convenient to think of this total positive 
1arze as consisting of a charge Q equal to the total negative 
maze on the grid wires together with a charge q equal to that 
m2 by the electron gas in transit between B and A. If the 
mm “e QO on the grid wires were smeared uniformly over the 
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grid plane, the net resultant force due to —Q on this grid plane 
and +Q on the anode would be zero at all points between the 
grid plane and the barrier. However, the charge —Q is not 
smeared uniformly over the grid plane but is concentrated into 
filaments, namely the thin grid wires. Because of this concen- 
tration the force near these thin wires is much greater than it 
would be if Q were smeared uniformly, as indeed + Q is smeared 
uniformly over A. This excess of force will continue all along a 
line typified by GD in Fig. 5, the excess diminishing asymptotically 
towards zero as D is approached. The net resultant force along 
GD is equal to the difference between the attraction on an 
electron due to the positive charge on A and the slightly greater 
repulsion due to the charge concentrated on the filamentary grid 
wires. Accordingly the net electric force at any point on the 
line typified by GD must be in the direction GD, with respect to 
an electron proceeding from D towards G. 

The force at the point typified by G’, midway between two 
consecutive wires, must be zero with respect to the charges on 
the wires. Also the force at G’ due to the positive charge 
smeared uniformly over A is such as to attract an electron 
towards A. Continuation of this argument will show that the 
net resultant force on an electron must be in the direction EG’ 
at any and every point along the line EG’, this force being a 
maximum at G’ and tending asymptotically towards zero at E. 
Accordingly, where the lines GD and G’E cross B, the force on 
an electron must be downwards where GD crosses B and 
upwards where G’E crosses B. 

But, by definition, the normal force at all points of B is to be 
zero. How, then, can these two contradictory requirements 
be met? 

Since the emission per unit area of C is controlled purely by 
its temperature, it seems almost certain that the positive charge 
on C must have a uniform density. Thus this charge on C must 
produce an attractive force on an electron which is constant in 
magnitude at all points between B and C. 

Since, as we have seen, the combined effect of the charge —Q 
on the grid and +@Q on the anode produce a resultant force 
across B, which changes sign in passing from the intersection, 
with B, of the lines GD and G’E, the total net force from all 
charges (be they the uniform smearing on the cathode C, from 
the electron gas, from the filaments of charge on the grid wires 
and the uniform smearing of positive charge on the anode A) 
can be brought to zero only by periodic fluctuations (in space, 
not in time) of density of the electron gas between C and B. 

We now presume the barrier surface remains a plane, although 
this may not be true since it may possibly be undulating. 

Consider the normal component of electric force at distance 
x from a plane sheet, of thickness 6x, of charge density 
gq = a,,cos n7y/s, and at a point in the plane y = 0. Then 


oe) 
x ny 
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0 
ee) 
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= 4a,dx “nee where ~ = k 
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by a well-known integral. 
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Consideration will show that in the normal plane y 


27a,0X nay 


"enna a 

Take 

* = 0:1, then e~%3! = 0-73, e~9-93 = 0-39, € 

= 
if Se damiieter 0054 eS : 
1 ake ené : are = 72400 

In Fig. 6, let B be the barrier plane and let the charge density 
at distance x below it be —a,, cos 2zy/s. If x/s = 1/20 the force 


at the point F will be 0-73 x 27a,dx. Hence consideration will 
aes 
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Fig. 6.—Diagram to describe fluctuation of current density across a 
typical plane between barrier and cathode. 


show that if the gas density between B and C varied with x in 
the manner which would cause the force all over B to be zero 
and a superposed density fluctuation typified diagrammatically 
in Fig. 6, the force at F would be upwards. The effect at F of 
fluctuations in density at increasing levels of x will decrease 
exponentially with x. To put this slightly differently, the residue 
of upward force at F arises mainly from the fluctuations of 
density which are only slightly below B. The residue of force 
at F can be made to balance the downward force arising from 
the grid wire G by appropriate choice of a,. Thus a barrier 
can be maintained in the presence of a grid, and with a uniform 
charge density on the cathode, if the gas density between B 
and C tends to be greater than the average over the middle half 
of the intervals between successive wires. And it does look as 
though the barrier surface can be a plane. 

The force at a distance x below the centre of a grid wire in 


Fig. 6 is 
1 i= 27v 


if x/s = +. At the same distance above the centre of the wire 
the force would be (27rv/s) x 2:78. To balance the force at the 
barrier plane, the decrease of gas density must be of the order of 
27a,0x ~ (2rv/s) x 0:78, or a,dx ~ 0:78v/s. From the 
previous paper! q/s = y times the charge in transit from barrier 
to grid plane, where y is a number larger than, say, 5. Accord- 
ingly the charge below the barrier and under a grid wire must 
be diminished by about y times the average amount of charge 
in transit, per unit area, between barrier and grid. This must 
surely mean a very marked concentration of current through 
the middle half of the grid spaces. If x/s = 0-7, i.e. the barrier 
is almost at the cathode, the figure which has been 0-78 previously 
becomes 0:025—a diminution of about thirtyfold. Thus it is 
clear that a considerable reduction of cathode temperature can 
and will have a marked effect in making the anode current much 
more uniform across the grid plane. 

It is now clear that for a given anode voltage, and thus an 
ostensibly given position of the barrier, the anode current will 
become progressively more non-uniform in density as the 
negative charge on the grid is increased; is this directly associated 
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with the observed progressive small diminution of ~? More: 
over, and as a second effect, the fluctuations in density over th 
barrier may well be equivalent to a small change in the positioi) 
of the barrier. If this change is towards the grid, it alone woul 
result in a progressive diminution of j; if the movement is il 
the other sense, the two suspected effects will operate in opposit; 


directions. 


(5) FURTHER CONSIDERATION OF GRID POTENTIAL ANT, 
THE RELATION BETWEEN V, AND V;, FOR CONSTANT J © 
The various points raised in the paper appear to make jj 

worth while to develop the relation (V, + V,) = constant b) 

quite anuther method, as follows, and for this purpose th 

schematic of the triode shown in Fig. 7 will be helpful. 


Fig. 7.—Diagram of cylindrical triode, designed to describe passa! 
of charge from grid to anode. 


helpful to show as squirrel cage in construction. This grid ¥ 
connected to the cathode C by means of a battery Bg, show) 
variable in voltage, the connection being made through a ballisti 
galvanometer G,. Similarly the anode A is connected to th 
cathode C through a battery B, of variable voltage, through th} 
ballistic galvanometer G. It is proposed to change the voltag) 
Bg, as the independent variable, and then to make the increas! 
in Ba which is necessary to restore the anode current J to tk} 
value it had before the change in Bg was made. 

It must be remembered that the charge on the cathode @ | 


(6) through G, up to the anode a Any part of Q which realaak 
C will increase the positive charge on C and thereby reduce th) 
current J which crosses the barrier. But any such increase « 
positive charge on C is forbidden to occur. 

Accordingly the adjustment of By requisite to maintain © 
constant may be expressed, in other words, by saying that tl 
charge Q which came from the grid and reached the point - 
then all passed on, through B,, and increased the positive chars’ 
on the anode by an amount Q. The meaning of the conditic’ 
I constant is, in essence, the statement that any increase « 
negative charge on the grid is transferred to the anode as 2) 
increase of positive charge on it. These changes need not t 
infinitesimal, they may be of any size. 
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Since the electric force produced by the charge on the squirrel- 
age grid is extremely small at the cathode, and alternates in 
lirection from point to point around it, any change of charge 
yn the grid is very unlikely, per se, to have any appreciable 
ffect on the current leaving the barrier. But this change has 
nereased the amount of negative charge within the valve by an 
mount Q. The electric force due to it at points between G 
ind A will be almost the same as if Q were smeared with uniform 
lensity round a continuous metal cylinder having the same 
adius as the squirrel cage. 

Since the anode is a metal cylinder, the radial electric force 
nust be zero, through its radial thickness, and beyond it. This 
neans that the total positive charge on the inside surface of the 
inode must equal the total negative charge between anode and 
yarrier; i.e. the negative charge on the grid wires together with 
he total charge on all the electrons in transit. The current 
eaving the barrier is maintained constant, by hypothesis. 
Moreover, as we have just seen, the change of charge on the 
srid wires cannot alter appreciably the motion of electrons from 
yarrier up to the cage radius and thus will not change the 
1egative charge in transit between barrier and cage radius. 
in the notation of Reference 1, it will not change the transit 
ime denoted there by the symbol f,.) Electrons in transit 
veiween cage radius and anode will be accelerated considerably 
ey the increased negative charge on the grid and will thereby 
.tive more quickly at the anode. Hence, even with a constant 
‘urrent leaving the barrier, the total space charge in transit above 
ihe squirrel cage will be decreased as the result of the increase Q 
of negative charge on the grid. Accordingly the requisite 
merease of positive charge on the anode must tend to be less 
han Q. But the condition that J should be constant is that the 
inode charge should increase by an amount Q. Hence the two 
/onditions are not identical. In fact, this means that the requisite 
merease of V, (for a given current) is slightly less than in pro- 
sortion to the increase of negative charge on the grid. Inevitably 
his will mean that V, + wV, is not precisely constant for a 
siven J, The imprecision will turn out to be the space charge 
setween grid and anode. 

_ But it was shown in Section 8 of Reference 1 that, in order to 
(revent grid current, Q must be at least of the order of $pJr,. 
t is also shown that the charge in transit between cage radius 
md anode is much smaller than /t,, roughly in the order of 

-l/3. Hence the charge in transit between cage radius and 
inode is very small compared to Q; the more so as the grid is 
nade more and more negative. All this emerges from Tables 5 
md 6 of Reference 1, where it is shown that ¢’/t, is much less 
nan unity and changes slowly as y increases from, say, 6. In 
ese Tables, the parameter y is proportional to Q, from the 
blation Q = yIt,; the space charge above this plane grid is It’, 
vhence the total negative charge on grid plus the space charge 
ove it is 

in i i 
Q +H =In(y+—) =mp(1 +55) 
ty yt 


lable 1 is derived from Table 4 of Reference 1. This serves to 
now that, with z = 1, the positive charge on the anode is only 


Table 1 
: y 6 10 27-3 
pe 4-025 1-014 1-003 
He; VATS 


f the order of 1°% greater than the charge on the grid. This is 
wu valent to the statement at the end of Section 12.2 of 
\@f>rence 1, that the effect of the electrons in transit between 
«and anode is negligible. 
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The negative potential of the grid is equal to the difference 
between (a) the work done in bringing unit charge from the 
barrier up to the surface of a grid wire, against the force arising 
from the charge on the grid wires, and (b) the work done by the 
space charge in moving unit charge from the barrier up to the 
radius of the grid. Clearly (a) does not depend on the existence 
of space charge, and hence V’ = qgB, where B is a purely geo- 
metrical constant having the nature of a capacitance. Case (b), 
which arises from the space charge, is obviously a function of 
current. Hence Ve =qB—f(U). When I is maintained 
constant, it now follows that any change of q is proportional to 
any change of Vg. This is true provided that (b) is a function 
of J only; just what that function is does not matter. Accordingly, 
the relation between changes of Vg and changes of g does not 
involve space charge. As discussed in the previous Section, 
large changes of g, even with a given current, may cause the 
streams of current flow to become more and more striated, and 
in that case (b) will not be a function of J only. But it is only 
in this way that space-charge behind the grid can affect the 
relation between changes of g and changes of Vg. Thus the 
existence of space charge can, at the most, have only a second- 
order effect on this relationship. 

We have seen that the space charge between grid and anode 
is negligible compared with the charge on the grid, and hence 
the electric force in this region must differ insensibly from what 
would obtain if the electrons in transit in this region did not exist. 
Hence if the charge on the grid increases by 5Q the anode 
voltage must be increased by 5V,,, where 


SV, = Co4dO 


and Coa = = CosCopoVe 


a 
2 log R 
whence we have obtained the relation 6V, + dV, = constant, 
where pp = Co4Cepz, valid for all currents. Thus p has been 
obtained in terms of capacitances and is derived in the general 
form which was done in early days. But it has now been obtained 
in a way which explicitly ignores space charge only to the extent 
(i) that the striation of the flow of a given current does not 
change appreciably as the negative charge on the grid is increased, 
and (ii) the well-justified simplification that the presence of 
space charge between grid and anode is unimportant. It is 
clear that x will not depend on J, as such, though it does leave 
a loop-hole for yz, at a given current, being slightly dependent 


lec 70 hog A. + toe 1 = (3) ‘| 


Now 
from Section 7 of Reference 1. Whence 


Le = CoaCgp 


This agrees with eqn. (22). 


(6) » AS A FUNCTION OF VOLTAGE SWINGS 


It is perhaps worth while to remember that, following Van der 
Bijl, the parameter y has been defined as the ratio of corre- 
sponding changes of anode and grid voltage required to main- 
tain the anode current at a given value. The presumption is 
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that any given line in Fig. 1 is straight. If this be really true, 
the observed value of z should be independent of the absolute 
value of V, and V,. In the method of measurement used in 
this paper, it should follow that the measured values of 
are independent of the applied alternating voltage swings applied 
to the grid and anode, provided only that they have been 
adjusted to be in the ratio which does not produce any a.c. com- 
ponent of anode current. But the measurements recorded in 
Fig. 3 show that, for a given mean anode current, mw is not 
entirely independent of V, when the voltage swings are very 
small. Accordingly it would be expected to follow that ~ would 
be a function of voltage swing; at least, when these swings are 
large. Therefore it seemed worth while to observe the range 
of z which occurred when the swing of anode voltage was com- 
parable with the mean anode voltage. Accordingly the swing 
was increased progressively up to 120 volts (r.m.s.), i.e. about 
170 volts (peak), in circumstances when the mean anode voltage 
was within the range 210-330 volts, thus causing the anode 
voltage to fall, instantaneously, to some 40 volts. The corre- 
sponding grid swings were up to 74 volts (peak), with a mean 
grid potential of 8 volts; thus the grid did not become positive. 
When the heater voltage was 6 volts, j4 was measured at anode 
currents of 11:3, 8 and 4mA. In these circumstances the 
observed values of x (see Fig. 2) required to make the a.c. 
component of anode current zero were certainly constant to 
within less than 2%. With a given current meter, the sensitivity 
of the balance obviously increased with the voltage swings. The 
10-kilohm voltage divider (again see Fig. 2) had only 100 steps 
on it, and thus no intermediate setting was obtainable between, 
say, 0°46 and 0:47. Thus it was not practicable to measure yu 
precisely to closer than within some 2%. But to this limit of 
accuracy it was certain that « was not a function of voltage 
swing when the heater voltage was 6 volts. In fact, the results 
recorded in Fig. 3 show that j. must have varied slightly during 
a cycle of voltage swing. Even though this effect must, in fact, 
have obtained, experience shows that the net effect of such 
changes is not sufficiently apparent to affect uw to within 24%. 


MOULLIN: ON THE AMPLIFICATION FACTOR OF A TRIODE VALVE: PART 2 


Admittedly the a.c. galvanometer responded only to the funda 
mental component of current, and thus at intervals during th 
cycle there could have been a higher harmonic of anode current 
Though measurements with a very small grid swing shov) 
that jz decreases measurably with increasing mean V,, thi 
measurements just described show that the general results of thi 
paper are valid at least up to peak grid swings nearly equal ti| 
the grid bias. | 
The results recorded in Fig. 4 show that this must be stil! 
more nearly true when the triode is operated with an appre; 
ciably reduced cathode temperature. For example, the he 
voltage was reduced from 6 to 4 volts, and jz was measure 
with constant anode currents of 10 and 4mA. When the anodi) 
swing was increased progressively up to 120 volts (r.m.s.) agail} 
2 remained constant to within less than 2%, with 8 volts bia 
on the grid. Hence, even if the valve was being operated inten’ 
tionally in circumstances such as to make use of the variable-m1, 
properties of this particular triode (having a clearance of onh) 
4mm between grid and cathode), it would still operate (in am) 
arranged value of jz) with a value of 4 which was constant ove; 
a peak grid swing almost equal to the grid-bias voltage. In short) 
the variable-mu properties are not confined to vanishingly sma 
grid swings. - This is in accordance with the arguments set ou 
in Reference 1. ‘ . 
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SUMMARY 


Experiments with well-developed sliding contacts of graphite and 
sopper have shown the marked influence of atmospheric and electrical 
sonditions on the kinetic friction and contact resistance. 

Dry oxygen at low pressures appears to be lubricating for currents 
of any magnitude flowing in either direction through the contact. 
dowever, at higher pressures of this gas it is no longer lubricating and 
ts effect on the friction and resistance is markedly dependent upon 
the direction of the current. 

Water vapour alone is found to be lubricating, but in company with 
*xygen its action is complex and it modifies the effect of oxygen pro- 
wundly. It lubricates currentless and negative brushes, but increases 
the kinetic friction of positive brushes, probably as a result of its 
itabilization of the contact interface. 

_ Increase in the pressure of dry oxygen always increases the contact 
sesstance of positive brushes, but an initial increase at moderate 
efessure with negative brushes is followed by a marked decrease at 
zigher pressures. 

' Water vapour alone has only a slight effect on contact resistance, 
ut it modifies the effect of oxygen quite remarkably, especially in the 
sase of positive brushes. Again its action is complex, but in the main 
: tends to reduce the contact resistance of positive brushes and to 
nerease that of negative brushes. 


(1) INTRODUCTION 


' The sliding contact of graphite and copper is one of very great 
echnological importance, and it is not surprising to find that it 
jas been the subject of a good deal of investigation since its 
neeption more than half a century ago. However, within the 
ast decade the advent of high-altitude flight has led to much 
nore intensive investigations of the contact. Renewed activity 
i this field derives from the fact that under low-moisture con- 
litions the rate of wear of plain graphite brushes mounted in 
oxes in the usual manner in electrical machines is abnormally 
‘igh. The atmospheric conditions which lead to brush wear in 
his case are well known, and the use of adjuvants such as 
larium fluoride to reduce the rate of wear is well established. 
/he fundamental cause of this rapid wear and the true function 
f the adjuvants are, however, the subject of some speculation 
nd of conflicting opinion. It seems to the author that this 
Deculation and divergence of opinion almost certainly stem 
‘om our lack of knowledge of the physics and chemistry of the 
pntact interface. 
The electrical and frictional characteristics of the sliding con- 
1ct are, of course, determined by the nature and structure 
f the interfacial region and by its chemical and mechanical 
ability under mechanical, thermal and electrical stresses. 
asequently a satisfactory explanation of the contact charac- 
stics requires in the first place fairly complete knowledge of 
1¢ essential features of the interfacial region. 
the present state of our knowledge of the interfacial region 
the graphite-copper contact may perhaps be summarized 
ciely as follows. In the first place, the black film on the copper 
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is stratified with a layer of graphite flakes overlying one of 
cuprous oxide, and the well-known non-linearity and asymmetry 
of the contact are due almost entirely to this film. Secondly, at 
the rubbing surface of the graphite the surface crystallites lie 
with their slip planes almost always at a trailing angle to the 
plane of sliding, the angle of trail being anything up to 90°. 
The slip planes, it seems, are not everywhere parallel with the 
plane of sliding, as Bragg has supposed. 

Explanation of observed phenomena such, for example, as 
the effect of dry oxygen on the contact resistance, and of con- 
densible vapours on the kinetic friction, has so far been based 
on the assumption that the graphite layer of the black film is 
continuous and that the powerful intra-planar valence forces 
‘exposed’ at the edges of the tilted slip planes of the brush-face 
crystallites can be neutralized by certain gases and condensible 
vapours. The second of these assumptions is particularly well 
founded as a result of the work of Bowden and Savage, but the 
author feels that the first assumption is by no means well founded. 

It seems hardly to be expected that simply by rubbing a 
graphite brush on a copper slip-ring a layer of graphite would 
be laid down such that it would cover entirely the surface of the 
metal or its oxide film. It is rather to be expected that such a 
layer would be discontinuous at the summits of the higher 
asperities on the surface of the metal. This is a point of some 
importance because it implies that at the true areas of contact 
the graphite of the brush makes contact with the metal of the 
slip-ring via a film of cuprous oxide. Electrical conduction and 
sliding take place at these higher asperities; consequently the 
contact characteristics should be explained in terms of the 
structure and stability of this interface and not in terms of a 
graphite- graphite interface. 

The experiments to be described were designed to provide 
information on the contact behaviour not so far available, and 
in the main this was obtained by simultaneous measurement of 
contact resistance and kinetic friction under various operating 
conditions. 

It is hoped that examination of the results of these experiments 
may reveal a little of the fundamental processes taking place in 
the contact, while a theoretical explanation in terms of the 
interfacial structure already mentioned may perhaps provide a 
stimulus for further investigation. 


(2) EXPERIMENTAL METHOD 
(2.1) Apparatus 
(2.1.1) Friction Measurement. 

The brushes under test were mounted in a friction-measuring 
device so designed that the distribution of nominal pressure 
between a brush and the copper disc was always uniform over 
the arc of contact. This secured, on the average, a uniform 
distribution of contact spots over the brush arc. The arrange- 
ment is shown diagrammatically in Fig. 1, while Fig. 2 indicates 
the mechanical forces acting in the system. 

Two graphite brushes were used, but since they were made to 
carry equal currents in the same direction and operated under 
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Fig. 1.—Apparatus for measurement of kinetic friction. 


Copper slip-ring. 

Carbon brushes. 

Insulated brush-clamping plates. 

Brass tube solidly connected to clamping plates. 
Pivoted brass guide tube. 

Flanged bush carrying pivots for E. 


} Ball and plate assembly. 


Proving-ring and dial gauge. 

Dead-weight loading platform. 

Spindle through brush-holder, to which the proving ring is attached, and from 
which the loading platform is suspended. P is the effective point of application 
of the resultant friction force. 


ree Tonmvawe> 


Fig. 2.—Force diagram for friction-measuring apparatus. 


A Copper slip-ring. 

B Carbon brushes. 

C Clamping plate. 

F Resultant friction force. 
Fy 
F2 


\ Individual friction forces on brushes. 
Effective point of application of resultant force F. 
i Reaction forces between brushes and slip-ring. 


T Force applied by proving ring (T = F). 
W Dead weight applied by loading platform. - 


identical mechanical conditions, they really constituted a single 
brush. 

The stiffness of the proving ring used to measure the friction 
force was such that the maximum displacement of the brush-gear 
was extremely small—of the order of 0-5° round the surface of the 
disc. 
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» (2.1.3) Control of Atmospheric Conditions. 


(2.1.2) Electrical Connections, 


disc. ! 
The p.d. across the contact interface was measured by means of | 
phosphor-bronze probes attached to the brushes at about sin 1 
from the interface and by a graphite probe rubbing on a graphite | 
disc attached to the copper ring. A graphite-graphite connection | 
was considered essential at this point in the circuit to avoid 
spurious thermal e.m.f.’s. 


In order that tests might be carried out under controlled } 
conditions, the apparatus described above was placed in a_ 
vacuum-tight test chamber and driven by an external motor. 

Cleanliness of the atmosphere was secured by using only 
alcathene, polythene or mica as insulators within the chamber, » 
and by careful cleaning of all gases admitted to the test space. » 
In the auxiliary gas-cleaning apparatus, water vapour was) 
removed by calcium chloride and phosphorous pentoxide, dust | 
was removed by a tightly packed column of resinized wool fibres, } 
and grease by a column of shavings of high-melting-point | 
paraffin wax. 


(2.1.4) Oscillographic Traces of the ‘Waveform’ of Contact Potential” 
Difference. 
Continuous observation was made of the variation of p.d.- 
across the interface at constant current as a brush moved over a } 
selected portion of the surface of the copper disc. For this} 
purpose a synchronizing contact was mounted on the driving | 
shaft, and selection of a portion of interface could be made by} 
adjustment of this contact. For photographic recording an} 
associated single-shot technique was used for triggering the’ 
oscilloscope. These observations proved to be of considerable 
interest. . 


(2.2) Preparation. of Contact Surfaces 
(2.2.1) The Surface of the Copper Disc. 


The cylindrical surface of the copper disc was prepared by 
lathe turning with a clean dry cutting tool, the disc being run| 
in its own bearings to avoid any undue eccentricity. 

Experience showed that the quality of surface finish was 
markedly affected by the speed of cutting and the depth of cut; | 
the higher the speed and shallower the depth of cut the better 
was the result. In order to standardize the preparation of the’ 
surface of the copper, a cutting speed of 750 ft/min and a depth | 
of cut of 0-001 in were adopted. 

Following the final bedding of the graphite brushes onto the 
copper disc and just prior to the installation of the apparatus 
in the test chamber, the surface of the copper was carefully wiped | 
with swabs of clean cotton-wool soaked in pure benzene. Using 
this method of preparation the surface of the metal proved to be 
quite reproducible. 


(2.2.2) The Surfaces of the Graphite Brushes. : 


Before their assembly in the brush-gear the graphite brushe: 
were thoroughly baked-out in air at about 200° C, and then in. 
vacuum (0-1mm Hg) at about the same temperature for at least 
one hour. The object of this process was to remove all traces 
of grease or oil on or in the brushes. For final bedding of the: 
brushes the very finest grade of emery paper was used. , 

Reproducibility of the contact surfaces was in all cases verified 
by actual operation of the contact under selected conditions. 

Freshly prepared contact surfaces of copper and graphite 
were always developed, naturally, by causing them to slide on 
one another for some hours. Experiment showed that full 
development took place in about eight hours; however, to ensure 
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that full development had been reached prior to any tests on the 
contact, it was operated under standardized conditions (current, 
10amp per brush; vacuum, 0-1 mmHg) for about 30 hours. 


(2.2.3) Contact Materials. 


The copper disc was cut from a slab of hot-rolled tough-pitch 
copper having the following composition: 


Copper 99-92% 
Arsenic Nil 

Tin Trace 
Lead Trace 
Bismuth 0-001 % 
Oxygen 0:06% 


(3) EXPERIMENTAL RESULTS — 


In all the experiments the contact was operated under a 
constant mechanical load of 500 g per brush and the speed of 
sliding was maintained constant at 500cm/s. Here it ‘is worth 
noting that preliminary tests revealed that an increase in the 
speed of sliding generally resulted in an increase in the (average) 
contact p.d. and a decrease in the coefficient of kinetic friction. 
‘This effect was rather more noticeable at higher atmospheric 
‘pressures but was observable even in vacuum. These results 
suggest that the effect was due in part to aerodynamically induced 
gas films under the brushes and in part to some unavoidable 
‘eccentricity of the copper disc. 

In the presentation of the results a brush is described as positive 
| 1 the conventional current flowed from it to the disc. 
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COEFFICIENT OF FRICTION 


10) 40 80 120 
OXYGEN PRESSURE, mmHg 


fig. 3.—Dependence of kinetic friction on pressure of ambient 
dry oxygen. 


(a) Zero current. 

(b) Negative brush, 10 amp. 
(c) Negative brush, 20 amp. 
(d) Positive brush, 10amp. 
(e) Positive brush, 20 amp, 
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(3.1) The Effects of Dry and Moist Oxygen 


The ways in which dry and moist oxygen were found to affect 
the coefficient of friction and the average value of the contact 
p.d. are shown in Figs. 3-9. The general conclusion here is that 
oxygen must play a most important part in the structure of the 
film on the copper disc as well as having some effect on the 
surface forces of the graphite brushes. Furthermore, it seems 
clear that the direction of flow of current through the contact 
has a profound effect on the mechanical and electrical charac- 
teristics, possibly as a result of its effect on the stability of the 
film on the metal. The magnitude of the current seems to be of 
rather less importance in this connection. 

The effect of water vapour seems to be one of lubrication in 
the case of the comparatively stable interfacial structure which 
corresponds to currentless and negative brushes, and one of 
stabilization in the case of the otherwise unstable structure which 
corresponds to positive brushes (see later). 

The oscillograms of Fig. 10 refer to the variation of contact 
resistance with movement of a brush over a certain portion of the 
surface of the copper disc, the current remaining constant all the 
while. These oscillograms are for a positive brush; the corre- 
sponding oscillogram for a negative brush operating at the 
higher oxygen pressure is in its general form similar, but the 
average value of the resistance is less. Each point on these 
oscillograms refers, of course, to the brush in a certain position 
on the surface of the disc. Incidentally, the traces in Fig. 10 
are those for a brush movement of 7:5cm. 

A brush in any one position on the disc makes contact at three 
points at least, and in general at a rather greater number. Under 
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Fig. 4.—Dependence of contact resistance (contact p.d. at constant 
current) on pressure of ambient dry oxygen. 


(a) Positive brush, 20 amp. 
(b) Positive brush, 10 amp. 
(c) Negative brush, 20 amp 
(d) Negative brush, 10amp 
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COEFFKIENT OF FRICTION 
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OXYGEN PRESSURE , mmHg 


Fig. 5.—Influence of water vapour on friction/oxygen-pressure 
characteristic of currentless brush. 


Numerals on curves refer to water-vapour pressure, mm Hg. 
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Fig. 6.—Influence of water vapour on friction/oxygen-pressure 
characteristic of positive brush carrying 10 amp. 


Numerals on curves refer to water-vapour pressure, mm Hg. 
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Fig. 7.—Influence of water vapour on friction/oxygen-pressure 
characteristic of negative brush carrying 10 amp. 


Numerals on curves refer to water-vapour pressure, mm Hg. 


given atmospheric conditions, then, if the topography of the 


film on the copper is stable the oscillographic trace for a selected 


portion of the disc should repeat more or less exactly for each 
revolution of the disc and should appear as a relatively stationary 


pattern on the screen of the oscilloscope. This-proved in large 


measure to be the case; continuous observation of the trace 
showed fairly rapid change of fine detail in the trace—especially 
with positive brushes—but relatively slow change of major 
features. The higher peaks of the trace refer to contact of a 
brush at a few large spots, and such peaks persisted in dry 
oxygen for as many as 700 repeated contacts (700 revolutions of 
the disc) or more before suffering very serious change. In moist 
oxygen the ‘life’ of a group of such large spots was of the order 
of 10000 repeated contacts. It must be pointed out, however, 
that at no time in the experiments, with dry oxygen in particular, 
could it be said that the trace of contact p.d. (or resistance) 
remained unchanged for longer than a fraction of a second, 
actually for more than two or three revolutions of the disc. In 
other words, it appears that a given group of contact spots on 
the brush and disc did not on the average remake in their entirety 
a second or possibly a third time under these conditions. In 
this connection there was greater stability with negative than with 
positive brushes. 

Finally it is perhaps worth noting that the variation of contact 
resistance with movement of a brush was far more violent with 
positive brushes than with negative brushes. 

It is interesting to see that, when water vapour acted as a 
lubricant of the comparatively stable interfacial region of current- 
less brush contacts, its action was virtually complete when its 
partial pressure exceeded about 3mmHg. This agrees almost. 
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Fig. 10.—Oscillograms of contact p.d. of positive brush carrying 
0 amp. 
(a) Oxygen pressure, 0:1 mm Hg. 
fe) 40 80 120 (6) Oxygen pressure, 60 mm Hg. 
OXYGEN PRESSURE, mmHg 


.Fig. 8.—Influence of water vapour on contact-resistance/oxygen- 


pressure characteristic of positive brush carrying 10 amp. 0-4 
Numerals on curves refer to water-vapour pressure, mm Hg. 
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Fig. 11.—Influence of magnitude of current on friction and contact 
resistance. 


Positive brush; oxygen pressure, 0:1 mmHg. 
Numerals on curves refer to water-vapour pressure, mm Hg. 


OXYGEN PRESSURE , mmHg eS (3.2) The Effect of the Magnitude of the Current 
Fig. 9.—Influence of water vapour on contact-resistance/oxygen- Bomenndicaon Ne OF Tic ip esas ae ie 
~~” pressure characteristic of negative brush carrying 10 amp. on the coefficient of friction and contact resistance is provided 
by the results already mentioned; however, more complete 
information on these points is provided by Figs. 11-16. 
; It will be seen that, in general, an increase in the magnitude 
“actly with an observation made by Savage,2° namely that in of the current resulted in a decrease in friction, the variation 
yp oaratus used by him rapid brush-wear occurred whenever the _ with current being greatest at the higher oxygen pressures. With 
yactial pressure of water vapour in the atmosphere was less positive brushes there appears to be a complex result deriving 
hen about 3mm Hg. from the tendency of water vapour to stabilize the interface— 


Numerals on curves refer to water-vapour pressure, mm Hg. 
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an action modified somewhat by higher surface temperatures at 
higher currents. 

The form of the voltage/current characteristic was of the now 
familiar form in practically every case. 


(3.3) The Effect of an Inert Gas 


The effect of dry nitrogen on the average value of the contact 
resistance was found to be almost completely negligible; however, 
its effect on the friction was appreciable. In this connection an 
increase in gas pressure from 0:1 to 760mm Hg resulted in a 
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Fig. 12.—Influence of magnitude of current on friction and contact 
resistance. 


Positive brush; oxygen pressure, 2mm Hg. 
Numerals on curves refer to water-vapour pressure. mm Hg. 
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Fig. 13.—Influence of magnitude of current on friction and contact 
resistance. 


Positive brush; oxygen pressure, 60 mm Hg. 
Numerals on curyes refer to water-vapour pressure, mm Hg. 
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Fig. 14.—Influence of magnitude of current on friction and contact 
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Negative brush; oxygen pressure, 2mm Hg. 
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Fig. 15.—Influence of magnitude of current on friction and contact 


Numerals on curves refer to water-vapour pressure, mm Hg. 
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Fig. 16.—Influence of magnitude of current on friction and contact 
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lecrease of the coefficient of friction from about 0:2 to 0-16 for 
urrentless and positive and negative brushes. This effect was 
vidently due to very thin gas films aerodynamically induced 
neath the brushes. 

Finally it must be reported that the wear of brushes used in 
he experiments, although not measured accurately, was found 
o be of the same order of magnitude in vacuum, in dry air and 
1 dry oxygen, as is generally experienced in normal atmospheres. 
his was our experience with brushes operating as described 
arlier for some hundreds of hours in these moisture-free con- 
itions. We shall return to this point later. 


(4) CONCLUSIONS 
(4.1) Structure of the Black Film 


The most probable form of the black film on the copper disc 
as already been described; a fully developed film is illustrated 
y Fig. 17. The film in this state is to be regarded as fully deve- 
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Fig. 17.—Structure of black film on brush track of copper disc. 


»ped, for it seems that no amount of additional rubbing is likely 
) change its character or to increase the thickness of the graphite 
ratum. 

The higher asperities on the surface of the copper are evidently 
ie spots of real contact of the brush and metal (or its oxide); 
onsequently the small holes or gaps in the graphite stratum, 
» which these asperities inevitably give rise, are the most 
portant regions of the whole film. Compared with the 
sistence of these gaps, the continuity of the remainder of the 
raphite stratum would seem to be of secondary importance. 
Evidence in support of the essential features of our model of 
1e black film derives from several sources. In the first place, 
ie average thickness of the film should correspond to the 
yerage depth of surface irregularities on the copper disc. 
avage and Van Brunt!* reported that this is of the order of 
-<10-5mm. This corresponds fairly well with the results of 
alysurf measurements of machined surfaces made recently by 
peare, Robinson and Wolfe.*4 Again from the results of our 
periments there appears to be no doubt that the resistance of 
\e contact is very largely attributable to oxide film on the copper, 
ad furthermore this resistance changes rapidly and reversibly 
ith changes in the pressure of ambient dry oxygen. Now, the 
atches of cuprous oxide which matter in this connection are 
‘ose on the summits of the highest asperities on the metal. It 
lows, then, that the rapidity of response of the contact 
sistance to changes in oxygen pressure must be due to the rapid 
4justment in the thickness of these patches of oxide and possibly 
_ changes in the degree of adsorption of the gas. This can only 
ean that the summits of the higher asperities to which we have 
ferred must be free of any overlying film of graphite. 

Siace the contact resistance increases and decreases with rise 
id fall of oxygen pressure, conditions at the oxide caps of the 
“her asperities must be in a continual state of change. With 
sstive brushes these caps are almost certainly torn away by 
® 2raphite brush, and they re-form afterwards and attain a 
fe-ness which is primarily determined by the pressure of the 
‘ivent oxygen. If this were not’so, the oxide once formed 
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would remain in position and lead to a contact resistance of a 
more or less permanent value corresponding to the highest 
pressure of the oxygen attained in any cycle of variation. 

A simple experiment was carried out to test this proposition 
concerning the formation and removal of oxide caps with 
positive-brush operation. In the first place with the brushes 
positive the contact was operated in dry oxygen at a pressure 
of 120mm Hg. Ata sliding speed of 500cm/s and with a current 
of 10amp per brush, the p.d. was 0:7 volt. The disc was then 
stopped and the p.d. fell immediately to 0:4 volt for the same 
current. With the disc stationary the oxygen pressure was 
reduced to 0:-1!mm Hg. The disc was then turned very slowly 
and the p.d. was found to be 0-38 volt, for a current of 10 amp, 
until the disc had completed almost one revolution. Further 
rotation to complete one revolution caused the p.d. to fall to 
0-2 volt, at which value it remained irrespective of further 
movement of the disc. Finally with the disc at rest, increase of 
oxygen pressure to 120mm Hg caused only a very slight increase 
in p.d.; the original values of 0-4 and 0-7 volt were attained 
only after the disc had been rotated for a second or so at the 
original speed. 

Much the same results were observed in a similar experiment 
with negative brushes, except that the p.d. for a given current 
and oxygen pressure was practically the same for the stationary 
as for the sliding contact. This observation confirms that of 
Soper.!! In this case the oxide caps are not removed—this point 
will be discussed later. 


(4.2) The Role of Cuprous Oxide in the Electrical and Frictional 
Characteristics of the Contact 


It seems at this stage to be beyond question that the cuprous 
oxide on the contact asperities of the copper disc plays a very 
important part in the determination of the electrical and frictional 
characteristics of the contact. 

During the stick phase of the stick-slip process of sliding, the 
graphite brush makes contact with the cuprous oxide on the 
higher asperities on the metal. The oxide therefore constitutes 
a layer intermediate between the two primary members, and we 
have therefore to recognize the existence of two distinct forces 
of adhesion, namely that between the oxide and the copper 
base and that between the oxide and the graphite. At the instant 
when the slip phase commences, the adhesion which is significant 
is the lesser of these two forces. 

The composition of a cuprous-oxide film when this is more 
than a few molecular layers in thickness departs from strict 
stoichiometric proportions. The lattice imperfections correspond 
in this case to the absence of copper ions, and the oxide behaves 
as a deficit semi-conductor. 

The edge atoms of a shingled crystallite of graphite in a brush 
face are in an excellent position to supply the ‘deficit’ electrons 
to the oxide lattice; consequently an electric field would readily 
be set up across the oxide-graphite boundary, and this could 
account for a strong force of adhesion in this region. A similar 
explanation may be put forward for the adhesion at the oxide- 
metal boundary, but possibly other factors also contribute to 
the adhesion here. 

It seems, then, that in the absence of any applied electric field 
the copper and the graphite will each be positive with respect to 
the oxide. 

The strengths of the boundary fields are determined by the 
concentration and mobility of the lattice imperfections of the 
oxide, the concentration depending upon the crystallinity and 
heterogeneity of the oxide, and the mobility upon the temperature 
and the effect of oxyge 1 adsorbed on to the outer surface of the 
oxide. 
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It appears, then, that a p.d. applied to the contact serves to 
weaken the field at one boundary and to strengthen that at the 
other; the forces of adhesion will be correspondingly weakened 
and strengthened. 

In order that we may attempt to explain the experimental 
results in terms of this hypothesis we need to make one further 
assumption, namely that in the absence of any applied electric 
field the force of adhesion at the graphite-oxide boundary is 
less than that at the oxide-metal boundary. 

On the basis of these assumptions, then, for the contact 
operating in dry oxygen, sliding should take place at the graphite- 
oxide boundary in the case of currentless and negative brushes, 
and the oxygen and friction relationship should be of much the 
same form for such brushes. This is in fact borne out by experi- 
ment (see Fig. 3). On the other hand, with positive brushes, if 
the applied electric field is strong enough, the adhesion at the 
oxide-metal boundary can be reduced to such a value that the 
oxide caps at the contact asperities are torn away by the graphite 
brush. These oxide caps are crushed together with some dis- 
turbed graphite flakes from the graphite stratum on the black 
film, and the dust serves to lubricate the contact during the slip 
phase of sliding. This dust would also increase the contact 
resistance. In this way we might explain the relatively low 
coefficient of friction and high resistance of positive brushes in 
dry oxygen. 


(4.3) The Effect of Oxygen on the Contact Characteristics 


It is apparent from Fig. 3 that, with the contact operating in 
dry oxygen, the kinetic friction decreases in all cases when the 
oxygen pressure is raised from 0:1 to about 2mm Hg. This is 
almost certainly due to adsorption of the gas on to the active 
areas of the brush face. This adsorption would partly neutralize 
the strong valence forces of the shingled crystallites of graphite 
and so reduce the adhesion at the graphite-oxide boundary. At 
such low pressures of oxygen the semi-conductivity of the oxide 
caps would be little affected. 

It is worth noting that Bowden and Young?? have found that 
saturated adsorption of oxygen on graphite occurs at about 
0-1mm Hg. In their experiment—graphite sliding on graphite— 
the speed of sliding was very low; at higher speeds of the order 
of 500cm/s we might expect that rather higher gas pressures 
would be required to secure such complete adsorption. 

With currentless and negative brushes the oxide caps on the 
contact asperities are not removed during sliding, so that an 
increase in oxygen pressure beyond that needed for saturated 
adsorption on the graphite brush might be expected to increase 
the forces of adhesion and thence the friction. This would arise 
owing to an increase in semi-conductivity of the oxide resulting 
from some increase in thickness, or more probably increased 
adsorption of the gas. This increase was in fact observed. 

With positive brushes the contact is lubricated by crushed 
oxide caps and graphite, and it might be expected that at higher 
oxygen pressures the thicker caps of oxide would lead to a 
decrease in kinetic friction and to an increase in resistance. This 
was observed, though the effect on the friction was small, 
probably owing to the less rapid growth of the oxide as it thickens. 
This latter effect might explain the ‘levelling-off’ of the resistance 
of the positive brush contact at the higher oxygen pressures. 

The resistance of negative brush contacts changes in a remark- 
able way with change in oxygen pressure, as Fig. 4 shows. It is 
interesting to note that an inflection in the friction curve corre- 
sponds.to a peak value of the resistance, and a rapid increase in 
friction thereafter is associated with a rapid decrease in resistance. 
It is not easy to provide an explanation of this phenomenon, 
but the following remarks may be worth noting. In the first 
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place, conduction through the oxide under a negative brus 
by way of filamentary coherer bridges ‘of copper formed ¢ 
result of electrical rupture of the oxide. The bridges when : 
formed have a temperature approximating to the melting pr 
of the metal, and being freshly reduced the metal of these bric 
is in an activated condition. When a bridge ceases to conc 
it is re-oxidized to an extent determined by the pressure 
ambient oxygen. However, we should not expect the electr 
characteristics of such oxide and its copper base to be the sé 
as those of oxide formed at lower temperatures on unactivé 
copper. Williams and Thompson?> have reported that the t 
perature at which the oxide is formed is an important facto 
determining the characteristics of copper/copper-oxide rectifi 
It is possible that with activated copper the pressure of amb 
oxygen also has a marked effect on the characteristics of 
oxide-copper pair—as regards reverse resistance for inste 
and the semi-conductivity of the oxide itself. On this la 
point Wagner!® has shown that at room temperature the « 
ductivity of cuprous oxide increases with increase in the pres: 
of ambient dry oxygen. The effect is apparently small, bu 
might be more marked at higher temperatures. 

It does seem, then, to be just possible that with nega 
brushes increasing the oxygen pressure from a low value 
give increasingly more complete oxidation of coherer bric 
and an increase in resistance. When the pressure is such | 
the bridges are completely oxidized in one revolution of the « 
further increase in pressure causes no further increase in re 
tance. This may in part explain the occurrence of the f 
resistance referred to earlier. It seems from our results that 
increase of the gas pressure beyond this stage increases s¢ 
conductivity and friction but in some way reduces the ruptu 
strength of the oxide. 

Incidentally, the coherer bridges are thicker the greater 
current, so we might expect that complete oxidation within 
revolution and hence the resistance peak would correspond 
higher oxygen pressure. This is confirmed by the curves 
negative brushes in Fig. 4. 

The friction of negative brushes is expected to be of much 
same order as it is with currentless brushes for the reasons 
have given earlier; however, the fact that it is smaller may 
due to the formation of the molten metallic bridges at the con 
spots. 


(4.4) The Effect of Water Vapour 


The effect of dry oxygen alone arises partly from its adsorp 
on the powerfully adsorptive areas of the graphite brush f 
and partly by its adsorption on, or its chemical reaction vy 
the copper or cuprous oxide of the disc surface. Water vay 
can modify both of these effects, first by competing with ox 
in the process of adsorption on the graphite, and secondh 
modifying the interactions of oxygen and cuprous oxide. 
first of these is probably the more important action of 
adsorbed water. 

It would seem that, in general, the effect of water adsoi 
on the active areas of the graphite would be to reduce 
adhesion at the graphite-oxide boundary. Conseque: 
increasing pressures of water vapour, up to that point w 
corresponds to saturated adsorption on the active areas of 
graphite, should result in a decrease in friction of curren 
and negative brushes. This was observed to be the case 
partial pressures of oxygen greater than about 25mm Hg, 
saturation was reached at a water-vapour pressure of app! 
mately 3mmHg with currentless brushes, and 6mmHg 
negative brushes. A higher vapour pressure in this latter 
was probably necessary because of the tendency to some des 


on of vapour due to electrical heating. For partial pressures of 
xygen below about 25mm Hg the slight increase in friction 

* increase in vapour pressure is difficult to explain. 

‘Tf the thin film of adsorbed water weakens the oxide-to- 
is adhesion to such an extent that even with positive 

shes this adhesion is less than that at the oxide-metal boundary, 
jen the oxide caps at the contact asperities will not be torn 
way. This would lead to a reduction of the coefficient of static 
ction and to an increase in the coefficient of kinetic friction, 
ie latter effect being due to the absence of the lubricating ‘film’ 

oxide and graphite dust. This stabilization of the contact 
terface becomes more and more complete as the vapour 
vessure is increased with corresponding increase in kinetic 
iction. Saturation in this case was found to occur at a vapour 
ressure of approximately 8mm Hg, a pressure again in excess 

*that for the currentless brush owing to the desorption conse- 
nent upon electrical heating. : 

‘The adsorbed film of water serves to increase the resistance of 
sgative brushes as we might expect, but it reduces the resistance 
‘positive brushes by virtual elimination of the ‘film’ of crushed 
ode and graphite. This is a general tendency which begins to 
we way to newly increasing resistance at vapour pressures 
eater than about 6 or 7mm Hg (see Fig. 8). 


(4.5) The Rate of Wear of the Graphite Brushes 


Measurement of the wear of brushes was not one of the 
jjects of the investigations described earlier; however, it was 
adily observed that under the conditions of the experiments 
& amount of wear was very small. This experience is at 
‘riance with the well-established fact that brushes in electrical 
achines operating under high-altitude conditions wear away 
lite rapidly. 

(Now, the essential differences between the conditions of the 
periments and those of high-altitude operation are the atmo- 
neric temperature and the mechanical freedom of the brushes. 
je first difference is possibly of no great importance as a 
arate factor, but the second may be so. In the apparatus 
ed in the experiments the brushes had no freedom whatever 
«cept that the whole of the brush-gear could move in the plane 
(rotation of the disc), but a brush located in the usual type of 
ash box in an electrical machine has some freedom of movement 
‘hin the box. In this case the comparatively great differences 
r. the coefficients of static and kinetic friction under low- 
isture conditions might cause a brush to tilt first one way 
i then the other as a result of this variable force—the oscil- 
ing tilt taking place in the plane of rotation of the slip-ring 
‘commutator, of course. Crushing and wear might then take 
“ce at a rate not much affected by the current. This conclusion 
»orne out by observations reported by Sims.?° 

“xperiments with adjuvant-loaded brushes are continuing 
= are as yet incomplete; but it is possible to report that brushes 
ataining barium fluoride show the same characteristics as 
in graphite brushes if they carry no current from the commence- 
int. However, such brushes have very greatly diminished 
ifficients of friction when once they have carried an appre- 
dle current for a short time, and low friction is thereafter 
rerved even when the brushes carry no current. These obser- 
joes appear to correspond to Sims’s observation of the rate 
wear of such brushes (Joc. cit.). 
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The low friction may perhaps arise in this case from the 
interaction of barium fluoride with the cuprous oxide on the 
contact asperities, the fluoride reacting with the oxide to give a 
new stable compound which has comparatively small adhesion 
at its boundary with the graphite. 
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SUMMARY 

The work on transfer between platinum contacts, published by one 
of the authors in previous papers, has been extended to palladium 
and silver. Curves of the net transfer in 6-volt d.c. circuits are given 
for currents of a few amperes and inductances ranging from less than 
0-1“H up to 110~H. Some measurements have also been made in 
12- and 24-volt circuits for palladium. The general nature of the 
transfer for palladium is both qualitatively and quantitatively similar 
to that for platinum, but in the case of silver, neither residual nor 
reversed short-arc transfer has been demonstrated. Theoretical 
analysis of the results shows that the quantity determining transfer in 
an inductive circuit is the ratio of the charge passed in the arc to the 
volume of residual transfer at the same break current. Under condi- 
tions of constancy of this ratio, transfer is found to be proportional 
to the square of the break current up to 6:Samp. 


LIST OF PRINCIPAL SYMBOLS 


A, n = Constants. 
C = Capacitance of by-pass capacitor C. 
c = Local contact capacitance. 
d = Mean diameter of craters. 
h = Pip height. 
I, = Break current. 
I, = Arc-extinction current. 
L = Total inductance of circuit. 
L, = Inductance of battery leads. 
L, = Self-inductance of C. 
L, = Self-inductance of wiring. 
N = Number of switchings. 
Q = Charge. 
R = Current-controlling resistor. 
r = Pip base radius. 
V = Supply voltage. 
Vo = Arc voltage. 
V, = Boiling voltage of metal. 
Po = Resistivity at room temperature. 
Pm = Resistivity at melting temperature. 
7 = Arc duration. 


(i) INTRODUCTION 


The variation of metal transfer between separating contacts of 
platinum in 6-volt d.c. circuits under certain conditions has been 
described in two previous papers.!;? Investigations with the 
same apparatus and under similiar conditions have been carried 
out for palladium and silver, and results for these metals are 
given here. The results for palladium are similar to those for 
platinum, but for silver only ‘short-arc’ and ‘long-arc’ transfer 
are apparent. 

The behaviour of palladium was also investigated in 12- and 
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24-volt circuits. The results for 12 volts, which is below th 
arc voltage of contacts in air, are similar to those for 6 volts 
In 24-volt circuits, however, the duration of the discharge whic 
follows opening of the contacts depends upon various factors 
as yet imperfectly understood, in addition to the circuit para 
meters and cannot be predicted, except for currents belo 
2:7amp. Although measurements were made of discharg 
durations in 24-volt circuits they can only be regarded 4 
indicative and not necessarily as of general application. Palle 
dium suffered severe erosion from the negative contact in | 
24-volt Samp circuit. 

The results for palladium have been analysed with a view t 
solving some of the problems resulting from the earlier work.!: 
Whilst no further light has been shed on the various specis 
mechanisms of arc transfer and their interdependence, som 
indicative generalizations have emerged. In particular, it 
shown that arc-transfer phenomena are similar if the values ¢ 
the ratio of charge passed in the arc to a standard volurr 
dependent only on the break current are equal. 


Lp Lp R 


G 


Fig. 1A.—Diagram of standard circuit. 


The standard circuit arrangement is shown in Fig. 1A and wi 
as in Reference 2: the volumes transferred were assessed by tl| 
optical method described in Reference 1. | 


(2) RESULTS FOR PALLADIUM AND SILVER IN A 
6-VOLT CIRCUIT 


(2.1) Transfer Measurements 


Results were obtained for palladium for break currents of 1- 
2:7, 3:6 and 6:Samp, and for silver for break currents of 3-/ 
7:0 and 14-S5amp. The numbers of switchings made in eat 
test was 5 x 104 for palladium at 1-6amp, 1-5 x 105 f} 
palladium at higher currents, and 7-5 x 10? for silver: the 
values were chosen in each case to give a reasonable ratio | 
pip height to base radius (between 0-3 and 1-0). The effecti 
circuit inductance, L, was varied from a residual value of abo. 
0-07 LH up to 77 nH. 

In order to attain for some tests a still smaller residual indv 
tance, a modified circuit was used (Fig. 1B) with the currer 
controlling resistor R inserted between the battery and the by-pe) 
capacitor C. This removes the self-inductance of R from t 
contact circuit, and the residual inductance is now made up or: 
of the self-inductance, L,, of the by-pass capacitor and the se_ 
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Fig. 1B.—Diagram of modified circuit for very low residual 
inductance. 


nductance, Lz, of the wiring. The sum of L, and L, (=L) 
sould be reduced to as little as 0:025y.H. There is, however, 
1 difficulty with this circuit in measuring the break current. As 
he contacts open, the voltage across FG (Fig. 1B) rises to V,, 
he boiling voltage of the metal under test, in a time of a few 
nundred microseconds for most of these tests. The time- 
sonstant CR is of the same order. Thus, current flows into C 
juring the opening and the current through FG is appreciably 
educed. As the form of the variation with time of the opening 
voltage varies from one switching to the next as well as with the 
*xperimental conditions, it is an uncertain procedure to make a 
heoretical allowance for the effect. The break current must be 
measured directly by observing on an oscilloscope the voltage 
jeveloped across a very short length of resistance wire inserted 
in FG. 

After the circuit is broken, the discharge phenomena will 
jiffer slightly from those in the circuit of Fig. 1A. However, it 
san be shown that the discharge energy will still be approximately 
+L}, where J, is the break current, since RC > +/(Lc), where c 
s. the local capacitance at the contacts, and L/R < CR. Thus 
sontinuity would be expected with the results obtained in the 
tircuit used earlier. This was checked by adding to Lg artificially 
nthe modified circuit to increase L to the least value attainable 
nm the original circuit. The results were the same in both 
arrangements. 


x107'3 
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SWITCHING, CMS 


0-01 O1 1:0 10 
CIRCUIT INDUCTANCE, L,pH 


MEAN VOLUME GAINED BY NEGATIVE CONTACT PER 


7ig. 2.Variation with inductance and current of mean volume gained 
per switching by negative contact: palladium contacts in 6-volt 
circuit. 

© 3-6amp. 


x 1-6amp. 
@ 6:Samp. 


A 2:7amp. 
Negative values at higher values of inductance are not shown. 


The results are displayed graphically for palladium in Fig. 2 
ind for silver in Fig. 3. For palladium at 6:-Samp the transfer 
"23 cylindrical in shape rather than a pip and was spread over 
@ her a large radius compared with that of the wire used for the 
“ xtact. The estimate of volume was accordingly possible only 
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Fig. 3.—Variation with inductance and current of mean volume gained 
per switching by negative contact: silver contacts in 6-volt circuit. 
©: 3*7amp. 
x 7:Oamp. 
A 14-Samp. 


between rather wide limits, as shown on the curve. The positive 
contact showed a tendency to ‘bed in’ to fit the shape of the 
negative contact. It is apparent that, except at values of induc- 
tance less than 0-1 H, the transfer of silver is several times 
greater than that of palladium under the same conditions. There 
is an indication that residual transfer is reached in palladium at 
3-6amp, but for the other currents there are insufficient measure- 
ments to establish residual transfer. The ‘reversed short arc’ 
and ‘short arc’ regions are also clearly recognizable. Transfer 
for silver diminishes with inductance down to the lowest value 
used: it would be expected that residual transfer for silver would 
be many times less than for palladium, since the bridges are much 
smaller.4 Empirical relations can be fitted to the mean cathode 
gain as a function of current at constant inductance within the 
experimental range. For both metals and both for the least 
inductance used and for an inductance of 4:5 H, the relation 


Volume per switching = A/;’ 


is satisfied by a value of n between 1-8 and 2:2. 
The manner of growth of the pips is shown in Fig. 4. This 
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Fig. 4.—Mean rate of growth of pip steepness for silver and palladium. 


© Silver. 14-Samp, N= 7°5 x 
A Silver. 3:7amp, N = 7-5 x 
< Palladium. 6:Samp, N = 1:5 
@ Palladium. 3:Samp, N = 1:5 » 


103 switchings. 
103 switchings. 

105 switchings. 
105 switchings. 
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(c) 
Fig. 5.—Electrode marks left after a single switching: palladium. 


Magnification: (a) and (b), x 780; (c) and (d), x 300. 
= 5:9amp, L = 0:07uH. Negative contact. 
(5) Ip = 5-9amp, L = 0:07 uH. Positive contact. 


All tests in a 6-volt circuit. 
(a) Ip 


(c) Ip 
(d) Ip 


5-9amp, L = 4:S5uH. 
5:9amp, L = 4:SuH. 


Negative contact. 
Positive contact. 


shows the mean rate of growth of pip-steepness, h/rN, where h 
is the pip height, r the pip base radius and N the number of 
switchings, as a function of current and inductance for both 
metals. It can be seen that silver pips grow very rapidly in 
steepness compared with palladium pips. 

Observations of transfer for palladium and silver have also 
been made by W. B. Ittner.? Although his experiments were 
carried out in a 3-volt circuit, it is possible to compare his 
results for residual transfer with the present work. It appears 
that his results for palladium are in general about half as great 
as ours at the same current, and his results for silver about twice 
as great. Since the minimum inductance he was able to attain 
was about 0:25 wH, it can be seen from Figs. 2 and 3 that this 
was to be expected. 


(2.2) Results of a Single Switching 


To obtain records of the surface damage caused by a single 
switching, a circuit was designed to supply a single opening- 
current pulse to the relay, of shape very similar to that used 
when the relay was operating continuously. The opening 
velocity was measured and found to be not more than 50% 
higher than under running conditions. Photographs of the 
contact surfaces after single switchings are shown in Figs. 5 
and 6. 

It can be seen that, for palladium with minimal inductance, 
single round craters of closely similar diameters are left in each 
contact and a certain amount of molten metal is splashed on 
both contacts. The mean diameter, d, of the craters is related 
to the break current by the empirical relation 


d=2 x 10 -4/, centimetres (1-6amp < J, < 6-Samp) 


The factor is rather low compared with the figures given by 
Pfann,* 2°44 x 10~4, and Ittner,5 2-70 x 10-4. The theoretical 
factor given by Lander and Germer® is 2-28 x 10-4; their 


formula is stated to refer to ‘maximum bridge diameter,’ but it 
can be found that this means the diameters of the craters left 
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behind after rupture of a_ single 
bridge, assuming them to be hemi 
spherical. Their formula is based 
on the assumption that the appro-| 
priate mean resistivity to be taken} 
for the solid metal of the contacts is, 
(py + 2Pn)/3, where po is the resis-) 
tivity at room temperature, and py 
the resistivity at the melting tempera: 
ture. It can be shown on reasonable 
assumptions that a better mean tc 
take is(p9 + p,,)/2. With this cor 
rection, the theoretical factor become 
1-67 x 10-4. The fact that all 
measured values exceed the theoreti! 
cal figure may be due either to th 
effects of discharges or to the crater! 
being, not of hemispherical form, bu) 
shallower. . 

At 4-5 4H the single round crater} 
are no longer in evidence. Meltin; 
is on a much larger scale at bot) 
contacts, and the impression is gaine« 
that several separate pits have beei! 
occupied by the discharge at th 
anode, while the cathode has bee 
pitted and also covered by fine drop 
of metal scattered on it at random 
Either the arc has moved about o} 
the surface or interruptions ma 
have occurred. These could be short-circuits caused by bridg) 
ing of the gap by melted metal or open-circuits due ti 
extinction of the arc as the conditions in the gap change wit 
time. A discussion of interruptions of the latter type has bee: 
given by Boyle and Germer.7 


nee 


(6) 


(d) 


Fig. 6.—Electrode marks left after a single switching: silver. 


. 


All tests in a 6-volt circuit. Magnification: (a) and (6), x 550; (c) and {d), x 300.) 


(a) Ip = 6-7Tamp, L = 0:07 uH. 
(b) [zp = 6-Tamp, L = 0:07 uH. 
(c) [py = 6:2amp, L = 4-5uH. 
(d) Ig = 6:2amp, L = 4:5uH. 


Negative contact. 
Positive contact. 
Negative contact. 
Positive contact. 


The craters in the anode surface of silver contacts at 0-07 ul 
are too large to be the sites of a ruptured bridge and are probabl_ 
caused by the discharge following rupture of a smaller bridg) 
The cathode surface shows little sign of erosion but only ¢ 
condensed metal. At 4:-5yH, silver anodes show multip’ 
pitting, but the cathodes still show very little sign of erosion 


METAL TRANSFER BETWEEN CONTACTS OF PALLADIUM AND SILVER 


This differs from the case of palladium, where the cathode seems 
to have suffered erosion at the higher inductance. These facts 
seem to be in line with the explanations advanced recently by 
workers at the Bell Telephone Laboratories.®>9 !9 


(3) RESULTS FOR PALLADIUM IN 12- AND 24-VOLT 
CIRCUITS 

Results were obtained for palladium for break currents of 1-9 
and 3-Samp in a 12-volt circuit and 1-3, 2:4 and 5-Oamp ina 
24-volt circuit. The number of switchings in each test was 
5 x 10*.* Only a few values of L were used as the results were 
intended only to be indicative. The circuit used was the standard 
one of Fig. 1A. The results in a 12-volt circuit are displayed in 
Fig. 7, and in a 24-volt circuit in Fig. 8. i 


SWITCHING, CM3 


O1 10 10 
CIRCUIT INDUCTANCE, L,pH 


MEAN VOLUME GAINED BY NEGATIVE CONTACT PER 


Fig. 7.—Variation with inductance and current of mean volume gained 
per switching by negative contact: palladium contacts in 12-volt 
circuit. 


SWITCHING, CM3 


O71 1:0 10 100 
CIRCUIT INDUCTANCE,L,4H 


MEAN VOLUME GAINED BY NEGATIVE CONTACT PER 


Fig. 8.—Variation with inductance and current of mean volume gained 
per switching by negative contact: palladium contacts in 24-volt 


circuit. 
@ Jp = 1-:3amp. 
x Ip =2-4amp 
O Ig = 5:0amp 


{t can be seen that the general trend of the variation of transfer 
wth inductance is similar at 12 volts to that at 6 volts, but that 
i 24 volts considerable cathode erosion appears at quite low 


This was because the original reason for making these measurements was to 
© spare the behaviour of palladium and tungsten in 12- and 24-volt circuits and the 
es on tungsten had already been carried out using 5 x 104 switchings. Possible 
l-_artures from proportionality between transfer and number of switchings are unlikely 
- %¢ large enough to invalidate the conclusions reached here. 
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inductances when the current is increased to 2:-4amp or more. 
This is because the mean arc voltage lies between 12 and 24 volts!! 
so that the arc duration in circuits of the latter voltage is governed 
by considerations different from those in the case of 6- and 12-volt 
circuits. On this account, direct oscillographic measurements of 
arc duration were made in a 24-volt circuit; the results are given 
in Table 1. 


Table 1 


DURATION OF DISCHARGES BETWEEN PALLADIUM CONTACTS 
IN 24-vOLT CIRCUITS 


Closed 
circuit current 


Inductance Arc duration 


An indication of the dependence of arc duration on the supply 
voltage can be obtained by considering the equivalent circuit for 
the arc current shown in Fig. 1(c) of Reference 2. The following 
expression can be derived for the duration of an arc from the 
instant at which it starts to burn at a voltage Vo in a circuit of 
supply voltage V: 


Kigteay 


Ve VRE (1) 


ies 
R gs 


T= 


provided that Vj) may be taken as constant while the contacts 
continue to separate. This assumption is valid here, as the 
opening speed is only about 1 cm/sec: the oscillograms also con- 
firm that the arc voltage is approximately constant. The value 
of J, depends on the history of the arc as much as on the initial 
conditions but increases, in general, as the contacts continue to 
separate. There is at present no theoretical account of the values 
of J, observed, which are in the neighbourhood of 1:0 amp for 
palladium arcs at minimum separation. (Atalla.!?) 

When V > Vo, as is the case for 24-volt circuits, 7 is inde- 
terminate unless 

Vou a hie 0 


i.e. POV 2 RS) 


Inserting the values V = 24 volts, Vo = 15 volts and J, = 1 amp, 
the result is R > 9 ohm. Thus, for circuits carrying more than 
24/9 = 2-7amp the arc duration will be determined by the rise 
of extinction current due to the continued separation of the 
contacts. Such an arc may conveniently be described as a 
‘ruptured’ arc, and the type whose duration is determined by 
the exhaustion of the inductive energy stored in the circuit, to 
which eqn. (1) applies, an ‘inductive’ arc. 

Referring to Table 1, it will be seen that the arc duration in 
the test at 1-3amp is 0:66ZL/R. From eqn. (1) it is found that 
I, = 0-86amp, a not unreasonable value. But for the tests at 
2:7amp, the observed arc durations are large multiples of L/R 
and eqn. (1) becomes very sensitive to J, and much less sensitive 
to L]R. This marks the transition condition between inductive 
and ruptured arcs. 

The consequences are apparent in the transfer measurements 
of Fig. 8. At 24 volts, 1-3amp, cathode erosion will not set in 
until L is increased to 24H, whereas at 5-Oamp it is already 
heavy at minimal inductance. Intermediate behaviour is shown 
at 2-4amp. 

The data are not available from which to calculate the arc 
durations in 24-volt circuits where the arc is ruptured (i.e. 
R>9 ohms in the case of palladium), and it does not seem 
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possible that useful predictions of transfer can be made for these 
conditions. The difficulty arises because the arc is modifying 
the surfaces between which it is burning and will be extinguished 
ultimately by chance. A high opening speed should favour 
reduced transfer: in the apparatus available for these experiments, 
opening speed could not readily be varied so that this conclusion 
could not be checked. 


(4) ANALYSIS OF RESULTS FOR PALLADIUM 


(4.1) The Variation of Transfer with Arc Charge 


From the general similarity of the curves of Figs. 2, 7 and 8 it 
seemed likely that the data could be reduced to a single curve of 
general application. A natural hypothesis to test is that the 
amount of transfer, expressed as a fraction of some standard 
volume depending only on the current, should depend in a 
unique way on the ratio of the charge passed in the arc to the 
standard volume. The latter quantity is conveniently referred 
to as the specific charge. The question arises as to what to take 
as the standard volume. Ideally it would be the volume of 
residual transfer, i.e. the transfer at zero specific charge. How- 
ever, in only one case have experiments been conducted at low 
enough inductances for a reasonable assumption to be made that 
residual transfer is being measured. Extrapolation in the other 
cases would be hazardous. For this reason the standard volume 
was taken to be the volume of transfer measured at a standard 
specific charge of 104 C/cm?. 

The data were treated in the following manner. For each indi- 
vidual measurement the charge passed was calculated from the 
following expression, assuming Vp = 15 volts and J, = 1-Oamp 
constant throughout: 

(=H eee, 


x G3) 


where 7 is given by eqn. (1). For each given value of J, the 
data of Figs. 2, 7 and 8 were replotted, using QO as abscissa. 
From each curve it was possible to determine the standard 
volume corresponding to a specific charge of 10+C/cm3. All 
specific charges and reduced volumes (ratio of volume transferred 
to standard volume) could then be calculated for each current 
and all the inductances used. This procedure was followed for 
all currents and voltages used in the complete series of tests, 
where eqn. (2) applied. The results are shown in Fig. 9. 

It can be seen that the observations under all conditions are 
reduced in this way to one general curve, of form resembling that 
previously found for platinum.? One of the 24-volt observations, 
for a high specific charge, is seen to depart from the curve in a 
way which suggests that the charge actually passed was greater 
than that calculated. This could indicate a lower extinction 
current than 1-Oamp and would not be surprising. Three useful 
conclusions may be drawn from Fig. 9: 


(a) The hypothesis that transfer phenomena are similar at equal 
specific charges receives support. This conclusion does not involve 
any special assumptions about the mechanisms of arc transfer. 

(6) Residual transfer in palladium can be observed, provided that 
the specific charge does not exceed about 7 x 103 C/cm3. 

(c) Zero net transfer due to a combination of residual and arc 
processes is attained for a specific charge of about 4 x 10° C/cm3. 


The specific total heat of evaporation of palladium is about 
16kcal/em?. For a mean arc voltage of 15 volts, this figure is 
equivalent to 4-4 x 10°C/cm3, It is thus clear that the dis- 
charge energy in the balanced transfer condition must be almost 
entirely conducted away into the body of the solid contacts 
during the time of the discharge. In the case of the extremely 
short arcs of less than 10*C/cm? specific charge, of duration 
less than 10~7sec, there is insufficient time for this conduction, 
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Fig. 9.—Variation with specific charge of reduced volume gained by 
negative contact: palladium contacts. I 


e V= 6 volts. 
<Ve— 12 volts: 
O V = 24 volts. 


so that it is not until the specific charge is reduced to be com- 
parable with the figure equivalent to the specific total heat ol 
evaporation that residual transfer can be observed. The thermal. 
diffusion time-constant of a palladium bridge carrying 3-16 amg 
would be 4 x 10~7sec. 

It is of interest to treat the data obtained previously or 
platinum in the same way. The corresponding figures indicate 
that platinum is slightly more resistant to arcing than palladium) 
but the difference is unimportant. The specific total heat o' 
evaporation of platinum is about 18 kcal/cm?. 


(4.2) The Variation of Transfer with Current 


The empirical relations for constant inductance noted ir 
Section 2.1 are of doubtful significance in view of the foregoing) 
Reliable generalizations will only be obtained from observation: 
at different break currents but constant specific charge. The 
standard volumes referred to in Section 3.1 were found to fi 
very accurately the relation: i 


Transfer (at specific charge 104C/cm3) = 3 x 10~19/? cubiil 
centimetres per switching. | 


x 10-6 ohm-cm3/2 


Rx (VOLUME TRANSFERRED PER OPERATION) “2 


4 
CIRCUIT VOLTAGE,V, VOLTS 


Fig. 10.—Variation with circuit voltage of mean volume gained px 
switching by negative contact: palladium contacts. 


Specific charge less than 7 x 103 C/cm3. 
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It seemed desirable to find the relation for a specific charge of 
less than 7 x 10°C/cm? in a separate series of tests, as some 
confidence could be placed in the contention that this would 
represent true residual transfer. To do this, it is necessary to 
use minimal inductance and to decrease the supply voltage, V, 
as the break current is decreased. In this way the factor by 
which L/R is multiplied in eqn. (1) is made smaller as the break 
current, and hence the standard volume, becomes less and 
approximate constancy of specific charge at a low value is 
preserved, 

In the tests, V was varied from 0-6 to 6-0 volts and J, from 0 
to 3-2amp: 1-5 x 105 switchings were used throughout. The 
quantity R < (volume per switching)!/? is shown plotted against 
V in Fig. 10. The linear relation establishes that a square law 
is being followed, and the intercept of 1-3 volts on the V-axis 
is equal to the boiling voltage, as expected. From the slope of 
the line the result is obtained: 


s 


Residual transfer = 4-1 x 10-137? cubic centimetres per 
switching. 


(5) CONCLUSIONS 


The general nature of transfer between separating contacts of 
palladium is similar to that in the case of platinum: neither 
residual transfer nor ‘reversed short arc’ transfer can be demon- 
strated in silver. Palladium is slightly less resistant to arcing 
than platinum, but the difference is not important. Residual 
transfer is rather less for palladium. Transfer for silver is greater 
than for either palladium or platinum except at inductances less 
than about 0-1 wH. Silver transfer tends to assume a spiky form, 
which would make it unsuitable over the current range in these 
experiments for some applications. 
_ Transfer in palladium in both 6- and 12-volt circuits may be 
calculated for any conditions within the range of these experi- 
‘ments from a single curve relating the reduced volume to the 
‘specific charge associated with the arc. At constant specific 
‘charge, transfer is found to be proportional to the square of the 
break current and residual transfer is equal to 4-1 x 10-197? cubic 
‘centimetres per switching. These conclusions apply to 24-volt 
‘circuits in which the current is less than about 2:7amp, but 
_ otherwise reliable predictions of transfer in 24-volt circuits cannot 
be made. This is because the expected arc durations depend 
strongly on the value assumed for the extinction current. 
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ELECTROMAGNETIC FIELDS IN A FERROMAGNETIC MEDIUM, WITH PARTICULAR, 
REFERENCE TO HARMONIC DISTORTION DUE TO HYSTERESIS 


By V. G. WELSBY, Ph.D., B.Sc.(Eng.), Associate Member. 


(The paper was first received 13th Aug 


SUMMARY 

As a result of magnetic hysteresis, the propagation of electro- 
magnetic waves through a ferromagnetic medium is accompanied by 
the generation of harmonic-frequency fields. An approximate theo- 
retical method of treating the problem is developed and applied to 
study the third-order voltage distortion factor of an inductor as a 
function of frequency. An analogue method is also described which 
enables the study to be extended experimentally to cases where the 
theoretical analysis is not applicable; e.g. for large flux densities or for 
complex input waveforms. 


LIST OF SYMBOLS 


/4o = Universal magnetic constant. 
€y = Universal electric constant. 
jt = Permeability. 

e = Permittivity. 
o = Conductivity. 
Z = Field impedance. 

Z, = Circuit impedance. 

y = Propagation coefficient. 
E = Electric field intensity. 

H = Magnetic field intensity. 

B= Magnetic flux density. 

V = Voltage. 

He—aAC@Unbents 

5 = Depth of penetration. 

a = Radius of cylindrical core or half-thickness of 


lamination. 
6 = 2a/s. 
0&4, % = Constants defining the hysteresis loop of a 
material. 


k = Voltage distortion factor. 
Ip, 1,, Ko, Ky = Bessel functions. 


(1) INTRODUCTION 


It is well known that, because of magnetic hysteresis, the 
waveform of the alternating e.m.f. induced in the winding of an 
iron-cored inductor carrying a sinusoidally alternating current 
will be distorted, and can be expressed as the sum of a sinusoidal 
component at the fundamental frequency and a series of harmonic 
components at integral multiples of the fundamental frequency. 
As a result of power losses in the core and the winding, the 
fundamental-frequency e.m.f. component will not be in exact 
phase-quadrature with the current, as it would be in the case of 
an ideal loss-free inductor, but can be split into two parts, of 
which one is in phase-quadrature with the current and the other, 
representing the total power dissipated, is in phase with the 
current. 

The ratio of the nth-harmonic e.m.f. to the part of the funda- 
mental-frequency e.m.f. which is in quadrature with the current 
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is defined as the nth-order voltage distortion factor. Although) 
the value of the distortion factor varies with the amplitude of the 
current, it is a property of the inductor itself, and is independent) 
of the external circuit into which the latter is connected. | 
At low frequencies, where the form of the alternating electro- 
magnetic field in the core of the inductor remains practically the) 
same as it would be for direct current flowing in the winding, it) 
is generally fairly simple to predict the voltage distortion factor}. 
in terms of the geometrical shape and size of the inductor and) 
the known magnetic properties of its core material. As the) 
frequency is progressively raised, however, the electromagnetic) 
field distribution in the core begins to change so that the greatest) 
intensity appears near its surface, whilst, at the same time, phase | 
differences begin to appear between the alternating field values) 
measured at various points in the core. This effect, which 
becomes more and more marked as the frequency rises, can be! 
explained in terms of interaction between the original field and) 
a superimposed induced field associated with eddy currents in|: 
the core. The concentration of field near the surface at the 
expense of that in its interior is therefore sometimes referred tc! 
as the ‘eddy-current shielding effect’. This method of attempting 
to explain, in terms of circuit theory, a problem which is essen- 
tially one of electromagnetic wave propagation is, however, 
extremely cumbersome, particularly when the question ol} 
hysteresis distortion has to be considered. . 
From a field-theory aspect, the so-called eddy-current shielding)! 
effect, or ‘magnetic skin-effect’, appears as a natural result oj}: 
the attenuation of the electromagnetic field as it penetrates) 
from the surrounding dielectric into the conducting core material} 
At very high frequencies, the depth of penetration is relatively) 
small and the field is effectively confined to a thin layer just) 
below the surface of the core. If the frequency is now reduced} 
the depth of penetration becomes greater and greater until the! 
attenuation and phase-shift of the field eventually become! 
negligible and the low-frequency ‘stationary’ alternating fielc) 
conditions is again reached. 
In the present paper the problem of electromagnetic fields in ¢/) 
ferromagnetic medium will be investigated, and the results applie 
to predict the way in which the voltage distortion factor of ar 
iron-cored inductor is likely to vary with frequency. N& 
attempt is made to obtain a rigorous mathematical solution tc) 
the Maxwell field equations in a non-linear medium, but the 
problem is approached by means of several simplifying assump. 
tions, each of which is justified within certain definite limits/ 
The results obtained, although not exact, are likely to be withir) 
the practical limits set by lack of homogeneity of the magnetii 
material, and serve as a useful guide to the sort of effects whicl) 
can be expected. = t 


(1.1) Assumptions upon which the Analysis is Based 


It is first assumed that the flux density at all points in th 
medium is relatively.small, so that the maximum permeabilit 
only slightly exceeds its ‘initial’ value (i.e. the limiting value ti) 
which it tends as the flux density is reduced indefinitely). I 
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‘practice, this means that the results will not be greatly in error 
provided that the rise in permeability with flux density does not 
vexceed about 10%, a condition which is usually met in tele- 
‘communication problems where hysteresis distortion is of 
importance. It is also assumed, of course, that the intrinsic 
jmagnetic properties of the material are themselves independent 
sof frequency. Under these conditions, the hysteresis loop can 
‘be represented with sufficient accuracy for the present purpose 
‘by the Rayleigh equations. 

It should be pointed out that the theoretical analysis described 
écan be applied only to cases where the geometry of the electro- 
jmagnetic field is accurately known and can be expressed in 
irelatively simple mathematical terms. Generally, this implies 
that the method is confined to ‘closed’ magnetic circuits, which, 
yapart from possible small air-gaps, have no appreciable magnetic 
‘field outside the core. Typical examples are ferrite or laminated 
iron cores. Care must be taken in attempting to apply the results 
‘obtained to dust-cores (other than toroids), in which the magnetic 
‘field distribution may be complicated. 

A further fundamental assumption which has to be made is 
‘that the application of a purely sinusoidal current to the ener- 
»gizing winding which produces the field results in a purely 
(sinusoidal magnetizing force throughout the material. This 
acannot be strictly true, but it can be shown that, for the low 

ux densities already specified, the error produced is likely to be 
»vithin the practical limits set by uncertainties about the homo- 
égeneity of the material. 


(2) CIRCUIT AND FIELD IMPEDANCES 


Consider an ideal infinitely-long transmission line formed by 
wo thin air-spaced conducting strips of width 6 and uniform 
separation d. Neglecting any edge effects, the distributed induc- 
tance L and capacitance C per unit length of the line are 


d 
a Lop henrys per metre 


C= ae farads per metre 


where po and €g are universal constants. 
The characteristic impedance of the transmission line is 


IL 
Z= G 
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If the potential difference between the conductors at any point 
is denoted by V, the electric field intensity at that point in the 
/transmission line is : 


V 
a volts per metre 


and the magnetic field intensity is 


H = 2 amperes per metre 


lwhere J is the current flowing in the conductors. By definition, 
thé characteristic impedance is equal to the ratio V/J at any 
peint, so that 


ay Se?) 
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Comparison of eqns. (1) and (2) shows that the ratio E/H has 
the dimensions of an impedance and 


E Ko 
7 z Zee ntl ay See) 
A ratio of this type is called a field impedance. 

In general, the idea of a field impedance is associated with any 
surface in a region in which an electromagnetic field exists, but 
it is of particular interest wherever it is possible to choose 
surfaces which meet the following requirements: 


(a) The tangential electric and magnetic field components at any 
point on the surface are mutually perpendicular. 
(6) The field impedance is uniform over the surface. 


Under these conditions, the direction of propagation of energy 
through the field will be perpendicular to the surface chosen. In 
the present case the required conditions are met by any plane 
perpendicular to the axis of the transmission line. 

A ratio between a voltage and a current, e.g. the characteristic 
impedance of a transmission line, is called a circuit impedance. 
For the simple transmission line under consideration, the electro- 
magnetic field may be defined in terms of the circuit parameters 
V, I and Zp, or of the field parameters E, H and Z. There is 
little to choose between the two methods here, but the advantage 
of the field-impedance idea lies in the fact that it applies generally 
to any plane-polarized electromagnetic field, even if it exists in 
the absence of the guiding conductors, which were introduced 
above merely to make the explanation simpler. Furthermore, 


_ this method is not confined to plane-polarized systems; it can be 


adapted to deal with any field in which surfaces fulfilling the 
necessary conditions can be defined in simple geometrical terms. 


(3) THE CURRENT-SHEET AND VOLTAGE-SHEET 
' CONCEPTS 
The ‘current sheet’? forms a convenient link between circuit 
theory and electromagnetic field theory. Fig. 1 represents a 


at 


eae 
ee 


Fig. 1.—Current sheet. 


The diagram indicates the relative directions of the field components at the surface 
of a current sheet. 


straight strip of width / and negligible thickness, made of a 
material of infinite conductivity and carrying an alternating 
current J uniformly distributed across its width. The current 
must be assumed to be maintained by an externally-applied 
potential difference V. The current in the strip, and the voltage 
drop along its length are related to the electromagnetic fields at 
the two surfaces of the strip by the two fundamental equations 


vy =| Edl 
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which may be expressed in words as follows: 


(a) The potential difference between two points is equal to the 
line integral of the electric field intensity along any path joining 
the two points. 

(b) The line integral of the magnetic field intensity around any 
closed path is equal to the current which links the path. 


Applying these equations to the current sheet gives 

IEG) = IIe 

16 lena Je hey | 
where the plus and minus signs refer, respectively, to the upper 
and lower surfaces of the sheet. The circuit impedance presented 


by the current sheet to the source of e.m.f. which maintains the 
current is Z,, where 


+ 


ce bua clad 
j Sug pale Sods 


=5( yan 2 
mt AO As 


— ee 
=F: 
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Eqn. (4) shows that, apart from a numerical factor, the circuit 
impedance of an ideal current sheet is equal to the parallel 
combination of the two field impedances Zt and Z~. The 


current sheet can be regarded as the electromagnetic field equiva- _ 


lent of the infinite-impedance generator in circuit theory. 

The voltage sheet, which forms the field-theory analogue of a 
zero-impedance source of e.m.f. in circuit theory, must be 
imagined to be composed of a material of zero conductivity 
which has e.m.f.’s induced in it from some external source. 
These e.m.f.’s will be uniformly distributed within the sheet and 
will produce potential differences along the upper and lower 
surfaces, corresponding to the electric field vectors E* and 


> 


Fig. 2.—Voltage sheet. 


The diagram indicates the relative directions of the field components at the surface 
of a voltage sheet. 


respectively (see Fig. 2). The total applied e.m.f. will be equal 
to V, where 


V = DEE ) 
and the current taken from the generator will be 
[= JéOrl) is] 


The circuit impedance presented to the external generator is thus 


Var Ee 
4c I Mee ee) 
b 
= (ZeeGoZ 2) eae eee) 


WELSBY: ELECTROMAGNETIC FIELDS IN A FERROMAGNETIC MEDIUM, WITH 


which is proportional to the series combination of the two fielc 
impedances Zt and Z~. 

It is fairly easy to visualize the similarity between the idea o} 
inserting an isolated current or voltage sheet into an infinite 
medium and that of injecting energy into an infinitely-long trans: 
mission line by inserting either an infinite-impedance current 
generator in parallel with the line or a zero-impedance e.m.f 
generator in series with it, respectively. 


(3.1) Application of the Current Sheet to an Inductor 


An example of the purpose of the current-sheet idea will be) 
given by using it to study the circuit impedance of a single-turr, 
solenoidal coil and also the field conditions inside the coil.? 

Suppose that the current sheet shown in Fig. 1 is formed intc| 
a single-turn coil with a rectangular cross-section of width at 
and thickness 2a, where a < b [see Fig. 3(a)]. The length of the 


Fig. 3.—Current tubes. 


The diagram indicates the relative directions of th i 
e field component oY 
outer surfaces of a current tube. i ae ii 


(a) Rectangular cross-section. 
(6) Circular cross-section. 


resulting current tube is assumed to be sufficiently great for er) 
effects to be neglected. Considerations of symmetry show th | 
the electric field intensity must be zero over a plane situate) 
midway between the two surfaces formed by the current shee! 
so that conditions would be unchanged if a perfectly conductit: 
sheet were introduced at this position. The field impedance Z 
relating to electromagnetic waves emanating from the inn 

surface of the rectangular current tube corresponds to tl) 
sending-end impedance of a short-circuited transmission line #} 
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vength a. From the usual theory of uniform transmission lines, 
‘herefore, it follows that 


YAN 75 AEN) tae a (3) 


where Zp and y are, respectively, the intrinsic field impedance 
and propagation coefficient of the medium within the current 
ube. If the latter is air, complete reflection will occur at the 
mid-plane, and a stationary alternating field will exist within the 
ube similar to that associated with the standing waves in a 
short-circuited transmission line. In this case, 


; 2 
Y = jor/(Lo€0) => 


Gee 
0) 
2 
im = jZ5tan— STAR see hah beay enh (7) 


‘Assuming that a is small compared with the wavelength A, 
eqn. (6) becomes 


Z =Zoya 
—JOCMa wt ih as Ses = >. (8) 


Wiie ‘outward’ wave impedance Z* will generally be so much 
greater than Z~ that its shunting effect can be neglected, with the 
~esult that the circuit impedance of the current-sheet loop will be 


b 
— = 
Lie ] 
f ab 
= j@po7- 


The loop then has an inductance of fgab/I. 

Suppose now that, instead of air, the current tube is filled 
with a non-magnetic conducting medium having conductivity o 
and permittivity «. Eqn. (6) will still apply, but the propagation 
oefficient and intrinsic impedance will now be given by 


y=~V/[iwpole tiwee] . . . . &) 


7, 2 
2 o + jwege § 


For the present it will be assumed that o is sufficiently large 
or the term jwepe to be neglected in comparison with it, so that 
hese expressions reduce to 


(10) 


yY = VGwp9) (11) 
_ [J@Ho 
Fife (12) 


The propagation coefficient y will be a complex quantity with 
1 phase angle of 17 radians, and the electromagnetic waves 
> opagated inwards towards the central plane will be attenuated. 
Fue quantity 6, defined by 


, ys=(1+/ . (13) 
5 valled the depth of penetration of the field into the core: 
eee (14) 


ts tie 
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so that a 3(l cea ee (15) 
0 
= 5 ae) 
where G== See PM eae YES) 
Eqn. (6) can be written 
tanh ya 
Jl == Why st 
ova oye (17) 
Substituting for Z) and y from eqns. (11) and (12) gives 
: tanh ya 
T= = pes sret ie 
JW [La sre (18) 
The circuit impedance of the current sheet is then 
b 
Tae 
c je 
en ab tanh ya 
JOpoF 5a é (19) 


The introduction of the conducting core thus has the effect 
of multiplying the circuit impedance by the factor (tanh ya)/ya. 
Substituting ya =430(1 +), and expanding into real and 
imaginary parts, 


(20) 


6| \cosh 6 + cos 8 I\ cosh 8 + cos@ 


tanh ya _ re 6 + sin 8 _/sinh @ — sin @ 
ya 0 ) ( 


Thus, if Z, is expressed as a series combination of inductance 
and resistance, 


Ze =R + jwL - (21) 
_ 17 sinh 6 — sin 6\ wppab 
Gen 6 + cos ) ioe (22) 
1 sinh 7 --_ sin 6 feoab 
a cosh 6 + cos a) ji (23) 


The important thing to note, from the point of view of the present 
investigation, is the close analogy between the field distribution 
in each half of the core and that along an equivalent short- 
circuited transmission line. 


(4) ELECTROMAGNETIC FIELDS IN A FERROMAGNETIC 
MEDIUM 

The properties of an alternating magnetic field can be expressed 
in terms of two vector quantities: the magnetic field intensity or 
magnetizing force H, relating to the equivalent current required 
to produce the field, and the magnetic flux density B, relating to 
the e.m.f. which would be induced in a conductor by the field. 
The directions of the H and B vectors will coincide in any homo- 
geneous medium which does not exhibit magnetic polarity. In 
free space, the B/H ratio is a universal constant denoted by uo. 
For a homogeneous ferromagnetic medium of infinite extent, 
the B/H ratio is increased by a factor defined as the permeability 
of the medium. If the ferromagnetic medium is limited in 
extent, the effective magnetizing force will be the vector sum of 
H and an induced component H’, the existence of which is 
characterized by the appearance of magnetic polarity at the 
boundary surface of the material. The direction of H’ tends 
to oppose that of H within the medium, with the result that the 
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effective magnetizing force H + H’ is less than H. The general 
relationship between the applied magnetizing force H and the 
resulting flux density is thus 


B=uW(H+H) 


The induced field H’ may still be negligible, even when the 
ferromagnetic medium is of finite extent; if the latter takes the 
form of a long thin rod with a solenoidal winding, for example, 
the separation of the induced poles at the ends of the rod may 
be sufficiently large for H’ to be negligibly small compared with 
H. Similar conditions exist in a toroidal core which forms a 
closed magnetic circuit having no polarity and no induced field. 

Suppose now that the rectangular current tube discussed in 
Section 3 is filled with a ferromagnetic medium, and assume that 
the ratio //b is made sufficiently large for the induced field asso- 
ciated with the magnetic polarity at the ends of the tube to be 
neglected. Eqn. (6) will then apply, but the propagation coeffi- 
cient and intrinsic field impedance will be, respectively, 


y = V [jopole + jweoe)] . (24) 
and a oe (25) 
Oo + JWwege 
tanh ya 
-—=j 26 
so that iz jeopopal a ) (26) 


The general case, in which y is a complex quantity with a phase 
angle varying with frequency, will be omitted for the present 
and attention confined to conducting materials for which o is 
large enough for jwe ge to be neglected. This assumption is 
justified for all magnetic alloys but will not necessarily apply to 


ferrites, which tend to have low conductivities and high 
permittivities. 
For ferromagnetic conducting materials, therefore, 
1 : 
¥ = VGepoee) = (1 +) (27) 
ype eee (28) 
oO 
where 6 is the depth of penetration, so that 
2 
3—,/ (29) 
Woo 


(4.1) Effect of Hysteresis 


In a non-magnetic material, the instantaneous value of the 
flux density B at any point is always proportional to the instan- 
taneous magnetizing force H at that point. A sinusoidally 
varying H is accompanied by a B which varies sinusoidally in 
phase with it. So far, it has been assumed that the same will 
apply to a magnetic material, i.e. that the permeability i is a siraple 
numerical ratio. In fact, of course, this is not true and the 
instantaneous relationship between B and H is rather more 
complicated. At the relatively low flux densities to which the 
present discussion refers, it can be represented by a hysteresis 
loop of the form 


“ ete tee) (30) 


where «,, % and yu are constants for the material and AY denotes 
the peak value of H. The positive sign applies when H is 
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increasing and the negative sign when it is decreasing. Then | 
H is varying sinusoidally with time, so that 


H = AH cos wt 
B 4 2 ry2 2 
— =(u + «,H)A cos wt + iss (1 — cos* wt) 
Ho 

og ° 
= (wu + aA)A cos wt + sit sin? wt 

The second term of this expression represents a periodic functic: 
with positive half-cycles proportional to + sin? wt and ‘erie 


half-cycles proportional to — sin? wt. Expanding this term ¢ 
a Fourier series and neglecting higher-order terms gives 


B og AH 5 2D) or 
ig Me aE O08 ot ae i t 
6), 

For a uniform plane-polarized electromagnetic field in | 
homogeneous hysteresis-free medium, the rate of change of th 
instantaneous electric field intensity with distance in a directic) 
perpendicular to the plane of polarization is 


dB 


dE=~ dx. «5 + a 
dH 
= Hope a ax 
d 
= [ig lt qe cos wt)dx 


= [ow cos (wt ~ 5 ax 


= jpUopwHdx 
or (dE = jcoHs 220) SA (a nel 


(using the ‘j IGP 2a to denote that the time-phase of dE leae 
that of H by 47 radians). | 
To take hysteresis into account, it is necessary to substitulal 
eqn. (32) the value of B given by eqn. (31): 


L dE _a(B 
po dx AV 
= (4 + «MwA cos (wt 3) - etn cos ¢) 
~ MAE oe cos 3wt 
Sa 
or dE = jwpouHdx + jopguH (2 fee) +3E,.@ 


The change in electric field in the interval dx now contains 
only a fundamental-frequency term whose value depends on t) 
peak magnetic field intensity A, but includes also a series » 
odd-order harmonic-frequency components of which the thir 
order one is represented by OB. 

Since, by hypothesis, H is purely sinusoidal in the interv. 
the harmonic-frequency electric field component SE; must appe) 
alone without any accompanying magnetic field component; 
other words, it must be imagined to be injected into the syste 
from some source external to the medium. As far as the remai_ 
ing portion of the medium outside the elemental slab of thickne! 
is concerned, the situation is just as if a voltage sheet, carryi 
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ne.m.f. dE; per unit length, exists within the slab and generates 
| harmonic-frequency electromagnetic field which is propagated 
utwards in both directions throughout the medium. One 
esult will be that the waveform of H cannot be sinusoidal any- 
there except within the slab dx, so that eqn. (34) cannot apply 
xactly to any similar interval dx elsewhere. The error produced 
y neglecting this effect is small, however, and can be ignored 
srovided «A//y is small compared with unity. 
| This condition, which implies that the magnetic flux density in 
“he medium is relatively small, is one which is likely to be 
atisfied in many cases where harmonic distortion is of interest, 
and even if the condition is not satisfied, the approximate method 
analysis to be described provides some indication of the results 
jp be expected. / 
| The method of solution consists first in finding an expres- 
von for H, at the fundamental frequency, as a function of 
listance. The fact that the flux density has been assumed to be 
mall leads to a further simplification, because it means that 
ij will also be sufficiently small to enable the variation of 
ermeability with H to be neglected, so that H can be calculated 
y normal transmission theory based on a constant permeability. 

The next step is to derive the field equations relating to the 
“armonic-frequency field generated in an elemental slab of thick- 
ess dx. Finally, the total harmonic-frequency field, due to all 
ach elemental slabs, can be obtained by integrating between 
=propriate limits. 

The modulus of SE; is obtained from egn. (34): 


= Aoi i4o 
9 Sar 


|SEs| w| | dic 


_ 402g } 
= ere NE A (35) 


vhis can be changed into a more convenient form by introducing 
je field parameters. 


rae ‘i JOPoe 
o 
¥ = Veo?) 
» that Zoy =Jwpoe « (36) 
1 
; |ou| = —|Zoy!| (37) 
Ho 
‘ubstituting in eqn. (35) gives 
4a HA, 
|8B3| = 5 oP lax (38) 
yrovided that the frequency remains constant, y is also a constant 
nd |8£;| can be expressed in terms of a dimensionless para- 


jeter yx: 7 
4a 
phan) 


5 (39) 


[SE 


che magnetic field intensity H is also a function of x and can 
jtus be expressed in terms of the parameter yx. 

_ Using the suffixes a and x to denote, respectively, values at 
‘stances a and x from a reference plane along a direction 
»rnendicular to the plane of polarization, it is seen that 


SE3;| _ |A,|? 
|0E 3a 4 A, 
PP 4a, f H,, 2 
[S23,| = Serph ZH ( eo d(yx) 
A, 
he [S£3,| = fon “\ZoHad(yx)| (40) 


Sap 
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Since the important thing here is the relative phase of dE; at 
various distances from the reference plane, it will be convenient 
to take the phase angle 5£; as zero when x = a. 


ee 4a, 


Then oF3, = 


ZoH,d (yx) (41) 


oe 

The modulus of 5£; is proportional to the square of the funda- 
mental-frequency field intensity, but its phase angle is always 
fixed relative to that of H at the point concerned. Since dF; 
has a frequency equal to three times that of H, however, its 
phase-angle will change three times as rapidly as that of H. Thus 

OE f\(yx 

OE = OY) 6h) rt eet BaD, 

bE 3, f,(ya) 
where f;(yx) represents a complex function of yx whose modulus 
is |H,,|? and whose phase-angle is three times that of H,.. 


(5) DISTORTION FACTOR OF A SOLENOIDAL COIL OF 
RECTANGULAR CROSS-SECTION 
In Section 3 it was shown that the circuit impedance of a 
single-turn solenoid is given by 
ab tanh ya 


Lig = Jape va 


and that the electromagnetic field within each half of the coil 
cross-section is analogous to that in a short-circuited transmission 
line. Suppose that such a coil is fed with a sinusoidal current 
from an infinite-impedance source, and that the above method 
is used to determine the extent to which the resulting voltage 
waveform is distorted as a result of hysteresis if the coil is filled 
with a ferromagnetic core. Making use again of the transmission 
line analogy and taking the reference plane midway between the 
two main surfaces of the core, the ratio H,/H, is given by 


HH COsh yx 

ee 5 43 

H,  coshya oe 
so that f,(yx) = r7ei¢ (44) 
where re/? = cosh yx (45) 


The harmonic-frequency electric field component 6£;,, injected 
into the elemental slab of the core of thickness dx at a distance x 
from the reference plane, will produce a corresponding electric 
field component 6£3, at the surface of the core, i.e. at a distance 
a from the reference plane. The problem of determining 5£}, 
is somewhat similar to that of caiculating the voltage which will 
appear at the open end of a length of transmission line which is 
short-circuited at the other end and has an e.m-f. injected at some 
point along its length. An injected field component OE will 
generate electromagnetic fields in which the direction of energy 
flow is respectively towards the points x =0 and x =a. The 
relative amplitudes of the two fields at the point x will be deter- 
mined by the field impedances Z and Zy (calculated here, of 
course, for the harmonic frequency concerned). The electric 
component, at the point x, of the field directed towards x = a, 


will be 
Zt 
8E( ze + ea) 


If the medium extended to x = ©, Z* would be equal to the 
intrinsic field impedance Z of the medium, and the resulting field 
at x = a would be 
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€ ya 


The replacement of the medium beyond x = a by seas with an 
intrinsic impedance which is much greater than 2; has the 
effect of multiplying the electric field at x=a by a factor 
(Z +Z-)|Z. Finally, therefore, the electric field at the surface 
of the core is 


su(5~ ) (=) as 
BE asl PAW ame A 


The harmonic-frequency electric field at the surface of the core, 
due to the injected field 5£;, at x, is thus given by 


z- 
where es 2 (1 a se 
= (1 + tanh yx)e~ Y* 
oe 
cosh yx 
we f,(yx) = cosh yx 
and f,(o/3yx) = cosh (1/3yx) (47) 


(The factor 1/3 is introduced here because we are dealing with 
the third-harmonic frequency and y is proportional to 1/w.) 
Combining eqns. (42) and (46) gives 


Fy) foy/3yx) 


OE3, = 6E3,—— ; (48 
; 34F (ya) fx(y/ 3ya) ) 

4a,H, f,(yx) f3(4/3yx) 
ie “LH d(yx 49 
Sra WaT ak 

Zi 
But PANE, Eur = E, coth ya (50) 
; OE3x = 4a, fi(yx) fo(1/3yx) 

therefore Se Sap oe Ga) F5( a, Deyyiee » (il) 


The total harmonic-frequency electric field at the surface of the 
core is obtained by integrating this expression between limits 
yx = Oand yx = ya: 


Ey _ 40H, “4 E (yx) fo(4/3yx) 
spc Ce J (ya) BG/3ya) 


Ee Sipe 
The ratio E/E, is equal to the ratio between the harmonic- 
frequency e.m.f. induced in the coil and the fundamental- 
frequency voltage, and is referred to as the third-order open- 
circuit distortion factor, k3. 


As the fundamental frequency w is reduced indefinitely, the 
distortion factor tends to the limit 


4a,A, 
kspp = 2 . 


d(yx) (52) 


Sa (53) 


At higher frequencies the distortion factor is then of the form 


k3 = k3rrY (ya) (54) 
where Y(ya) is a function of (ya) such that 
We (yx) f,(/3yx) 
Y(ya) = coth ya pte ee 
, y fi(ya) fy/ Bya) ae oe 


WELSBY: ELECTROMAGNETIC FIELDS IN A FERROMAGNETIC MEDIUM, WITH 


Ly BE3h 
where f, (yx) rere 
rej? = cosh yx 


£,44/3yx) = cosh (y/3yx) 


As already stated, Y(ya) tends to unity for small values of yj 
For large values of ya, the asymptotic value of Y(ya) can t 
obtained as follows: 


| 
{| 
i! 
1) 
f 
i 
i 
. 


x ES 
In this case, H, = ava 
exp [—y(a — x)] 
exp (— yd) 
= exp [— pd(1 + J)] 
where y = p(1 +) and d represents distances measured froy 
the surface of the core instead of from its centre. . 


f,(yx) > exp [— pd2 + 3/)] 
fo(\/3yx) > exp [— V/3pd(1 + /)] 
coth ya — 1 


I 


I 


viva) +> | exp {= pdl@ + V3) +16 + VO] 
0 


/ 3 , 
- [0 f- n[2 99-08 +9 a 


is Tey 
+73) +16 +3) 4 
whence [Y(ya)| = 0-235... 


As the frequency increases indefinitely, therefore, the third 
order distortion factor tends theoretically to a constant valu 
which is about a quarter of that measured at low frequencies. i 

The function Y(ya) has been computed by graphical integratic) 
for the intermediate range of frequencies where the depth «| 
penetration is comparable with the dimensions of the core. TI) 
results have been plotted in Fig. 4. 


Fig. 4.—Variation of third-order distortion factor with frequency. | 


Curves of k3/k3(rp) are plotted as a function of the parameter 0 for a core of re) 
angular cross-section. | 


(5.1) Effect of Laminating the Core 


So far, we have been dealing with the somewhat unrealistic ca 
of a single-turn solenoidal winding on a thin strip of ferroma 
netic material. The results can be applied, however, to the mo 
practical problem of a coil consisting of many turns of wi 
wound on a core composed of a stack of laminations. Leavii 
aside complications such as the question of the self-capacitan 
of a multi-turn coil, the only effect will be to multiply the ciret 
impedance of the winding by the square of the number of turr 
while the distortion factor will remain unchanged for a giv 
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amination thickness and a given flux density in the core, i.e. for 
1 given number of ampere-turns in the winding. The variation 
of the distortion factor with frequency will be determined by the 
thickness 2a of each lamination, and will be independent of the 
qumber of laminations in the stack forming the core. It should 
se pointed out, however, that this theoretical study has been 
sased on several simplifying assumptions which may not always 
de justified in practice. 

It has been assumed, for example, that the laminations are all 
yerfectly insulated from each other and, above all, it has been 
ssumed that each lamination is perfectly homogeneous. At high 
‘requencies, where the depth of penetration into the lamination is 
small, the result will be greatly influenced by any Jack of uni- 
‘ormity in the properties of the material. A thin surface skin of 
‘elatively low permeability, for instance, would have a consider- 
ible effect on the high-frequency performance of the core. On 
he other hand, the theoretical analysis is of value in showing the 
-esults which should be obtained under ideal conditions. ‘ 


(6) DISTORTION FACTORS OF COILS OF OTHER 
CROSS-SECTIONS 

The method used above to derive an expression for the dis- 
‘ertion factor of a coil with a core of rectangular cross-section 
san be applied to cores of any cross-section. A solution generally 
* the form of eqn. (54) will exist in each case, except that the 
fwactions f,(yx), f2(4/3yx) and coth ya will have to be replaced 
oy other functions appropriate to the geometrical configuration 
£ the electromagnetic field in the core concerned. The asymp- 
otic values of the expression which replaces Y(ya) will still be 
enity at low frequencies and 0-235 at high frequencies, irrespective 
»f the shape of the core, the latter having an effect only over the 
‘ritical frequency range, where the depth of penetration of the 
ield is comparable with the dimensions of the core cross-section. 


(6.1) Core of Circular Cross-Section 


In this case the electromagnetic field is cylindrical in form, 
vith a circumferential direction of polarization and a radial 
lirection of energy flow, and is generated by an equivalent 
-ylindrical current sheet tube [see Fig. 3(5)]. 

It is shown in Section 12 that the variation of field in a radial 
rection is given by 


Jak. Ip(yx) ; 
RE ge ON i 
H,  Iolya) uk 
EY e. I(yx) (58) 
E, Iya) 


vhere the suffixes refer to radial distances from the centre of the 
ross-section, a is the radius at the surface of the core, and Ip 
nd I, are modified Bessel functions. For outward-travelling 
vaves originating at the centre, the functions are replaced by 
ye corresponding Bessel K functions, in particular the electric 
eld being given by 

1 Spiale K,(yx) 

E, K,lya 
senerally, for a circumferentially-polarized cylindrical field in an 
ifinite medium, the impedance offered at a radius x to waves 
avelling radially inwards and outwards are Z, and Z™, 
spectively, where 


(59) 


st I(yx) 60 
Logit ge (60) 
Ky (yx) 
Pie Ce 61 
Ze Ko Gui (61) 
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An induced electric field component SE at a radius x in an 
infinite medium will generate inward- and outward-travelling 


é Zs 
waves, the amplitude of the latter bei E (==>) é 
p ing 6 ZF +z atx 


From eqn. (59) the amplitude of the electric field at radius 
a would then be 


Ze K,(ya) 
8E( zz a oe K,(yx) 


(62) 


The replacement of the medium beyond x = a by space having a 
much higher intrinsic field impedance will have the effect of 
multiplying the electric field intensity at x = a by a factor 


so that the electric field at the surface of the cylindrical core, 
due to induced electric field component SE at a radius x will be 


so(—— + ) ( Za ) K,(ya) 

ZAP ENZE BET) SKA) 
The harmonic-frequency electric field at the surface of the core, 
due to the injected field at x, is thus given by 


(63) 


» gg fy 3 yx) 
BE. = SEs oa (64) 
h eR) ee 
bi EAR) ee ae ( spe) 
LK 7 
= K,Byx)(1 Hi: cK) V3) 
Kak 
=LOV/ 3G + 2)/3)—- 65) 


Following the same reasoning as for the rectangular core, it can 
be concluded that eqns. (54) and (55) will still hold, except that 


coth (ya) is replaced by ya) 
1 


f,(yx) is replaced by f3(yx) 


where f,(yx) = r7e3J¢ . (66) 
and res = Io(yx) . (67) 
f,(4/3yx) is replaced by f4(4/3yx) 

1 keeagK: 
eS ET Cte 
where FG /3yx) 1O/ yx)( ee 7) yx) 


The resulting Y-function defining the variation of the third- 
order distortion factor with the frequency-dependent variable ya 
can then be computed by graphical integration in the same way 
as that for the rectangular core. To do this it is necessary to 
obtain numerical values for the Bessel Ip and I, functions and 
for the ratios Ko/Ip and K,/I,; of the K and I functions ofa 
‘semi-imaginary’ complex variable (i.e. one of the form zj!/* where 
z is real). These can be obtained from the Bessel J functions 
and the Hankel H™ functions tabulated by Jahnke and Emde. 


Ip is Jo with the phase angle reversed in sign. 

J, is --jJ, with the phase angle reversed in sign. 

[Ko/Io + Ky/Qy] is j47[H§?/Jo — H{?/J,] with the phase 
angle reversed in sign. 


The curve of k3/k3:) as a function of @ will be found to have 
the same general form as that relating to a core of rectangular 


cross-section (see Fig. 4). 
8 
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(7) FERRITE CORES 


Although the method described above was used to study the 
case of a ferromagnetic conducting material in which the con- 
ductivity was high enough for the parameter ya to have a fixed 
phase-angle of 47 radians, it applies equally well to a ferrite 
core in which the effect of permittivity cannot be neglected. In 
such a case, eqn. (52) would still apply, but the phase angle of 
ya would vary with the frequency—thus making computation 
more difficult. Furthermore, Y(ya) would not be uniquely 
defined for a given value of yal, and another parameter would 
have to be introduced to take into account the varying phase 
angle of ya. 

The change in the distortion factor of a coil with a ferrite 
core, due to phase-shift of the electromagnetic field within the 
core, is, however, not likely to have much practical significance, 
because other design considerations generally limit the maximum 
working frequency of a given core to a value for which the wave- 
length in the material is still large compared with its linear 
dimensions. Large variations in the value of the distortion 
factor would be expected on approaching frequencies at which 
‘dimensional resonance’ occurs in a given core, i.e. where the 
wavelength is comparable with its dimensions. 


(8) THE TRANSMISSION-LINE ANALOGUE OF AN 
INDUCTOR 

Not only can the relationship between the field inside a coil 
and the distribution of current and voltage along an equivalent 
transmission line be used to assist in obtaining an analytical 
solution to the problem of coil design, but it can be taken a step 
further and used to design a physical analogue for investigating 
cases which do not lend themselves to mathematical treatment. 
This is done by building up a ladder network of series inductors 
and shunt resistors, the number of sections being chosen to give 
a satisfactory approximation to the smooth transmission line. 
The measured sending-end impedance of the equivalent network 
is then proportional to the circuit impedance of the coil under 
consideration, and the measured currents and voltages in the 
various sections of the network are proportional to the magnetic 
and electric field components respectively at appropriate points 
in the core. Hysteresis distortion can be taken into account 
by arranging that the series inductors of the network themselves 
have ferromagnetic cores with the correct magnetic properties. 
By suitable choice of the network component values, the required 
range of values of ya can be attained at a very much lower value 
of w than would be the case for the real core. This means that 
the high-frequency behaviour of the latter can be investigated by 
means of low-frequency measurements on the transmission-line 
analogue, so that, if desired, the inductors used in constructing 
the analogue can be wound on cores which are identical with the 
one under investigation and yet can be worked at frequencies 
for which k;=k3z,). This experimental method is not 
restricted to small flux densities or to metallic core materials. 
It can be used, for example, to study the high-frequency properties 
of a ferrite core, the equivalent network in this case having its 
parallel resistance arms shunted by capacitors to represent the 
effect of the permittivity of the material. 

The use of an equivalent ladder network to study hysteresis 
distortion in laminated cores was first suggested by Feldtkeller+ 
and Kammerer.> They, however, used ladder networks with 
relatively small numbers of sections to obtain approximate 


theoretical solutions by a step-by-step method, rather than as 
experimental analogues. 


(8.1) Core of Rectangular Cross-Section 


Apart from a numerical ratio whose value depends on the 
geometry of the system, the circuit impedance of a rectangular 
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solenoid is equal to the sending-end impedance of a shor | 
circuited transmission line whose propagation coefficient an 
characteristic impedance are 


y = VUie@pore) = et ine Ay 


one 


= 


Moke ( 


al 


In general, if a uniform transmission line has a series impedance): 
Z and shunt admittance Y per unit length, | 


Jo 
ees png (2) 


then 


y=V(ZY) 


and 


Lt 


| 
An equivalent short-circuited line whose impedance at a fre 
quency w, represents that of the rectangular solenoid at a fre 

quency w will thus have a total series inductance popap(w/w, | 

and a total shunt conductance oa/[p(w/w,)]. The no 
conversion factor w/w, and the numerical constant p can b 

chosen to give a convenient frequency range and convenien’ 
values for the analogue network. Fig. 5(a@) shows the com) 
ponent values for n-section networks using either T or 7 basi’: 
sections. An even closer approximation to the ideal smoot) 
line can be obtained, for a given number of sections, by takin 
the mean of measurements made with T and 7 arrangement: 
respectively. 


(8.2) Core of Circular Cross-Section 


It is shown in Section 12 that the equations determining th) 
electromagnetic field in the core of a cylindrical solenoid are 


age) = Jovon(Z) 
a> GEN?) 


a transmission line, 


dv 

oo Zl 
dl 

ie YV 


shows that the equivalent line in this case will not be uniforr) 
but will be tapered, in the sense that both the series impedanc! 
and the reciprocal of the shunt admittance per unit length wi! 
change with distance at a uniform rate, both becoming zero at 
distance a from the sending end. The total series inductance ¢! 
the equivalent ladder network will be SpoMap(w/w,) and th) 
total shunt resistance will be p(w/w,)/(2ca). Fig. 5(b) show 
the alternative T and 7 forms of the tapered network. 


(8.3) Effect of an Air-Gap 


Fig. 6 represents a side view of the basic current tut! 
[Fig. 3(a)], but instead of being filled with magnetic materia. 
the latter must now be imagined to extend only over a lengt 
i — g of the tube, the remaining length g being filled with a nor 
magnetic insulant representing a relatively narrow ‘air-gap’ 1 
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Fig. 5.—Equivalent T and 7 networks for solenoidal cores. 


(a) Rectangular cross-section. 
(6) Circular cross-section, 


In both cases the element values are given by 


a) 
L= a ee) 


= koa (or 
as D =) 
_2(2 
as a 
‘the core. There will be two ‘inward’ field impedances Z;, and 
Z;, telating respectively to the field in the magnetic material 


and in the gap. The total circuit impedance is the parallel 
combination of two components 


b b 
Le ig me = jo" 
cand Leg = °F 
tanh 
where Zn = jeopopa( i?) 


%~ will be given by a similar expression in which w = 1 and y 

has the appropriate value for the dielectric material in the gap. 

This value will generally be so small that Z; will be given by 
Zz = jopioa 


A air-gap can thus be taken into account in the analogue net- 
“ork by shunting across its sending-end terminals an air-cored 
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Fig. 6.—Effect of an air-gap. 


Side view of a current tube of rectangular cross-section. 


C K As Fig. 3(a), except that 
an air-gap of length g is included.] [ BG) exe P 


inductor whose inductance is //ug times the total series induc- 
tance of the network (see Fig. 5). Looked at from this point 
of view, it can be seen that the air-gap will not only reduce the 
effective impedance of an inductor but will also reduce its 
hysteresis distortion factor. If the applied potential difference 
is kept constant, the current flowing in the equivalent network 
will be unchanged by the gap, and the harmonic-frequency 
e.m.f. appearing at the sending end will also be the same as if 
the gap were not present. Owing to the shunting effect of the 
inductor representing the gap, however, the actual harmonic- 
frequency voltage appearing at the sending-end terminals will be 
multiplied by a quantity 


re (74) 
b b tanh ya\ pg tanh ya 
pe aa) det A 


The distortion factor will be multiplied by the same amount. 
Fig. 7 shows how the distortion-factor curve for a gapped 
rectangular solenoid depends on the gap factor, pug/l. 


20 3:0 5:0 10 
6 


O:35 0:5 5 Osea 


Fig. 7.—Effect of an air-gap on the third-order distortion factor. 


Curves of k3(gap)/k3(zF) are plotted as a function of 0 for various values of the gap 
factor ug/l. 


(9) CONCLUSIONS 


The third-order distortion factor of an inductor with a ferro- 
magnetic core will vary at high frequencies as a result of attenua- 
tion and phase shift of the electromagnetic field as it penetrates 
into the core from the surrounding dielectric material. It has 
been shown theoretically that, at low flux densities, the distortion 
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factor of a metallic core passes through a minimum and finally 
settles down to a constant value as the frequency is increased 
indefinitely. An analogue method has been described which 
enables the frequency response of the distortion factor to be 
determined in cases where theoretical analysis is difficult or 
impossible. The experimental method can be applied, for 
example, to ferrite cores, to metallic cores at high flux densities 
or to study the effect of hysteresis distortion on complex input 
waveforms. A simple modification of the analogue circuit 
enables the effect of an air-gap in the ferromagnetic core of an 
inductor to be taken into account. 
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(12) APPENDIX: Equations Defining the Electromagnetic Field 
Inside a Solenoid of Circular Cross-Section 


Fig. 8 represents a portion of a single-turn solenoid of radius 
a and length /. 


Fig. 8.—Field conditions in a solid core. 


The diagram illustrates the field conditions inside a cylindrical core, 


The magnetic field intensity in the shaded tube of radius xy 
and thickness dx is H, and the flux density there is thus 


B= pop 
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The total magnetic flux enclosed by the elemental tube is 


x1 
i 2x Bdx 
0 


x1 
= Hott | 2axHdx 
0 


The induced e.m.f. is equal to the rate of change of magnetic} 


flux, so that, for a sinusoidally-varying H, the induced e.m.f. is 


Bal 
Jpop Ip 27x Hdx 


This must be equal to the electric field intensity E multiplied by 


the path length, so that 


xy 
2nxE = joopiop | 27xHdx 
0 


(75), 


(76) 


i 
| 
k 


| 


x4 
or XE = jwpope | xHdx: (7, 
(0) ! 
Differentiating both sides with respect to x, | 
| 
dE 
Be xT = jwpopxH (78), 
x \ 
or cea jel E 19) 
Fe JM Hol og (79) | 


The line integral of H around the shaded tube in an axial direc’) 
tion is equal to the total circumferential current in the tube, sc! 


that 
IL + dH — H) = E(o + jwege)ldx 
dH f 
et E(o + jwege) . (80 
ae aH VdeE 
Differentiating, ioe “(o + JWege) 


Substituting for dE/dx and rearranging, 


di) idiiaee : | 
ee JWLo(G + jwege)H = 0 . 
or aH | 1dH yap ay 
detly ine Weak et . 

where Y = V [jepom(e + jweoe)] 


Or, expressed with yx as the independent variable, 


e 


i 


ee ol ciel plod 
d(yx)? * yx d(yx) ¢ 
Differentiating eqn. (75) gives 
aE ae dH 
Xa + 2 —Jomoe(xG> + H) 
= jeopg(a + joregexE + | (x +E 
BONY he 
which, when rearranged, becomes 
d2E, ol dk aay i 
dgxr" yxdgxn |’ TomlE=°- - & 


Eqns. (81) and (82) are modified Bessel equations of order p 
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id 1, respectively, so that their solution can be written down 
| terms of Bessel I and K functions. 


H = Alp(yx) + BKo(yx) (83) 
E = Cl(yx) + DK,(yx) (84) 


he | and K functions represent wave systems with radially- 
award and radially-outward directions of propagation, respec- 


vely. For the inward-directed field, therefore, 
H = Alg(yx) 
E = Cli,(yx) 
dH 
ies = Ayl(yx) 
<= E(o + JWEQE) 
o that £ = LZ = % 
A o + JWEE 
where Yh = Joopoe 
Oo + Jwege 
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The ‘inward’ field impedance at a radius x is thus 


-_ -_ Cho» 
H A Ip(yx) 


I,(yx) 
fs 85 
Gn (85) 


Similarly, the ‘outward’ field impedance is found to be 


nate: K,(yx) 8 
Zz as pe ee eee CO) 


By slight rearrangement, eqns. (78) and (80) can be presented 
in a form which is more convenient for deriving the equivalent 
transmission line representing a solenoid of circular cross-section: 


an at) = Hovan(5) 
a> GE) G)ee + os 


(87) 
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SUMMARY 


The increasing use of submerged repeaters and the introduction of 
new cable types have drawn attention to the hydrodynamic problems 
involved in the laying and recovery of deep-sea cables. The paper 
deals with the case of a uniform cable being laid or picked up at a 
constant speed. A method is described whereby the shape of the 
curve assumed by the cable under given conditions can be estimated 
and the maximum tension in the cable predicted. 


(1) INTRODUCTION 


During the last 100 years, telegraph cables totalling many 
thousands of miles in length have been laid across the oceans, 
often at depths of two or three miles below the surface of the 
water. Although the danger of damage to such cables on the 
sea bed is normally very small, the need does nevertheless arise 
from time to time for part of a cable to be recovered from deep 
water to enable a faulty section to be repaired or replaced. 
Changing conditions may also make it desirable to be able to 
pick up a cable which has served its original purpose so that it 
may be relaid and used again in a new position. The problem 
of picking up a deep-sea cable without damaging or breaking it 
is one which has always presented a considerable difficulty. To 
explain this it will be assumed that the cable on the sea bed has 
been successfully hooked by the repair ship and cut, and that one 
of the severed ends has been brought to the surface. The ship 
now has to haul in the cable, stowing it in its own storage tanks as 
it does so, until the required length has been picked up. Two 
difficulties are immediately encountered, an obvious one being 
that the tension at the top end of the suspended cable is due not 
only to its own weight but also to the drag of the water as the 
cable moves through it. The other difficulty is due to the fact that, 
up to the present, it has been the practice to surround the elec- 
trical structure of the cable by a helical lapping of steel armouring 
wires which serve the double purpose of protecting the cable 
from accidental damage and of providing it with the required 
tensile strength. The application of tension to a_helically- 
armoured cable of this type introduces a twisting moment 
tending to unlay the armour wires. This unlaying effect will 
either strain the cable torsionally so that it becomes impossible 
to coil it properly in the tanks in the ship or, alternatively, perhaps 
cause it to kink and break before the recovery operation has 
proceeded very far. The danger of damage to the cable from 
this cause can be minimized by using the rolling action of the 
cable against the bow sheave of the cable ship to apply an equal 
and opposite twisting effect.! This is why cables are normally 
picked up with a small starboard lead, i.e. with the cable leaving 
the water at a point which is displaced laterally with respect to 
the axis of the ship. 

The paper is concerned with the former of these questions, i.e. 
with the way in which the tension in the cable depends on the 
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pick-up conditions, and also with the rather simpler problem 07 
cable-laying under steady-state conditions. 

Lord Kelvin showed, as long ago as 1857,” that a cable lai 
at a uniform speed eventually assumed the form of a straigh| 
line extending from the ship to the sea bed, and empirica. 
formulae have been in use for many years to calculate the layin | 
tension in terms of the speed of the cable ship and the percentag 
of slack cable Jaid.2 The exact conditions during the recover | 
of a cable from the bottom of the sea have not been so we) 
understood, however, and the success of such operations ha 
always depended on the practical experience and intuition of th 
officer in charge rather than on theory. 

The introduction of deep-sea submerged repeaters and th 
proposed use in the future of armourless cables have draw) 
attention once again to the problem of cable recovery. Althoug 
the economical use of submerged repeaters has been mad 
possible only by the development of electronic component 
possessing an extremely high degree of reliability, the . 


{ 


remains that the presence of possibly a hundred or more suc 
devices in a single cable link is bound to increase the chanc 
of a fault occurring, which may make it necessary to cut th) 
cable at a convenient point and then to pick it up until the fau} 
is reached. An armourless cable, in which the tensile strengt 
is produced by central steel strands rather than by externé) 
armour wires, is free from the danger of kinking due to torsion 
stresses. On the other hand, its lightness and lower breakin 
tension, compared with the conventional armoured cable, mak 
it necessary to control the pick-up tension with great care. Th) 
theoretical analysis which follows appears to show that th 
optimum conditions for the recovery of armourless cable ma 
differ considerably from those hitherto applied to armoure 
cables. 
The problem will be introduced by dealing first of all with tk 
case of a length of cable, fixed to the ship at one end and towe’ 
at a constant speed with its bottom just clear of the sea bed. | 
will then be shown that the resulting cable curve is not affected i. 
instead of being towed, the cable is paid out uniformly. Follov) 
ing the same technique, the general case of a towed cable with’ 
force applied to the lower end will then be dealt with and tt! 
results applied to the steady-state recovery of a laid cable. 


ae 


(2) RESISTANCE TO MOTICN OF CABLE THROUGH j 
WATER 

The resistance experienced by a body moving through a flui 

is due partly to skin friction and partly to the inertia of the flui 

swept aside by the moving body. For the range of velocitic 

which are of interest in connection with the laying and recove1 


) 
of submarine cables (0-5-10 knots, say), the resistance to tran’ 
verse motion perpendicular to the axis of the cable is predom 
nantly due to fluid inertia, with a small contribution from ski 
friction. The resistance to motion in an axial direction, on tt! 
other hand, is due to skin friction alone, since no change i. 
fluid displacement is involved. . 
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The force exerted, per unit length, on a cable when its motion 
through the fluid is wholly in a direction perpendicular to its 
axis can be expressed in the form4 


C 
F, = pthd . apr al er (4) 


where p is the density of the fluid, vp is the velocity of motion, d 
is the diameter of the cable, and Cp is a factor whose value can 
be taken as 1-2 for the range of velocities quoted above, so that 


BpesOeped a so CY 


Inserting the appropriate value of p for sea water and expressing 
d in inches gives 
64 1 
F, = 0°6 x =~ v2 
e 32-2 pao no) ee 


= 0:097v3d pounds per foot . , . (3) 


where v, is expressed in feet per second. 

Consider next the force exerted, per unit length, on a cable 
whose motion is entirely in a direction parallel to its axis. The 
skin friction, in a case of this type, was established by Froude as 
being proportional both to the square of the relative velocity 

between the moving surface and the fluid, and also to the wetted 
area of the moving body. He found that, for surfaces ranging 
* om smooth wax to coarse sand, the friction force varied between 
(8-25 and 0-50 pound per square foot of wetted area.4 If the 
‘cable diameter is d, the area is wd/12ft? per foot length, and 
taking the higher value quoted as being the one most likely to 
_apply to a cable with armour wires and a rough tarred-jute outer 
‘covering, the force is thus given by 


, 0: Sdv2 
@~ 42 5<100 


= 0:0013v3d pounds per foot . . . (4) 


where uv, is the axial velocity of the cable in feet per second. 

It has also been confirmed experimentally® that the transverse 
‘and axia] resistance forces when a cable moves through a fluid 
jare due to effects which are practically independent of each 
‘other. In other words, when a cable moves in any direction 
‘through water the total force on it may be taken as the resultant 
/of the component forces obtained from eqns. (3) and (4) by 
isubstituting in them the component velocities of the cable, 
‘resolved respectively in directions perpendicular and parallel to 
lits axis. 


(2.1) Definition of Settling Velocity 
There will be some value of v, such that the transverse force 
|due to its motion through the water is just equal to the immersed 
pweight of the cable. This is evidently the speed at which a 
‘straight horizontal section of the cable would fall freely through 
ithe water and is defined as the transverse settling velocity, %,. 


Thus w = 0:09762d 
a= Pye feet persecond .. . (5) 


‘where w is the weight of the cable (in water) in pounds per foot. 
This enables the transverse force on the cable to be expressed 
‘in the form 


2 
pate, mee ee. 6) 


‘were the same units are used for F, and w. The two velocities 
v_ and 0, are, of course, also expressed in the same units. 
In the same way, it is possible to define the axial settling 
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velocity, ®,, aS that at which a straight section of the cable 
would sink freely with its axis vertical (neglecting end-effects). 
Taking the values assumed above for an armoured cable, we get 


v= 0-0013u2d 


and Fu = PPR ae eee AP 

Note that there is a fixed relationship between ®, and 6, which 
is independent of the cable diameter and weight but depends to 
some extent on the surface texture. 

An armourless cable having a smooth surface would be likely 
to have an axial friction coefficient tending to the lower limit 
quoted by Froude for smooth wax surfaces. This would have 
the effect of increasing the value of 6, by a factor of 4/2 com- 
pared with that for an armoured cable with a relatively rough 
exterior surface. Thus, approximately, 


5, = 8-78, 


®, = 12-30, for armourless cables 


(8) 


for armoured cables } 


(3) FORM OF TOWED CABLE WITH .BOTTOM END FREE 


Consider first of all the relatively simple case of a fixed length 
of cable which is attached to a ship at the top end and simply 
towed through the water with its bottom end free. When towed 
at a constant horizontal velocity v,, the cable curve will be a 
straight line inclined at an angle ¢ to the horizontal. A mathe- 
matical proof of this will be given later, but it can be shown to be 
true by the following reasoning. First, suppose that a uniform 
straight rod is hinged at the top end and towed through the 
water in place of the cable. Provided that the lower end is free, 
the rod will take up a position of equilibrium such that the three 
forces acting on it, namely its weight, the water resistance and 
the reaction at the hinge, have directions which all intersect at 
acommon point. Since the water resistance can be represented 
by a single force acting through the centre of gravity of the rod, 
it follows that the reaction at the hinge must also be directed 
through the centre of gravity and therefore along the rod. The 
introduction of another hinge at any point in the rod can have 
no effect on its equilibrium. Following this argument to its 
logical conclusion, it is seen that a uniform flexible cable will also 
assume the form of a straight line when towed at a uniform speed 
with bottom end free. It is still theoretically possible for the 
cable to remain in a straight line, even when the bottom end is 
not free, but this can occur only in the special case where the 
force happens to be directed along the straight line which would 
be assumed by the cable if the force were absent. In general, the 
application of any tension to the bottom end will cause the shape 
of the cable to deviate from a straight line. This general case 
will be dealt with later. 

If T is the tension at the top end of a cable of length s, whose 
bottom end is free, and v, is the speed of the ship which tows it 
through the water, the following equations can be obtained by 
resolving forces respectively along the cable and perpendicular 
to it: 

Phy yssin ps 2 Pa) 
(10) 


re and F, are, respectively, the transverse and axial forces exerted 
on the cable per unit length as a result of its motion through 
the water. 

F,, can be expressed in terms of the actual transverse component 
velocity of the cable, v,, and its transverse settling velocity, @,: 


F,s = ws cos ¢ . 


2 


v 
Ff; = WS 
D 
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The transverse component velocity of the cable is given by 


Vp =v, sin d 


y2 

Oar 
SO that te = Wn2 sin ro) 

p 


Substituting this value of F, in eqn. (10), 
y2 
eee tsts 
cos d = 72 sin d 


P 
or sin 6 = kv/ cos d (11) 


where os (12) 

Eqns. (11) and (12) can be used to determine the angle of 
inclination of the cable, , in terms of the speed of the ship and 
the transverse settling velocity of the cable. 


The solution to eqn. (11) is 


kA 12 Ka 12 
: Drie Se 
sing = [4 ¢ tz) 4 ; 
which gives ¢ exactly for all permissible values of k. If k does 
not exceed about 45°, however, an approximate solution.can be 


obtained by applying the binomial theorem to the right-hand 
side of eqn. (13): 


(13) 


sing ~ K(1 2 E ; (14) 


The tension at the top end of the towed cable is given by 
eqn. (9) as 
T = wssin ¢ + F,s 
q2 
= ws sin d + W5=5 
q 
But UV, =U, C08 b 
; ree 
so that T = ws sin d + ws cos* d 
“%G 
‘ w Cos? 
= ws sin $(1 a ¢ 
tw sing 


2 2 
a eo ee 
02 sin ) 


(15) 


BD 

= wh(1 += cot?) . (16) 
“%G 

where Af is the vertical distance from the surface of the water to 

the bottom end of the cable. 


(4) APPLICATION TO STEADY-STATE PAY-OUT OF CABLE 
FROM SHIP 

The results obtained above can be applied quite simply to the 
case of a cable which is paid out continuously from a ship 
travelling at a uniform speed, provided that the tension at the 
bottom end of the suspended cable remains negligible. Eqn. (11) 
shows that the angle of inclination of the cable curve depends 
only on the resistance of transverse motion of the cable as a 
whole. On the other hand, the axial water-resistance force 
depends on the actual axial velocity of the cable relative to the 
water. The only effect of starting to pay out the cable instead 
of merely towing it will be to superimpose an additional axial 
velocity component, which, as stated above, will have no effect 
on the angle of inclination. 
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If the paying-out speed of the cable relative to the ship is u,) 
the axial velocity of the cable relative to the water changes from 
v,cos¢ to (v,cosd —u). Since u will normally be greater, 
than v, cos , the direction of the axial motion will be reversed, 
so that it is more correct to write —(u — v, cos ¢) instead of | 
(v,cos @ — u). The change in the direction of F, must be taken 
into account by reversing the appropriate sign of eqn. (15), so 
that the tension at the ship is now given by 


ex, 2 
Ee wh ae ea | 
v2 sin d | 
v2 (1 + e — cos ¢)* 
= wh} 1 =) 7 
v2 sin d 


where e is the slack factor. | 


Percentage slack 
es— 3 f 


100 

v, 

Substituting le “a 
=? Pas D } 
this becomes T = wh| | Uy ck Same) | a7) 
v2 kK? sin d 


or weight of the cable but depends to some extent on the rough- 
ness of its surface. The angle ¢ is given by 


(18) 


where 03/02 is a factor whose value is independent of the a 


kay 12 Ka 1/2 

inh = (1 +2) 230 liga 

18 | 4 2 

Eqns. (17) and (18) enable the relationship between cable tension), 
and percentage slack to be worked out for various laying speeds, } 
assuming that positive slack is being laid so that the tension in 
the cable at the point of contact with the sea bed is either zero or) 


negligibly small. 


(4.1) Numerical Example 


Suppose that the ship is travelling at six knots and paying out | 
with 5% slack, an armoured cable whose diameter is 1-21 in and), 
weight 35-5 cwt/1000 fathoms. 


6 xX 6080 
Th ee Ot 
en OP 3600 10-2 ft/s 
e = 0-05 
w = 35-Scwt per 1000 fathoms 
35-5 x 112 | 
sa00 0-66 lb/ft | 
d=1-21in 
oa 
= 2-36ft/s 
2-36 
| edt, © 
1005 = 0°23! 
. kay 2 41/2 
sing = a =) — = 
$ | eo 2 
whence d = 13-3° 
and T = wh{l — 0-088] 
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It will be noted that the cable tension at the ship is slightly less 
than the weight of a length of cable equal to the depth of water. 
This is the normal laying condition for any type of cable and any 
speed; the tension is roughly equal to the ‘weight of the depth of 
water’, even though the suspended length of cable may be several 
times greater than the depth. 


(4.2) Approximate Formulae 
The following formulae have been in use for a number of 


years: 
; ee 1 w 
sin. d = =, / — ee ad 
p V, “I ( am) | 


" v,Q e—cos¢d 
r= wh] 1 w (1 :, sin 6 )| 


where v, = Speed of the ship in knots. : 
w = Weight of the cable in hundredweight per 1000 


(19) 


(20) 


fathoms. 
JP == WVoF fe! 
(OQ) = ilasisye/ 


The remaining symbols have the same meaning as before. 

Comparison of eqns. (19) and (14) shows that 1/v./(w/P) is 
identical with the parameter k, i.e. \/(w/P) is the transverse 
settling velocity, expressed in knots. Substituting the given 
value of P, 


w w ; é 
4 i | 0-7d. knots (w in hundredweight per 1 000 fathoms) 


= de 
~ N 20-74. 


= 2-684/ 3 feet per sec (w in pounds per foot) 


— knots (w in pounds per foot) 


Turning to eqn. (20), it is clear that this is of the same form 
as eqn. (17), except that it appears to have been derived on the 
assumption that the axial friction force on the cable is directly 
proportional to the axial velocity instead of to its square. 

The reason why this assumption was made, in contradiction 
to accepted experimental evidence,‘ is not clear. It is a curious 
fact, however, that, although fundamentally unsound, eqn. (20) 
does give results which are very nearly correct over the range of 
values of v, and e which are likely to be of interest in cable-laying 
work, the agreement being even closer if the angle ¢ used in 
eqn. (20) is calculated from eqn. (19) rather than from eqn. (18). 
This suggests that eqns. (19) and (20) should be regarded merely 
as empirical formulae which are sufficiently accurate for most 
practical purposes but which should be applied with caution. It 
is better to use the more correct formulae given by eqns. (17) 
and (18), because these are not restricted to any particular range 
of speeds and slack factors. 


(4.3) Numerical Example 


To illustrate the degree of agreement between the results 
/dtained from the two sets of equations, suppose that the 
empirical formulae had been used to work out the example 


#'ready considered above. 
v, = 6:0 knots 
e = 0-05 
w = 35-5cwt per 1000 fathoms 
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ey 1 /35-5 
TINIE SRGN 20°57 A os 


sin d = 0:218(1 — £ x 0:2187) = 0-215 
pred 4° 


whence 


and T = wh( — 0-108) 

Comparison of these results with those obtained from eqns. (17) 
and (18) shows a discrepancy of about 1° in the angle of inclina- 
tion and of 2% in the cable tension, both these amounts being 
within the limits of accuracy to which the respective values are 
likely to have been measured in the past. 


(5) FORM ASSUMED BY TOWED CABLE WITH FORCE 
APPLIED AT BOTTOM END 

Although the formulae derived above apply strictly to the case 
of a cable which is being laid under steady-state conditions, they 
cannot be used to deal with cable recovery where the tension at 
the bottom end of the suspended cable is not zero. As a first 
step towards the solution of the latter problem, the general case 
will be considered of a cable which is towed at a uniform hori- 
zontal speed but which has some device attached to its bottom 
end which exerts a constant force in a fixed direction. The cable 
curve will then no longer be a straight line, and eqns. (9) and (10) 
must be replaced by differential equations which are valid for 
small incremental lengths of cable. Resolving forces respectively 
parallel and perpendicular to the cable, we obtain the differential 
equations defining the cable curve: 


dT — F,ds = w sin dds (21) 

or x =F,+wsing (22) 
and To = weos ¢ — F, (23) 
Substituting for F, and F, gives 

Ce we /Ueeaes ; 

Se (008 $ +sin ¢) 

_ (i Osh 

df sin? d 

and Toe (cos gd — [2 ) (25) 


dd|ds = 1/R, where R is the radius of curvature. 

A problem very similar to this has been studied in connection 
with the towing of an object suspended from an aircraft by a 
flexible rope. A solution was obtained in this case by neglecting 
the effect of axial friction altogether and taking into account 
only the transverse aerodynamic resistance to the motion of the 
rope. It will therefore be of interest to consider to what extent 
the same assumption would be justified for a submarine cable 
moving through water. The two cases are, in fact, more closely 
comparable than might appear at first sight, because although 
the water is so much denser than air the lower speeds concerned 
bring the problem into the same general region of fluid-flow 
conditions. From eqn. (24) it can be seen that it would be 
justifiable to neglect the effect of axial friction only if 


= 
ors) 


sin d > : 


) 


- cos? b 


iT 


~ 
an 
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For small values of sind, cos¢ ~ 1, so that the condition 


reduces to 
2 


sing > 3 (26) 
% 

Substituting typical values of v, and ¥,, it is found that the 
required condition is likely to be met over by far the larger 
part of the cable curve. The errors involved in neglecting the 
axial water friction are very unlikely to have any practical 
significance, and, in any case, are probably less than the errors 
introduced by unknown factors, e.g. differing ocean drift speeds 
at various depths. 

F, will therefore be neglected, so that eqns. (24) and (25) 
become 


a =wsingd (27) 


rie = =w (cos p —- asin? $) (28) 
The object now is to derive a general series of possible curves 
which will satisfy these differential equations. The particular 
curve can then be selected which satisfies also the given boundary 
conditions. 

Eqns. (27) can be written as 


dT = wsin dds 
— wdy 


Integrating gives T=wy+T> . (29) 


where 7p is the value of T at y = 0. 

[It is interesting to note that eqn (29) gives the simple rule 
that the difference in tension between any two points in the cable 
is always equal to the weight of a piece of cable whose length 
is equal to the vertical distance between the two points.] 

A particular solution to eqn. (28) is dé/ds = 0 and, in this case, 

cos ¢ — pm ¢ =0 

The condition dd/ds = 0 means that the radius of curvature 
is infinite at all points, i.e. the curve is a straight line. The 
resulting relationship between & and ¢ corresponds to eqn. (11). 

The first step towards finding a general solution to eqn. (28) 


is to substitute in it the value of T obtained from eqn. (29). 
Then 


(To + wy = = w (cos @ — = sin* $) 
wy) a tt =w (cos d — a sin? $) 


Rearrangement gives 


or (T } 


air, 
T \ = ksinddd = 
Prec k* cos h — sin? 4 

To 


After replacing k by a subsidiary parameter «, where k? = 2 tan a, 
eqn. (30) can be integrated to give 


log: E + 2 tan « G2) 


sin atoge| + 


cos « + (1 — sin x) cos d 
cos a — (1 + sin x) cos g 
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or 


log: [ “2 tane(2) | 


cos a + (1 — sin «) cos a G1) 


= . s + . \ 
sin « log. E cos a — (1 + sin x) cos d 
KPT, 
where A= : 
w 


| 
The quantity A is defined as the characteristic length of the. 
particular cable under consideration. It is the length of a piceal 
of the cable which, if towed laterally through the water at a 
speed v,, will experience a transverse force equal to Tp. It will 
be explained later how the characteristic length is used to fix) 
the scale of the portion of a general curve which will satisfy the 
given boundary conditions. 
The ambiguity of sign in eqn. (31) can be removed by special 
that y/A is positive when cos pi iS positive. | 
Care must be taken to ensure that both sides of the equation | 
are integrated between the same limits. This has already been} 
simplified by arranging that y/A = 0 when cos ¢ = 0, so a 
no constant of integration is required in eqn. (31). It applies’ 
for both positive and negative values of cos ¢; the curve is con-| 
tinuous in the vicinity of ¢ = 90°, the sign of y/A becoming | 
negative for values of ¢ between 90° and 180°. A difficulty’ 
arises, however, because there is a critical value of ¢, between 0 
and 90°, for which y/A becomes infinite. Denoting this by a 
we have 


cos « — (1 + sin «) cos dy = 0 


Comparison with eqns. (13) and (11) shows that the angle $0 
is, in fact, the inclination of the straight line which the cable takes 
up when the tension at the bottom end is zero. 

The general curve is discontinuous when ¢ = ¢o, so that when} 
& lies between 0 and ¢o it is no longer permissible to take) 
& = 90° as one of the limits of integration, and a constant of | 
integration must be introduced. 

Let y, be the value of y when cos ¢ = 1; then 


y : (1 — sina) + cos« 
loge | 1 + 2tana(*!) | = sina] 
: L cite Be A | eae re ue + sin a) eas 


(32) | 


Integrating between limits y,/A and y/A gives 


loz | 1 +2tana (2) | 


cos #(1 — sin x) + cosa 
cos f (1 + sina) — cos « 


= sin « log, | 


(1 — sine) + a (3) 


Ses ] 
Sees a + sin x) — cos « 


This equation must be used, instead of eqn. (31), when ¢ lies 
between 0 and ¢o. Eqns. (31) and (33) enable the vertical’ 
ordinates of the general curve to be computed in terms of the. 
angle ¢, i.e. in terms of dy|dx. 


A further integration is necessary before the cable curve itself 
can be plotted: 


dy 
dx 


so that : = | cot éd(5) 


=tand 
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Jnfortunately, this integration cannot be performed analytically, 
jo that it is necessary to carry it out graphically by plotting the 
surve of y/A against cot ¢@ and then computing the integral by 
measuring the area under the curve. 

Fig. | shows diagrammatically the form of the complete curve 
of y/A against x/A for a given value of the parameter «. Both 
arts of the curve become asymptotic to a straight line with a 
slope of }o as x/A or y/AX increases indefinitely. 

The solution of the original differential equations can be 
‘epresented by a family of curves drawn for various values of «. 
_ For any steady-state condition involving uniform horizontal 
movement of a suspended cable relative to the water, the shape 
assumed by the cable must be an arc of the general curve corre- 
sponding to the appropriate value of « (and therefore of &). 
For example, a towed cable with a weight attached to the lower 
end might be represented by the arc AB in Fig. 1 while the arc 


Ik 


Fig. 1.—Form of the general cable curves. 


=F might give the shape of a towed cable carrying at its lower 
end some object producing a horizontal drag force in addition 
0 its own weight. In the special case where the tension applied 
‘0 the lower end of the cable happens to have a direction making 
in angle ¢9 with the horizontal, the cable curve becomes a 
straight line. 


(6) APPLICATION TO STEADY-STATE CABLE RECOVERY 


An imaginary observer recording the shape of the suspended 
*25le would not be able to distinguish whether it was being laid 
informly or merely being towed with its bottom end just clear 
x the sea bed. Applying the same argument to the recovery 
% ration, the cable will behave as if the bottom of the suspended 
sect were being pulled along the sea bed in the direction in which 
bh ship is travelling and at a speed equal to that of the ship. 
Ie true conditions can be obtained by superimposing a purely 
tal velocity of the whole cable such that the portion on the 


Pass 


sea bed is brought to rest. In the case of the equivalent towed 
cable, its axial velocity relative to the water is zero at the top of 
the curve and a maximum at the bottom, whilst, during recovery 
of a cable, its axial velocity is zero at the point where it leaves 
the bottom of the sea and rises to a maximum at the topend. In 
the latter case, the reasoning which led to the neglecting of the 
axial friction when deriving eqns. (24) and (25) will apply even 
more clearly, so that the shape of the suspended cable must be 
represented by the general curves obtained above. For example, 
it may follow the are DC, (Fig. 1) if the ship is ‘holding back’, 
the arc DO if the cable leaves the water vertically, or even an arc 
such as DC, if the ship is over-running the cable. The direction 
of motion of the ship would be from left to right in Fig. 1. 
Some general cable curves are shown, plotted to scale, in 
Figs. 2 and 3, for various values of the parameter «. The curves 


) 02 0-4 06 0-8 +0 12 
x 
A 
Fig. 2.—Shape of cable curves, 
bo < 6 < 90° 
tan a = 4k2 


are continuous through y/A = 0, but, for convenience, they have 
been drawn separately for positive and negative values of y/A. 
To determine the shape of the suspended cable for any given 
steady-state pick-up conditions the procedure is as follows: 
First of all, the value of « must be calculated for the given pick-up 
speed, v,, and the transverse settling velocity of the cable 
concerned: 

fe OF 

tana = ee 2 
The appropriate curve can then be selected from Figs. 2 and 3, 
interpolating if necessary. The top end of the suspended cable 
will be represented by the point on the curve where its slope 
corresponds to the given slope of the cable at the point where it 
leaves the water. The bottom end is given by the point where 
the slope of the curve becomes zero. Finally, the scale of the 
resulting arc of the curve must be adjusted so that its vertical 
height represents the depth of water. Suppose, for example, the 
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ce) o2 0-4 0-6 0-8 10 12 


Fig. 3.—Shape of cable curves. 
90° < ¢ < 180° 
The dotted line indicates the locus of the point at which the curve becomes horizontal. 


value of ¢ at the surface of the water is denoted by ¢, and the 
corresponding value of y/A by y,/A. Let y2/A be the value of 
y/A representing the bottom end of the suspended part of the 


cable. Then 
G)=@)-@) es 


where / is the depth of water. 
The typical cable curves shown in Figs. 4 and 5 were obtained 
by the above method. 


@=60° 40° 30° 20° 10° 


Fig. 4.—Shape of cable curve during pick-up. 
tan a = 4k2 
Plotted for ¢ = 90°, showing the effect of changing speed at constant angle of lead. 


(6.1) Calculation of Cable Tension 


The tension of the cable can be calculated directly without 
making use of the general curve. By combining eqns. (29) and 


Oo O02 O04 O06 O8 to 12 14 16 


Fig. 5.—Shape of cable curve during pick-up. 


tan a = 4k2 


Plotted for « = 20° (k = 0-85), showing the effect of changing angle of lead a| 
constant speed. 


(32), the tension at any point along the cable can be expressed fl 
the form 


wa 


In particular, the tension 7, at the surface is 


n ahaa 


mye 


Substituting for JA from eqn. (34), this becomes 


I “4 
poe 
T, = wh ss @ 


eG) 
The quantity in the bracket is defined as the ‘tension factor’ 
It is the factor by which the tension at the surface exceeds thi 
weight of a straight piece of cable having a length equal to thi 


depth of water. In the special case where the cable leaves thi 
water vertically, y,/A = 0 and the tension factor is given by 


is 5) 


[Note that y2/A is always negative, so that this expression i 
positive.] 


The tension T, at the point where the cable leaves the sea be: 
is given by eqn. (29) as 


T> = T, —wh 
= wh [(tension factor) — 1] 


The tension factor, T,/(wh), has been computed for various value 
of 4; and «, and the results are shown in Figs. 6 and 7. Bot 
sets of curves contain the same information presented in differer 
ways. 

The use of the curves may be illustrated by a practical exampk 
Suppose a ship is picking up, at a speed of 1-64 knots, a cabl 
whose diameter is 1-21 in and weight 35-5 cwt/1000 fathoms. 
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fo) 30° 50° 70° 90° 110° 130° 150° 
$y 
Fig. 7.—Tension factor as a function of angle of lead for various ship 
speeds. 


The transverse settling velocity of the cable is given by 


eqn. (5) as 
Vy = 3-24/ 


35-5 x 112 
cs 3-21 (Fy <x 6000 


= 2:36ft/s 
1:64 x 6080 
0, = 3600 2:78 ft/s 
k = 0°85 shod 1:18 
= ia 


Vrom Fig. 6, it is found that, when ¢, = 90° and 1/k = 1:18, 
‘ne tension factor is 2:3. 

_ At this particular speed, therefore, water resistance has caused 
‘ne tension to rise to more than twice what it would have been 
vith the ship stationary, even though the cable is leaving the 
vater vertically and appears to be coming straight up from 
4¢ bottom. The true shape of the suspended cable when 
- = 0°85 is shown in Fig. 5. It is seen that, when the cable is 
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vertical at the surface (¢; = 90°), it leaves the sea bed at a point 
about 0-85 times the depth of water ahead of the ship. Fig. 5 
also indicates the way in which the curve assumed by this par- 
ticular cable changes if the tension at the surface is varied while 
the speed of the ship is kept constant. If the tension is raised 
by allowing the ship to ‘fall back’, so that it is tending to pull 
itself along by the cable, the angle ¢, will increase. On the 
other hand, the tension can be reduced by driving the ship 
forward until the cable is leading aft, i.e. trailing back from the 
bows. For the particular value of « for which the curves of 
Fig. 5 have been drawn, for example, the angle ¢, will have 
fallen to about 60° when the ship maintains a position roughly 
vertically above the point at which the cable leaves the sea bed. 
Reference to Fig. 6 shows that this will reduce the tension factor 
to about 1-7 instead of 2:3. 


(6.2) Restrictions on a Minimum Tension 


In the example, the tension factor will fall practically to unity 
as the angle ¢, approaches the limiting value of about 48° (at 
which the cable would simply trail back in a straight line from 
the bow-sheaves). This condition would certainly reduce the 
cable tension at the ship to its minimum possible value for a 
given cable and depth of water, but other considerations must be 
taken into account. 

The tendency for a conventional armoured cable to twist under 
tension has already been mentioned in Section 1, where it is 
pointed out that the use of the correct amount of starboard lead 
can theoretically avoid a build-up of torque in the suspended 
cable. It is difficult in practice, however, to control the process 
sufficiently accurately to ensure that no torque will occur at any 
time during pick-up. The worst possible condition, as far as 
kinking of the cable is concerned, will occur if any part of the 
cable is ever subjected to torque in the absence of tension. For 
this reason, therefore, it is undesirable that the tension at the 
point where the cable leaves the sea bed should approach zero. 
Since the tension at this point and at the surface must differ 
by an amount wh, this means that the tension factor, given by 
eqn. (35), must not approach unity if the danger of kinks forming 
near the bottom of the suspended cable is to be avoided. 

The accepted practice when picking up armoured cable is to 
work with it leaving the water either vertically or with a slight 
forward lead (i.e. 6; = 90°-95°), and then to allow the pick-up 
speed to be dictated by the maximum tension which may safely 
be applied to that particular cable. With an unarmoured cable, 
on the other hand, the danger of damage due to kinking is very 
much less, so that there is no longer any need to maintain such 
a high relative tension at the point where the cable leaves the 
sea bed. This suggests, on theoretical grounds alone, that when 
picking up an unarmoured cable there may be some advantage in 
departing from the usual procedure by allowing the cable to 
lead aft from the bow-sheave. This would have the effect of 
reducing the pick-up tension for a given speed. 


(6.3) Effect of Vertical Motion of the Ship 


The maximum tension to which the cable is subjected will 
depend not only on the pick-up speed but also on the weather 
conditions, because the vertical movement of the ship in response 
to the sea swell will cause the instantaneous velocity of the 
cable to vary with time. To obtain some idea of the magnitude 
of this effect it will be supposed that the ship has stopped and 
that the cable is simply hanging vertically to the sea bed. It 
will be assumed that the vertical motion of the bow-sheave is 
sinusoidal with respect to time, and can be expressed in the form 


r=/fsinwt 


where r is the vertical displacement from the mean position, 7 
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is the amplitude of oscillation and w = 27f, where f is the fre- 
quency of oscillation. 

The velocity of propagation of longitudinal elastic waves down 
the cable will be so great that the motion of all points in the 
hanging cable can be assumed to be in time-phase, so that the 
instantaneous vertical velocity at any point in the cable is 


Uy = wr cos wt 
and its instantaneous acceleration is 
a= — wrsin wt 


The tension component due to axial water friction will be given 
by eqn. (7) as 


the ambiguity of sign being taken to mean that the modulus of the 
alternating force is proportional to cos? wf but that its direction 
alternates so that it always opposes the motion of the cable. 
The tension component due to the inertia of the cable will be 


Wiis aacas 
— —w*r Sin wt 
eh 


Adding these values to the static tension wh gives the total instan- 
taneous tension as 
ay 22 
wf? wr , 
wh (1 — — cos* wt — — sin wt) 
v2 g 


when wt is between 0 and 7 


wFcos?wt wr . 
and wh (1 + ——_,—— — — sin wt) 
t? g 


when wt is between 7 and 27. 
(t = 0 is the instant when the bow-sheave is moving down- 
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The tension is then wh(1 + 0:10 cos? wt — 0:12 sin wt). In 
this case, therefore, the contributions made by axial water 
friction and inertia to the alternating tension component would 
be roughly equal. The ratio between the friction and inertia 
effects depends on //v, only. It is independent of the periodic 
time and depends only on the amplitude of motion and on the 
settling velocity of the cable. The friction force will tend to 


predominate for light cables, while the inertia force will be more « 
It will be noted that both com- } 
ponents of the alternating tension are proportional to w* and | 
They | 


important for heavy cables. 


therefore to the vertical acceleration of the bow-sheave. 
have different waveforms, however, and could probably be 


separated experimentally by recording and subsequently analysing , 


the waveform of the tension in a practical case. 


During an actual recovery operation, of course, the cable would | 


not be hanging vertically and an exact theoretical treatment 
would be very much more difficult. Although, as far as is known, 
no systematic attempt has ever been made to collect experimental 
data on the relationship between the instantaneous tension in a 
cable and the vertical motion of the ship, there is some evidence 


to suggest that the alternating tension component during cable | 
recovery is roughly of the same order as it would have been if 


the cable had been hanging vertically. This was shown in a case 
where a cable, which was being recovered from deep water, 
suddenly broke at a point whose distance along the cable from 
the ship was roughly equal to the depth of water. Although the 
average tension fell almost immediately to about half its original 
value, the amplitude of the alternating tension component 


remained practically unchanged. An estimate of the vertical — 
acceleration of the bow-sheave (by noting the maximum and | 


minimum readings of a spring balance supporting a suitable 
mass), Showed that the alternating tension was roughly the same 


as that which would have been required to impart the observed — 


acceleration to a vertical piece of cable hanging freely to the 
sea bed. 
(6.4) Comparison of Measured and Predicted Cable Tensions 


Table 1 gives some typical average tension figures, measured 
during actual cable recovery. In each case pick-up had con- 


Table 1 


MEASURED VALUES OF TENSION 


T;/wh 
Type of cable w h d Up Us k 
Measured Predicted 
co LOO fathoms in knots knots 

600/340 GP telegraph type, 18/14 600 1-6 0:76 2-0 PLD) 
armour wires 22 1850 1°0 1-22 1:4 0:87 2-3 1:9 

1 850 1 1-10 2 SG 

0-620in polythene coaxial tele- 700 1-0 1-4 MS 1-4 
phone cable, 24/14 armour wires 8595 700 125 1-40 0-7 2-0 1o72 ho 

2 700 0:8 1S eG 1S 


wards through its mid-position.) The relative magnitudes of 
the friction and inertia forces can be illustrated by an example. 


Numerical Example. 


Suppose that the periodic time of the bow sheave motion is 
10sec, and that the amplitude is +10ft. Assume that the cable 
is armoured and has a transverse settling velocity of 2:36 ft/s. 
From eqn. (8), the axial settling velocity is 


5, = 8-75, = 20ft/s 


| 
} 
| 
| 
i 


ee eee a. ne a 


— 


tinued long enough for steady-state conditions to be reached 


and the cable was leaving the water with a slight starboard lead 
but practically no fore-and-aft lead. 

Much more experimental evidence, including results of tests 
with armourless cables, would be required to obtain a real check 
of the accuracy of the theoretical tension curves. Accepting the 
few figures recorded in Table 1 as representative, however, it 
appears that the measured tension is somewhat greater than that 
predicted by theory, particularly at the greater water depths, 
One possible cause of the apparent discrepancy might be error 


A SUBMARINE CABLE DURING LAYING OR RECOVERY 


‘in the observations of the angle at which the cable leaves the 
water. As mentioned in Section 1, an armoured cable is picked 
up with a deliberately applied starboard lead, which means that 
‘the cable curve cannot ever be truly vertical at the surface of the 
/water. In calm weather and with no surface tide, the ship should 


»move bodily along the cable track but with its axis making a 


»small angle with the track, corresponding to the starboard lead. 
| Under adverse wind and tide conditions, however, the ship might 
be forced to follow a path parallel to the cable track but not 
exactly coinciding with it. In this case, even though the cable 
‘were observed to be leaving the water almost vertically, the 
jsuspended portion would follow a 3-dimensional curve which 
would tend to cause a rise in tension. Reference to Fig. 7 shows 
‘that the differences between the respective tension-factor results 
‘in Table 1 could be explained by relatively small errors in observa- 
‘tion of ¢y. 


(7) CONCLUSIONS , 


_ A theoretical analysis of the motion of submarine cables during 
‘steady-state laying conditions has confirmed that simplified 
‘ fermulae already in use give results which are sufficiently accurate 
(or practical purposes. General curves have been computed and 
) slotted which enable the form assumed by the suspended portion 
) ef a cable during steady-state pick-up conditions to be predicted, 
| and also enable an estimate to be made of the increase in cable 
_tension during pick-up due to the resistance of the water to the 
1) motion of the cable. Experimental evidence is scanty, but that 
\ which is available suggests that the actual tensions are somewhat 
| higher than predicted, particularly in very deep water. The 
| theory shows, however, that these discrepancies may possibly be 
| due to the difficulty of obtaining accurate observations of the 
| angle at which the cable leaves the water. 
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The relationship between the vertical motion of the ship and 
the resulting alternating tension component has also been investi- 
gated. It appears that the latter is mainly due to inertia effects 
in the case of an armoured cable but that water friction effects 
might predominate for a light armourless cable. 
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TWO THEOREMS CONCERNING GROUP DELAY WITH PRACTICAL APPLICATION} 
TO DELAY CORRECTION 


By G. G. GOURIET, Associate Member. 


(The paper was first received 13th 


SUMMARY 
Two theorems are stated which enable properties of group delay to 
be expressed directly in terms of the transfer function of a linear trans- 
mission system. Examples are given to show how the results might 
be usefully applied to certain problems of delay correction. 


(1) INTRODUCTION 


Most generally, the differential equation of a linear 4-terminal 
communication system with fixed parameters may be written 


dR a?R.. d"R 
OR Fa, T+ 775 bs. + Onan 
dE d*E aCe 


where R(t) is the response of the system to an arbitrary excitation 
E(t), and all coefficients are real constants. The transfer function 
of such a system may be defined as 


R[p] ashe bo at bip Ss by p* ene Die 
Ep) ao ae t oP ae a, 


where E[p] and R[p] are the complex Fourier transforms of 
E(t) and R(?) respectively. A knowledge of f(p) is sufficient to 
determine completely the linear behaviour of the system in all 
circumstances, using well-known operational methods. 

When dealing with systems for which the ‘shape’ of the trans- 
mitted signal is of interest, it is normal practice to use this direct 
approach, which does not require the concepts of frequency and 
phase. For certain purposes, however, particularly where 
signals use specified frequency bands, the steady-state behaviour 
continues to be of interest, and this is expressed by the transfer 
function with p replaced by jw, giving 


f(p) = 


by + bi(jw) + by(jw)? + .. 
Ay + aj(jw) + an(jw)? +.. 


: Bypl jw)” 
. a,( jw)" 


f( jw) 


Thus we recognize that f(jw) is a particular case of the more 
general characteristic f(p), and it is in this connection that we 
propose to discuss group delay. 

In terms of its real and imaginary parts, the steady-state 
transfer function may be written 


(jw) = P(w) + jQ(w) 
P(w) = 4[f(jw) + f(—ja)] 
JQw) = fli) — f(—jw)] 


where 


Correspondence on Monographs is invited for consideration with a view to 
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The characteristic known as group delay, which expresses the) 
dispersive behaviour of a system, is defined as 


do* 
Me 5 , 
where 6 = ano . 


By its very definition, group delay demands the frequency} 
concept, but with advantage it may be derived directly from the 
transfer function, f(p), as defined above. 


(2) RELATIONSHIP BETWEEN GROUP DELAY AND GAIN 

SLOPE 

In the following we shall state two theorems which do not 
appear to have been previously published: 


| 
Theorem (i).—If f(p) is a transfer function and f’(p) its first) 
derivative with respect to p, the real part of —f’(p)/f(p) is the’ 
group delay, 7(w), and the imaginary part is the gain slope 
dG/dw, where G is the gain in nepers. (It is to be understood 
that the real and imaginary parts are obtained after substitution) 
of jw for p.) i 


Proof.—The proof follows directly from the fact that 


{(p)_ d 
—— = —]logf fh. ne 
f(p) fe og f(p)] (1) 
Writing jw for p we have 
f'(jw) d ‘ : 
(je) ~~ dGay tos tGa)|eM) 


_ a E : 
= iz Ulog [f(jw)| + 76] 


dé dG 
Bly boi ee ee H 


where G(w) = log |f(jw)| and @(w) is the phase of f(jw). The! 
attenuation is of course —G(w), whilst —d0@/dw is by definition) 
the group-delay, 7(w). We note that being the real and imaginary | 
parts of a function of jw, t(w) and dG/dw are even and odd 
functions of w, respectively.! 

The fact that t(w) and G’(w) are derived directly from the 
transfer function, f(p), would suggest that these parameters may’ 
be more fundamental than attenuation and phase. As will bel 
shown later, the relationship between them is somewhat simpler 
than that between attenuation and phase. 

In passing, it is perhaps worth stating the condition for dis-) 
tortionless transmission in terms of this theorem; this is simply 


_ * The negative sign is not at variance with the usual definition d8/da which applies 
in transmission theory, where @ is the phase-change coefficient. As defined, the 
propagation coefficient of a transmission system is the natural logarithm of the complex © 
ratio, input/output, for a cisoidal excitation, whereas the transfer function somewhat 
more logically, is concerned with the reciprocal of this ratio. i 
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that f’(p)/f(p) must be a real constant. The only realizable 
transfer function satisfying this condition over an infinite range 
of p is the delay function e~?*. 

The following corollaries to this theorem are also of interest. 


(a) Group-delay in terms of products and quotients of transfer 
functions.—Because of the logarithmic form of f’(p)/f(p) the 
group delay corresponding to the products and quotients of 
transfer functions becomes the sums and differences of the 
respective component group-delays. 


Thus if f(p) = g(pyh(p) 
| h’(p) ae 
= —& 
so ES 3 8) | p=jer @) 
5 _ gp) 
Also if ita) = 65) 
hp) g'(p) 
T == Vy 
oe Ee g(p) a ® 
In general if 
f(p) ‘s bol pb (p)b2(p) CD Wnt P) 
Qo( PQ (P)Q2AP) « . - Q,(P) 
n QO ‘(p) m ee 
=a GF k k 5 
Be 3 O.0) = dd) pms >) 


(b) Group-delay in terms of zeros and poles of f(p).—Let 
f{p) have zeros at a1, a, «3,...%,, and poles at B,, ), 


Bs, .. . Bn, so that 
fp) = (Deyo Da OO) = Sayin (D — Sm) 

(pi By) = BaD B3)i-.(p = B,) 
From (5), 

iy eae | 

Bo) is als (p a B.) ~ (p = om) p=jo 
which gives 
m a, n By 
T(w) = x a2 + we 9 B2 ou Fall Geisi oder (6) 


There is no need to insert Z (= real part) in the above expres- 

sion, since the imaginary terms due to complex conjugate roots 
will cancel in the summation. 
At zero frequency (w = 0), 

m 1 n 1 

ED eater OE, 


1 
For f(p) to be physically realizable, all poles will be in the left 
half of the p-plane, i.e. all 8, will have negative real parts, whence 


the contribution 
B, 


Bo 


(7) 


which is due to the denominator, h(p), will be positive for all 
values of w. If, in addition, f(p) is free from zeros in the right 
half of the p-plane, which will be true for a minimum phase 
System, all «, will have negative real parts, so that the con- 
tr:bution 


due to the numerator, g(p), will be negative for all values of w. 
A important conclusion is that if f(p) is expressed as the ratio 
“i two polynomials, g(p)/h(p), a necessary condition* for f(p) 


For orders up to a cubic this is also a sufficient condition, but this is a limiting 
and does not apply to higher orders. 
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to be physically realizable (i.e. free from poles in the right half 
of the p-plane) is that 


h’(p) 

Gp NE 

h(p) 

A negative group delay may be produced by a realizable 


transfer characteristic over a finite frequency band, but it will 
always be due to the numerator of f(p). For example, 


> 0 for all values of p = jw 


a+p 
b+p 


{(p) = 


can be realized over a finite frequency band extending upwards 
from zero frequency. 
In this case, by eqn. (6), 
b a 
2 +we atu 


T(w) = 


and this will be a negative quantity if a > 6 and w* > ab, or 
alternatively, if a< b and w? < ab. 

A second theorem will now be stated which relates gain slope 
G’(w) with group delay 7(w). 


Theorem (ii).—If f(p) is free from poles and zeros in the right 
half of the p-plane, then G’(w) and 7(w) are a pair of Hilbert 
transforms. Thus 

ne 
A —w 


ot) = 5 | 
| G'A pn 


ioe) 


7(A) 


(8) 


T(w) NDS aac 
—o 4 


This is another way of stating the relationship between 


attenuation and phase given by Lee,” but is somewhat more 
simple and direct in that it avoids the use of circular functions. 


Proof.—The real and imaginary parts of any transfer function 
$(p), [= ¢(jw)] are a pair of Hilbert transforms provided that 
¢(p) is free from poles in the right half of the p-plane, and that 
|d(jw)| tends uniformly to zero as w > 00. A simple proof of 
this is given in the Appendix. 

Consider now a transfer function 


_ 8p) _ a + apt OD age 
Kip) bo + bp + bpp? ... b,p" 


which is free of poles and zeros in the right half of the p-plane. 
By the previous theorem, 


f'(p) _ hp) 
f(p) ——h(p) 


Now, since h’(p) will always be of a lower order than h(p), 
and similarly g’(p) will be of a lower order than g( p), 


f(p) 


g'(p) dd dG 
g(p) 


ey te Hb 


if’(ja)| 


f(jw) | 


will tend uniformly to zero as w-> ©. Also, since both h(p) 
and g(p) are free from zeros in the right half of the p-plane, 
f'(p)/f(p) will be free from poles in the right half, and the real 
and imaginary parts of f’(jw)/f(jw) will thus be a pair of Hilbert 
transforms. Hence, by Theorem (i), G’(w) and 7(w) are a pair 
of Hilbert transforms. 


242 


We shall illustrate the use of this theorem with an elementary 


example. The group delay which results from the transfer 
function 
a 
f(p) = atp 
a 
: Shee 5 
is T(w) PSOE Re aks (9) 
j g 10 
Also [f(ja)| = Pere eRe . (10) 


Suppose we are given 7(w) and wish to deduce |f( j)| con- 
sistent with the minimum phase condition. For the gain slope 
we have 


aGe A S208 Pe. g : 
a = 2] ies oN | a ae 2 Xr ne ooh 


— oo 


(11) 


This integral may be readily evaluated by contour integration 
to give . 


dG ow 
dw atu? 
: Ww 
Thus G(w) = log, |f(jw)| = ( oe a Le 
eyo etecstlal | ae 
~ 08 a + w) 
where k is an arbitrary constant. 
k 
Th oO) —————— 12 
us |f(jw)| Wied (12) 


which is, of course, correct and identical with (10) if k = a. 


(3) SERIES EXPANSION 
Using the expression f’(p)/f(p), it is a simple matter to express 
either group. delay or gain slope as a series in ascending powers 
of w. This can prove particularly useful in determining the 
circuit parameters required for delay correction. To illustrate 
this point, we shall consider the normalized transfer function 


1 1 
f(p) 1+ pr, + p?t, + p373 + ptt, 


and establish the values that the coefficients of p must have in 


order that the group delay shall be constant in the maximally- 
flat? sense. 


(13) 


For this particular case we have 
fi(p) 7% + 2p, + 3p?73 + 4p? 74 
ED) Wee repre ep Ts “Ep tg 
Straightforward division gives 
f'(p) 
f(p) 
where a = 7; 
b= — (7? = Uae), 
c = (7? — 37,7, + 373) 
d= — (ri — 4rit2 + 47173 — 474 + 273) 
e = (7? — S5r3#7, + Stitt, — 57174, + 57,73 — 5773) 
f= — (7 — 67475...) 


(14) 


=a+bp+cp*+dp?+ ep’... ete. 
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Substituting jw for p and collecting even terms, we obtain for i 
the normalized group delay | 


23 } 
dinr(a) a Wee (eee) (=) | 


wt 
+ (1 — 5k, + 5k; — 5kq + 5k35k2k3) 9 


WwW 6 ‘ 

es He Ris ay ieee (15)} 

(ie ea) 

aon | 

where Oa 7; | 
Ki —. WOTn i 


On equating to zero the coefficients of w and w* we obtain, 


k3 = ky == . 

Veeco sans 19) 

hy = 3 (ka — | 

so that T, = 1/w9 . 
T7 = kp/orp . 

| 

o=(e-D/es | 

S-Di | 

Substitution of these values in (13) gives 

P Pie 1s 4 PN? sx a 2\/ p\*h 

Lobes Giese re Neel) +4(* sles 
- «. 


where k, has been replaced by K, which is now an arbitrary 
constant. 

Eqn. (17) expresses the most general quartic transfer functior} 
with maximally flat group delay in the sense that the first five) 
derivatives with respect to w are zero at w = 0. 

We note that f(p) now has only two degrees of freedom, one! 
of which is wo, which determines the frequency scale, and the 
other, the arbitrary constant K, which will control the behavio 
of the group delay beyond the maximally fiat region. 

For 1/f(p) to be physically realizable, a first condition is tha’| 
all coefficients of p must be positive; this is satisfied if K > 2! 
As a second condition, f(p) must satisfy the stability criterior| 
for a quartic,* > namely that if 


F(p) = a + bp + cp’ + dp® + ep* 


1/F(p) will be stable (i.e. all poles in the left half of the p-plane! 
only if bed > ad* + eb?. 


Applying this to f(p) as expressed by (17), we obtain thy 
result 


(K2 = Kj3)> ( _ AR fais 
45 
which is true and independent of the value of K. We therefor 
conclude that 1/f(p) is physically realizable for all values o 
Kee 
The corresponding normalized group delay is 


7 1 6 2 
WoT(w) = 1 + ( 4 5K i ;) (s) + higher powers of (=) 
0 


(18 


‘ PRACTICAL APPLICATION TO DELAY CORRECTION 


The following cases are of interest: 


(i) K=-. Here the coefficient of (w/wo)° is also zero. 


Ni Re NI w 


(ii) K = ~, for which case 


f(p) =1+ em) al (2) (2) ate A 


“his corresponds to €?"! over a substantial range of p, since 
(p) differs from the first five terms of the expansion of ¢?/o 


1 4 
peal =55(—) - 
0 


(iii) K = a 


For this value f(p) reduces to a cubic. 


Ps) 


20 


K=0-45 
K=0:-44 


NORMALIZED GROUP DELAY w,7 
a 


BO iQ. K=0-429(3) 


05 


O 1:0 2-0 3-0 


Yo 
Xo 


ig. 1.—Maximally flat delay characteristics of the quartic transfer 
function given in eqn. (17). 
(a) First 7 derivatives zero at w = 0. 


(b) Eqn. (17) approximates to ¢?/“o, 
(c) Eqn. (17) reduces to a cubic. 


The group delay for these and some other values of K is shown 
1 Fig. 1. These results may be usefully employed in certain 
roblems of delay equalization in the following manner: 

The transfer function 


{peel pry + ty rs op ta 
f(p) Pepi eP te P73 pity 


produced by a pair of 6-element constant-resistance all-pass 
ttice filters or bridged-T equivalents. With the coefficients 
1esen to make the group delay maximally flat, f(—p)/f(p) still 
as two degrees of freedom, which means that there is a double 
iimity of such pairs of filters which will produce the maximally 
a. delay characteristics of Fig. 1, multiplied by a factor of 2, 
*ciuse of the conjugate numerator. These combinations can 
reve useful in many problems of delay correction where the 
t:r is occurring mainly at high frequencies; for example, phase 
ection of low-pass filter characteristics. 

“here are a number of known methods of obtaining the 


(19) 
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numerical roots of a quartic, and values for K and wo» having 
been chosen, f(p) in (19) can be expressed as the product of 
two quadratic factors from which can be determined the actual 
values of the filter elements for each all-pass section. Thus, 
each of the quadratic factors will be of the form 


bp) =1+A,p + Ap? 


and the corresponding all-pass filter sections will each have a 
transfer function of the form 


d(=p) 1 SXAp + AQP? 


f(P) 1+ Ayp + A2p? om 
This may be written 
Team Pa\ 
$(—p) is ; To, ie (>) (21) 
Se ee 
$(P) {a gee as (=) 
(60) WwW 


where g = A,/\/A3 
The values of the filter elements for the appropriate bridged-T 


sections may be readily determined from the following design 
equations with reference to Fig. 2: 


L= ae 
We ot, Caer) 
Ce GglOrR 


where R is the termination resistance. 


Fig. 2.—Bridged-T all-pass filter with transfer function of eqn. (21). 


For values of g > 1-0 the shunt inductance in Fig. 2 is 
negative and may be provided by arranging for mutual coupling 
between the two series inductances using a coupling factor 


(q2,—A)@? +1). 
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(6) APPENDIX 


Proof that the real and imaginary parts of {(jw) are Hilbert 
transforms if £(jw) is free from poles in the lower half of the 
w-plane (right half of the p-plane) and \f(jw)| tends uniformly to 
Zero AS W > 0, 


By Cauchy’s integral theorem, 


babe Syy oil f(jA) 
(jos) | A- mo 
(G: 


where the contour C encloses the pole at w, and f(jA) is analytic 
within and on the contour. 

Now if f(jA) is analytic in the lower half of the A-plane including 
the real axis, the contour C may be an infinite semicircle in the 
lower half-plane enclosing only the single pole at w on the real 
axis (see Fig. 3). Furthermore, if |f(jA)| tends uniformly to zero 
as A —> ©, the semicircle will not contribute to the integral and 


we may write 
: | FU) ay 
mj\| A—@ 


700. 


(23) 


(jw) = — 


. (24) 


The negative sign arises because the direction of integration is 
the reverse of that for the closed contour in Fig. 3. The 
coefficient 1/7j replaces the coefficient 1/27j [eqn. (23)] since 
the path of integration is now strictly along the real axis and 
therefore includes only one half of the contribution of the pole 
at w. 
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DELAY CORRECTION 


» PLANE 


Fig. 3 
Now let f(jw) be expressed as 
‘P(w) + jQ(w) 


where P(w) and Q(w) are both real. 
We then have 


P(w) + /Q(@) = 


1 | PO) +/QA) 
\eo 


Since both of the integrands in (25) are real, we may equa 
the real and imaginary parts and thus obtain the pair of Hilbe: 
transforms 


Pia) i QA) 

A-@ 

ey El SEO 
i || = 
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CONDITIONS FOR THE IMPEDANCE AND ADMITTANCE MATRICES OF n-PORTS 
WITHOUT IDEAL TRANSFORMERS 


By I. CEDERBAUM, Ph.D. 


(The paper was first received 8th March, and in revised form 9th October, 1957. It was published as an INSTITUTION MONOGRAPH in 
January, 1958.) 


SUMMARY 


The matrices relating two adequate systems of simple network 
20-ordinates of the same network, e.g. node-pair voltages or loop 
currents, are shown to have all their elements and subdeterminants 
equal to +1, —1 or 0. Any n-port may be looked upon as a part of 
an adequate system of independent node pairs described on the network 
or loops inscribed into the network. In the former case the additional 
node pairs, not included in the n-port, ought to be considered as open- 
circuited and in the latter case the additional loops ought to be looked 
on as short-circuited. The conditions for cut-set and loop-incidence 
matrices are discussed, and then the conditions for impedance and 
acmittance matrices of n-ports without ideal transformers are defined 
in terms of those incidence matrices. The discussion of the conditions 
‘bas derived leads, among other things, to a conclusion that matrices 
representing pure-resistance n-ports are necessarily such that each 
principal minor of such a matrix is greater than the modulus of any 
minor built from the same rows (or columns). 


(1) INTRODUCTION 


Most of the works on multi-port networks use the artifice of 
the ideal transformer to solve the realization problem. On the 
other hand, most of them, as observed by Darlington,! fit a 
pattern called by him the ‘classical model’. One of the charac- 
teristic concepts of this model is the canonical configuration. 
The existence of the canonical configuration, or more than one 
such configuration, means that a small group of the networks 
considered may be taken as representatives of the whole class 
with regard to their terminal properties. 

It seems that these two features are most closely intercon- 
nected. The admission of mutual inductances simplifies the 
problem of network synthesis by removing a part of the topo- 
logical constraints inherent in any configuration of network 
elements. By suitable arrangement of transformers one is able 
to get combinations of currents and voltages which otherwise 
would be impossible. If, in addition, this removal of topological 
constraints is necessary for all frequencies, including zero and 
infinity, without affecting the flow of currents, the ideal trans- 
former (like the deus ex machina in classical tragedies) appears to 
be an indispensable element. 

Therefore it seems that, if one aims at elimination of ideal 
transformers, another approach to network synthesis is needed. 
In such an approach the configuration of the network should not 
be assumed in anticipation but should be derived from its mathe- 
matical characterization, say from its impedance or admittance 
matrix.* There is little likelihood that the structure which will 
#7 ‘se as a result of this method will be one of the known canonical 
ceafigurations. In a general case it will be a complex connection 
©; elements, a network in the true sense of the word. 

The simplest characterization of such a complex network con- 


* See, for example, Reference 2, p. 356. 
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figuration seems to be its node incidence matrix. Thus the 
ultimate end in this kind of synthesis procedure should be the 
derivation of that matrix. If this task is accomplished the 
evaluation of network elements does not furnish in general any 
further major difficulty. 

The following is not a paper on synthesis of m-ports without 
ideal transformers. Although a set of necessary and sufficient 
conditions for matrices representing such networks are here given, 
further efforts are required to find a procedure for testing whether 
a given matrix belongs to this class and to produce a compre- 
hensive method of synthesis of the corresponding n-port. 

Although the derivation of the conditions is straightforward, 
the author prefers to postpone it until Section 7, and first to 
build up some knowledge on cut-set and loop matrices in terms 
of which those conditions are expressed. 


(2) THE RELATIONS BETWEEN TWO SYSTEMS OF 
INDEPENDENT NODE-PAIR VOLTAGES 

Let us consider some connected network with ¢ nodes and 
b branches, and let us choose on it two arbitrary systems of inde- 
pendent node-pair voltages U and V. As is well known,* each 
set of independent node-pairs may contain at most s =f — | 
such pairs, and since each node-pair from such a set may play 
the role of a port in a multi-port based on the network, at most 
an s-port may be described on the considered network. The 
relation between two sets of s independent voltages U and V 
may be alternatively regarded as a relation between the voltages 
of an s-port and the voltages of some system of independent 
node-pairs, or as a relation between the voltages of two s-ports 
described on the same network. 

Since the voltages of each system are independent, regarded 
as branches they cannot form closed circuits, and since the 
number of voltages in each system is less by one than the number 
of nodes, they necessarily form tree-like structures,* although, 
of course, there need not exist the network branches which 
correspond to all or some of those voltages. In a paper published 
recently® it has been shown that the transformation from some 
adequate system of node-pair voltages to another calls for a 
unimodular matrix all of whose elements are 1, —1 or 0. Thus if 
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is the relation between V and U then the (s  s) matrix A and 
its inverse A~! are unimodular matrices with all their elements 
equal to 1, —1 or 0. This shows that, all minors of order s — | 
of the matrix A being, apart from the sign, equal to the elements 
of A~!, are also equal to 1, —1 or 0. Moreover, it can be proved 
that all subdeterminants of A are equal to 1, —1 or 0. 
Proof.—Let us assume that some subdeterminant of A of 
order p, say, D©) is not equal to zero. By a suitable numeration 
of the node-pairs in both systems this determinant can be brought 
into the top left position in the transformation matrix; therefore, 
without loss of generality, we can assume that it does occupy this 
position. Let us short-circuit the node-pairs p + 1,p + 2,....5 
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of the system U. The new voltages V may be obtained from 
eqn. (1) if we put there 


Uepeess eek U0 
or from the relation V=AU. (2) 


where the (s < p) matrix A consists of the first p columns of 
A and the (p x 1) column vector U is the vector of the p voltages 
of the U node-pairs not short-circuited. By this action we have 
reduced the number of the nodes of the network to p + 1 and 
the voltages U (having a tree-like structure) form a system of p 
independent node-pair voltages on the reduced network. The 
reduction of the number of the nodes may have caused also 
short-circuiting of some node-pairs of the system V, but certainly 
none of the first p node-pairs is short-circuited, since this would 


mean that in the matrix A one of the first p rows is zero, contrary 
to the hypothesis that DY) ~0. Also the ‘new’ voltages 
V1, Vo,..., V, can form no closed circuit, since this would result 


in linear dependence between the first p rows of A leading to 
D®) = 0. Therefore these voltages form another set of inde- 
pendent node-pair voltages on the reduced network, and DY), 
being the determinant of the matrix relating two systems of 
independent node-pair voltages, must be equal to 1 or —l. 
Thus we have: 

(i) The transformation matrix relating two vectors of s inde- 
pendent node-pair voltages described on the same network with 
s +1 nodes is unimodular with all its elements and all sub- 
determinants equal to 1, —1 or 0. 

In the following we shall refer to a matrix having all its sub- 
determinants (elements being the subdeterminants of order 1) 
equal to 1, —1 or 0 as an E-matrix, extending this definition also 
to the case of rectangular matrices. 

Let us now consider the more general case of an n-port with 
n<_s based on a connected network with s + 1 nodes and let 


V; aa A,U (3) 


be the relation between the (x x 1) vector of port voltages V, 
and the (s x 1) vector of independent node-pair voltages U. 
Since it is always possible to augment an z-port by addition of 
s —n ports to form an s-port described on the same network,* 
we can look on A; as an (” Xs) submatrix of some trans- 
formation matrix A. Taking into account that the voltages of 
an m-port are independent, A, must be of rank n, and since a 
submatrix of an E-matrix is an E-matrix we have a more general 
result: 

(ii) The matrix relating the vector of the voltages of an n-port 
(1 <_s) described on some network to the vector of any s inde- 
pendent node-pair voltages of that network is an E-matrix of 
rank n. 


(3) THE RELATIONS BETWEEN TWO SYSTEMS OF 
INDEPENDENT CURRENTS 

There is another, dual, possibility of deriving a multi-port from 
a network. Let us choose some arbitrary tree on the network 
and cut some n (or all) of the f= b — 5s links corresponding to 
that tree. Taking apart the cut ends we may look on them as 
an n-port inscribed into the network. The currents of the links 
form a set of independent currents and at most an ffport can 
be inscribed in such a way into the network.t 

The relation between two (f x 1) vectors of link currents J 
and J corresponding to two trees on the same network 


J=BI 


* See Reference 2, lemma 1.3. 
ft See Reference 3, p. 10. 
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calls for a unimodular (f x f) matrix with all elements equal 
to 1, —1 or 0,* and by an exactly dual reasoning to that for the 
voltage transformation we arrive at the following theorem: 
(i) The matrix relating the vector of the currents of an n-port 
(n < f) inscribed into the network to the vector of any f inde- 
pendent link currents of that network is an E-matrix of rank n. 


(4) SOME PROPERTIES OF E-MATRICES 


The more detailed study of algebraic and structural properties} 


of E-matrices will, it is hoped, be published in a separate paper. 
Here we refer only to those properties which are of immediate 
importance for the following discussion. 


(i) The transpose, the matrix obtained by any permutation) 


of rows and columns, and any submatrix of an E-matrix are 
E-matrices. 


| 


{ 


| 


| 
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f 
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The proof of these properties follows immediately from he 


definition of an E-matrix. ° 


(ii) The matrix obtained by changing the signs of all elements | 


of some rows or columns of an E-matrix is an E-matrix. 


This is evident, since any element or subdeterminant of the’ 


‘new’ matrix is equal numerically to the corresponding element. 


or subdeterminant of the original matrix. 
(iii) The inverse of a non-singular E-matrix is an E-matrix. 
This is evident since the elements of the inverse matrix are, 


apart from the sign, the minors of the ene matrix, and the. 


subdeterminants are, by Jacobi’s theorem,° equal to the comple- 
mentary signed subdeterminants of the transpose of the original 
matrix divided by its determinant. 


(5) CUT-SET AND LOOP MATRICES 
The (t x 5) node (or vertex) incidence matrixt and any of 
its (s x b) submatrices obtained by deleting one of its rows will 
be referred to in the following shortly as the IM and RIM’s) 
respectively. Similarly the (f x b) incidence matrix of a system’ 


| 


of f loops and the (s x 5) incidence matrix of a system of s! 


cut-sets} will be for simplicity denoted by LM and CSM} 


respectively. 


An RIM of a connected network is a special case of a CSM: 


which corresponds to the system of node voltages of any s nodes 


with respect to the remaining node (node-to-datum system of) 
As may be readily seen, such a system of voltages) 
corresponds to a system of cut-sets each of which contains all 


voltages). 


branches incident at one node. 


For the IM, Veblen and Franklin’? have shown that it has the | 
characteristic properties of an E-matrix. We shall now prove 


the more general theorem: 


(i) The CSM of any system of s independent node-pair| 


voltages is an E-matrix, and dually, 


(ii) The LM of any system of f independent link currents is: 


an E-matrix. 


Proof.—The proof of the first theorem follows readily if we) 
transform the given network N with t nodes and b branches! 
One way to do this is to choose an arbitrary tree| 
and to cut off all the f= b — s links at one node from the tree.’ 
The ‘new’ network N has b + 1 nodes and b branches and it is! 


into a tree. 


a tree. Ifa system U of s independent node-pair voltages has 
been chosen on N, then, together with the ‘new’ b — s node-pait 
voltages between the nodes from which the links have been 


separated and the free ends of the links, it forms a system U of & 
independent node-pair voltages on N. Another system on A 


is, for example, the system V of all branch voltages, since N is 
a tree. 


Let Vi= AU ew. 

* See Reference 5, p. 237. 

+ See Reference 4, Aefiaition 18. 
{ See Reference 5. p. 240. 
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Since V and U are both adequate systems of node-pair voltages 
the transformation matrix A is according to (i) of Section 2 an 
S-matrix. It may be partitioned in the form 


A = [Aj, Ad] (6) 


where A, corresponds to the ‘old’ voltages U (considered to 
necupy the first s places in U). Short-circuiting the ‘new’ node- 
sairs is equivalent to putting the last b — s co-ordinates of U 
squal to zero, which gives 


V=[A, Al 9 | = A,\U 


On the other hand, short-circuiting those node-pairs leaves us 
with the original network N. Thus the relation (7) gives the 
sranch voltages V of the network N expressed by the node-pair 
voltages U, and —A, may be identified as the transpose of the 
SM corresponding to the chosen system U.* Applying the 
»roperties (ii) and (i) of Section 4 to the E-matrix A we see that 
the CSM is an E-matrix. 

For the proof of the dual theorem let J be the vector of f 
mdependent link currents corresponding to some tree T on the 
ipven network N. Let us put a ‘new’ branch parallel to each of 
(he s branches of the tree T and let N be the augmented network 
with b + s branches. The ‘old’ tree T is a tree on WN, and there- 
yore the system of the old links (J), together with the ‘new’ s 
yranches, forms an adequate system / of s+ 5 links on N. 
‘Another such system of links is the system J of all branches of N, 
which corresponds to the tree of the ‘new’ branches added to N. 
‘herefore we have: 


(7) 


J =BI (8) 


vhere B, according to (i) of Section 3, is a non-singular (6 x 5) 
‘j-matrix. 
' The matrix B can be partitioned: 


B = [B,, By] (9) 


iccording to the ‘old’ and ‘new’ links. Open-circuiting the 


mew’ branches gives 


J = [B,, Ball 6 | = BJ 


#n the other hand, open-circuiting those links leaves us with the 
iriginal network. Therefore B; may be identified with the LM 
jorresponding to the chosen set J. This proves according to (i) 
f Section 4 that the LM is an E-matrix. 


(10) 


») THE CONDITIONS ON RIM’s OF CONNECTED NETWORKS 
AND TREES, AND LM’s AND CMS’s CORRESPONDING 
TO SOME SIMPLE SYSTEMS OF NETWORK CO- 
ORDINATES 


| In this Section, for the sake of convenience and uniformity 
f formulation, we have collected those theorems on RIM’s, 
/M’s and CMS’s which are relevant to the further discussion. 
‘he proofs of these theorems, or slightly differing versions of 
nem, can be found in the quoted literature. 

(i) The necessary and sufficient conditions for an (s x 6) 
natrix Q to be an RIM of a connected network with = s + 1 
‘odes and b branches are thatt 


47) All elements of Q are 1, —1 or 0. 
{*) In each column of Q there are at most two non-zero 


hements. 
‘*) Q is of rank s. 


” The relation between the (b x /) vector V of the branch voltages and the (s x /) 
“lr of cut-set voltages involving the (s x b) CSM W is here and throughout the 
«+ adopted in the form V = — W’U and not V = W‘Uas in Reference 5, eqn. (8). 
‘i convention is made so as to distinguish between the voltage drop caused by 
rat in a branch and voltage rise caused by a source. 

\ 3ee Reference 2, proof of theorem 9. 
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Corollary.—The necessary and sufficient condition for an 
(s X s) matrix K to be an RIM of a tree network with t = s + 1 
nodes (and s branches) is that K is a non-singular matrix satis- 
fying conditions (a) and (6).* 

(ii) The necessary and sufficient condition for an (s x b) 
matrix W to be a CSM of a network with t = s + 1 nodes and 
b branches corresponding to a system of tree-branch voltages 
(U) is that, possibly after some permutation of its columns, 
W may be presented in the form 


w = [S, —I] = — K-[L, K] (11) 


where K and [L, K] are RIM’s of a tree and a connected net- 
work respectively. The RIM of the network and the tree of U 
voltages ‘realizing’ W are then [L,, K] and K respectively.t 

(iii) The necessary and sufficient condition for an (f x b) 
matrix C to be the LM of a network with t = b — f + 1 nodes 
and b branches corresponding to a system of link currents is 
that, possibly after some permutation of its columns, C may be 
presented in the form 


C = [I,R] = [K’, L]«K-!) . (12) 


where K and [L, K] are RIM’s of a tree and a connected network 
respectively. The RIM of the network and the system of links 
‘realizing’ C are [L, —K] and L respectively. 

(iv) The necessary and sufficient condition for an (s x b) 
matrix W to be a CSM of a network with t = s + 1 nodes and 
b branches corresponding to a system (U) of node pairs is that 


Wi K-60 (13) 


where K and Q are RIM’s of a tree and a connected network 
respectively. The RIM’s of the network and of the tree of the 
node-pair voltages U ‘realizing’ W are then Q and K respectively. 

For the proof it suffices to add to the network the ‘branches’ 
of the system U which form a tree and then apply (ii) to the 
augmented network. 


(7) THE IMPEDANCE AND ADMITTANCE MATRICES OF 
n-PORTS . 


The relation 


V=—WU . (14) 


between the (b x 1) vector V of branch voltages and the (s x 1) 
vector U of some system of independent node-pair voltages 
involving the CSM W leads to the relation® 


Y, = WGW’ (15) 


where Y, is the admittance matrix of the s-port corresponding 
to the chosen system of s node pairs, and G is the branch admit- 
tance matrix of the network. Both matrices W and G should, 
of course, correspond to the same ordering of branches. From 
eqn. (15) the impedance matrix Z, of that s-port is 


Z, = (WGW’)-! 


In the case where an n-port with n <5 is described on the 
network we can look upon it as if in the s-port including this 
n-port§ the remaining s — a ports have been open-circuited. 
Its impedance matrix Z, is therefore the (n x n) principal sub- 
matrix of Z, obtained after crossing out the rows and columns 
corresponding to the open-circuited ports. 

If the network under consideration is without mutual couplings, 
G is diagonal and its elements are the elementary admittances 
1/R, 1/pL and pC. But, conversely, suppose that an (7x72) 


* See Reference 4, theorem 12. 

+ See Reference 2, p. 360, matrix A. 
t See Reference 2, theorem 12, 

§ See Reference 2, lemma 1.3. 
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matrix Z can be presented as a principal submatrix of a matrix 
(WGW’)~! with G diagonal and having as elements the ele- 
mentary admittances, and W £ satisfying condition (iv) of 
Section 6. Then, after building the graph and the s-port 
‘realizing’ W, as has been indicated in (iv) of Section 6, we 
introduce the values of the elementary admittances given by G 
into the branches of the graph and finally open-circuit those 
ports which do not enter into the submatrix Z. The n-port 
obtained in this way has for its impedance matrix the given 
matrix Z. Thus the above conditions are also sufficient. 
Similarly the relation 
If (Cll (17) 
between the (b « 1) vector J of the branch currents and the 
(f x 1) vector J of independent link currents involving the LM 
C leads to the relation 
Zp = CDC (18) 
where Z; is the impedance matrix of the /-port inscribed into the 
network, and D is the branch impedance matrix. The admit- 
tance matrix of the same f-port is then 


(19) 


Similarly to the previous case, if an n-port with n</f is 
inscribed into the network, we can consider it as being obtained 
by short-circuiting in the f-port containing it the remaining 
f—n ports. Its admittance matrix Y, is thus the (” x n) 
principal submatrix of Y; after deleting the rows and columns 
corresponding to the short-circuited ports. 

Exactly as in the previous case, if a matrix Y can be presented 
as a principal submatrix of a matrix (CDC’)~! with D diagonal 
and having for elements the elementary impedances R, pL, and 
1/pC and the matrix C satisfying condition (iii) of Section 6, 
then, after building the graph and the inscribed f-port ‘realizing’ 
C, as indicated in (iii) of Section 6, we insert into the branches 
of the graph the values of the elementary impedances given by 
the matrix D and short-circuit those ports which do not enter 
into Y. The n-port obtained in this way has for its admittance 
matrix the given matrix Y. Thus the above conditions also 
are sufficient. 

It must, however, be pointed out that the distinction between 
multi-ports described on and inscribed into a network is rather 
a formal one. Any n-port inscribed into a network N may be 
looked on as an n-port described on the network which can be 
obtained from A if the 7 links carrying the ports are cut off from 
one node and remain hinged at the other one. Similarly any 
n-port described on a network N may be looked on as an n-port 
inscribed into the network augmented by n short-circuiting links 
corresponding to the ports of the n-port. Thus the terms 
‘described’ or ‘inscribed’ are meaningful only in relation to the 
network from which the multi-port has been derived, but if the 
‘parent’ network is unknown any multi-port may be looked on 
as belonging to both those kinds. 

Combining thus the results of this Section we have: 

(i) The necessary and sufficient conditions for a matrix to be 
an impedance or an admittance matrix of an RLC n-port without 
mutual inductance are that it is a principal submatrix of a matrix 
(WGW’)—! or (CDC’)—!, where G and D are diagonal matrices 
with elements a, bp, c/p (a, b, c > 0), and W and C satisfy the 
conditions for CSM or LM corresponding to an adequate system 
of node-pair voltages or link currents respectively. 

Grouping together in G and D the branches of the same 
kind we have 


Y¥;=(CDGj—* 


aes 
G = G; + pG, + ae (20) 
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and D=D, + ‘D; 4+ pD; (2) 
where (G,, Dj), (G2, Dz) and (G3, D3) correspond to the resistivi 
capacitive and inductive branches respectively.* 
As a corollary of (i) we have: 
(ii) The necessary and sufficient condition for a matrix t 
represent an R, RL or LC n-port without mutual inductance 
is that a presentation of that matrix satisfying (i) may be founc 
where, in addition, in the direct sums (20) or (21) the on! 
matrices present are those with the suffixes 1, 1 and 2, 1 and | 
or 2 and 3 respectively. 
Where the network contains mutual inductances the matrice 
G, and D; in eqns. (20) and (21) cease to be diagonal. G; an 
D3, however, are always symmetric and positive definite. Co1 
versely, having a matrix, say, CDC’ with C being the LM ( 
a link system and D presentable in the form (21), where D, an 
D, are positive diagonal and D; symmetric and positive definit| 
we can construct the graph together with the inscribed /-po) 
corresponding to C. Let us then introduce the impedance 
corresponding to the diagonal elements of D into the branchi 
of the graph. Any non-zero element d,; (k ~ j) of the matrix } 
(which may occur only in D3) can be afterwards realized as | 
mutual inductance between the branches k and /, and since L) 
is positive definite, this will in all cases lead to physically possib: 
couplings. Thus we have: 
(iii) The necessary and sufficient condition for a matrix | 
be an impedance or admittance matrix of an RLCM n7-po) 
without ideal transformers is that it is a principal submatr 
of a matrix (WGW’)~! or (CDC’)~!, where G and D are dire} 
sums (20) and (21) with G,, G, and D,, Dy» positive diagon) 
and G3 and D; symmetric and positive definite, and W and 
satisfy the same conditions as in (i). 


Remark.—The given (n x n) impedance or admittance mate 
of an n-port may be a principal submatrix of many matrices « 
the form (WGW’)~! or (CDC’)~!. The networks correspondir 
to all such presentations are equivalent with respect to the por! 
of the n-port. 


Example.—Synthesis of a pure resistance 3-port with tl 
impedance matrix 


We Gy 
pov 1 0. 15a 
i + 0» 87716 . | 


According to (i) and (ii), this matrix should be presented as 
principal submatrix of some matrix (WGW’)~! with G positi’ 
diagonal (with constant elements). 

Let us take, for example, 


iy & @ © 
(wGw’)-! = z, = 6 13 8 =4 af, 
O 8 iy || 4! 
0 —4 —-8 16 
After inversion we obtain 
3 —2 1 0 . 
wow'y, Seo ae 
122) Sal 
0 0. 4) : 


* The sign +. denotes the direct sum of two matrices defined by 


sia leg 


Vhis matrix may be decomposed as follows 


vith the identification 
Slee = O40 1 <1 0s 


oe! | 0 1 =! 0 and G =, diag. 
ete Ow 0. 1.0. 4 (2 a Me Hh OY A) 
Ome O01. Oe0hal ; 


v= 


_ The matrix W, according to (iv) of Section 6, is then presented 


ate On) Gia eel etied,, Org On 4p ig0- 
Bee 8 LB SO t 0 1400 
Ot 1 0} |> 08801 O- 0 1 1 

-1 0 0 0 £0. 00-1 —1 10 


where the first and the second factor in this product satisfy the 
vonditions of Section 6 for an RIM of a tree and a connected 
vetwork respectively. The graph and the 4-port corresponding 
o.the CSM W may be immediately constructed (Fig. 1). Open- 
lircuiting the port 4 corresponding to the row and column 
vhich do not appear in Z3, and introducing the values of the 


jig. 1.—The linear graph and the 4-port described on it corresponding 
to the given CSM. 


Fig. 2.—The 3-port network with the impedance matrix Z3. 
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ot Oss One Oe 1 1a 0 tien ge 

; O22 12-1 072 —t."0 
WGW = Y, = dias (ie tet 1211 a 
4 (0) 1 (0) 0 1 om 7 feye((leul, We Tie ie ab) ieee tear 
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branch admittance matrix G leaves us with the 3-port Fig. 2, 
whose impedance matrix is the given matrix Z3.* 

Although no procedure can yet be given for tackling a given 
matrix to test whether it can be presented in one of the forms 
required by the above theorems, nevertheless they lead to 
important conclusions which will be the subject of the following 
discussion. 

(8) DUAL NETWORKS 

Suppose that a matrix M fulfils the conditions for the impedance 
matrix of an n-port without mutual couplings being a principal 
submatrix of a matrix (WGW’)~!, and let W correspond to a 
set of tree-branch voltages of a planar network N. On the 
geometrically dual network N the matrix W = C, where C is 
the LM corresponding to the system of links dual to the tree on 
N (provided that the dual branches of N and WN have the same 
indices and appropriate orientations). If the duality is both 
geometrical and electrical, the dual branches have reciprocal 


values and the branch impedance matrix D on N is equal to G. 
Thus we have 


WGW’ = CDC’ 


and M, being a submatrix of (CDC’)~'!, is also an admittance 
matrix of the n-port obtained on the dual network WN by short- 
circuiting the s —n ports which do not belong to the n-port 
considered. 

This discussion shows that the impedance matrix of an n-port 
based on a network which remains planar if all the m-ports are 
short-circuited is the admittance matrix of the dual z-port. 
Thus the class of matrices which may be the impedance as well 
as the admittance matrices of multi-ports is not empty. 

In the case where the n-port realizing W is based on a non- 
planar network N, there does not exist the geometric dual® of N, 
and although an electrical dual may be constructed,!° it requires 
in general the use of ideal transformers. But it is an unsolved 
problem if, among all networks equivalent to N with respect to 
the n-ports, there cannot exist some network remaining planar 
when the ports are short-circuited and which does not contain 
ideal transformers. If such a network exists then the matrix M, 
as before, will be the admittance matrix of the dual network. 
There are, however, strong indications that there exist impedance 
matrices which are not admittance matrices, and vice versa. 


(9) M-MATRICES 
The family of matrices K which may be presented in the form 


K = ADA’ (22) 


* From Fig. 2 it can be readily observed that branches 4 and 7 may be replaced 
by one branch or that Z3 may be presented in the form (W;G;Wj)—! by putting 
—1 0 0 0 1 1 , 
W, = 0 -1 —-1 0 —1 —I1 Jand G,; = diag (1, 1, 1, 1/2, 1, 1) 
0 1 0 1 1 0 


where the decomposition 


0 ee — 1 OO 
Wi= 08 off slp ad 2Oe Be Si Wi 
DO he ke We ik hw 


shows that Wj satisfies the conditions (iv) of Section 6. In this simpler solution, 
however, not all steps of the general procedure would be illustrated. 
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where D is diagonal with constant and positive elements and 
A is an E-matrix, is of considerable interest. As follows from 
the previous results, the impedance and admittance matrices of 
purely resistive networks are necessarily submatrices of matrices 
whose inverses belong to that family. We shall prove that: 

(i) Each principal minor of the matrix K = ADA’, with D 
diagonal with constant and positive elements and A an E-matrix, 
is not less in magnitude than any other minor built from the 
same rows (or columns). 

Proof—Let us call a symmetric matrix with constant real 
elements each of whose principal minors is not less than the 
modulus of any other minor built from the same rows (or 
columns) an M-matrix.* 

Let the (n x s) matrix A be equal to (a), where i = leo eos 
nand j= 1, 2,..., s; let D = diag (d,, d,,.. ., d,); and 
Then, as can be 


let K = (Kj), where i, j= 1, 2,..., m. 
readily seen, we have 


ky, = adi, + ad, +... + afsds « (22) 


Kyy = 4444914, + y2Qordy +...» + 154254, - (24) 


and generally 


ki => 1414 aa G20; =e ade + Gjsjsy (25) 
By comparing eqns. (23) and (24), taking into account that all 
a, are equal to 1, —1 or 0, and all d; are positive, we see that 
all terms of (23) are not less than the moduli of the corresponding 
terms of (24); therefore we have ky; > |k,2|. Applying the 
same arguments to other elements of the matrix K, we obtain 
ky = |k,| for i, j= 1,2,....7 (26) 
Since, by the Binet-Cauchy theorem,t the compound of a 
product of matrices is equal to the product of their compounds, 
we have for the Ath compound, from eqn. (22), 
KM — AMDNMAM’ (27) 
Since A is an E-matrix, all elements of A™ are 1, —1 or 0, 
while all elements of D™ are positive. Thus, by the same 
reasoning as above, each element on the main diagonal of KM 
is not less than the modulus of any other element of the same 
row (or column). But the element on the main diagonal of K™ 
is a principal minor of order h of K, while other elements in the 
same row (or column) of K™ are equal to other minors of 
order / built from the same rows (or columns) of K. Thus the 
proof is complete. 
Of course, we have evidently: 
(ii) Any principal submatrix of an M-matrix is an M-matrix. 
By application of Jacobi’s theorem to the inverse of a non- 
singular M-matrix, and noting that the complementary minors 
of principal minors are themselves principal, and the comple- 
ments of non-principal minors occupy similar non-principal 
positions, we have: 
(iii) The inverse of a non-singular M-matrix is an M-matrix. 
If K is a non-singular M-matrix the set of equations 


KX = Y (28) 


where X and Y are (n x 1) column vectors with the co-ordinates 


* See Reference 11. In that paper we have called an M-matrix a matrix any 
principal minor of which is not smaller than the modulus of any minor obtained 
by replacing only one of its rows (or columns) by another row (or column) of that 
matrix. Here the conditions for an M-matrix are sharper, since more than one (or 
even all) rows (or columns) of the principal minor may be replaced by other rows (or 
columns) of the matrix. 

+ See Reference 6, p. 93. 


FOR THE IMPEDANCE AND 


x; and y; respectively, exhibits a feature which may be calle«! 
the ‘no-amplification property’. Namely: 


(iv) If we choose some r y’S, SAY, Vit, Viz, + + +» Vicry and som 
n—r—Ix’S, SAY, Xi(r+2)» Xi +3)> + + +» Xin) equal to zero an 
Xicr--1) > O, the indices i,, in, . . -, i, being some permutatior 
of 1, 2,..., 2, then we have | 

(a) |xign| < Xi@+1) 
(6) Yir+1) > 9 


(c) lvici)| < Vi(r-+-1) 


LOD ian lee ees 


forj=r+2,r+3,.... 7am 


(10) NECESSARY CONDITIONS FOR MATRICES REP 
SENTING n-PORTS WITHOUT IDEAL TRANSFORMERS 
In a paper quoted above!! the author has obtained necessary 

conditions for a matrix representing an n-port without ideal 

transformers using physical arguments (the no-amplification 
property of pure-resistance networks). Here similar conditions 

(in a sharper form*) are deduced by means of analytical reasoning) 
Since any CSM and LM of the simple systems discussed ari 

E-matrices (cf. Section 5), from (i), (iii) and (ii) of the previow) 

Section there follows immediately: 

(i) A necessary condition for a matrix to be an impedance o: 
admittance matrix of a pure-resistance n-port is that it is a non 
singular (n < n) M-matrix. | 

Since an RLC network without mutual inductances has, fo: 
positive real values of the complex variable, the same propertie: 
as an R-network!?: !3 we have: 

(ii) A necessary condition for a matrix to be an impedance 
or admittance matrix of an RLC n-port without mutual induc 
tances is that it is a symmetric, rational in p, positive rea) 
(n X n) matrix, which for all real positive values of p fulfils thi 
condition of (i). 

Finally, a general linear reciprocal network which may con 
tain mutual inductances but does not contain ideal transformer: 
behaves at zero frequency like an R-network. Since, however 
some (or all) elements of the impedance or admittance matri:| 
may have a pole at zero frequency, by applying the same reasoning 
as in Reference 11, we have: 

(iii) A necessary condition for a matrix to be the impedanci 
or admittance matrix of a general linear reciprocal n-port withou 
ideal transformers is that it is a symmetric, rational in p, positivi 
real (n X n) matrix which for p = 0 has the property that al 
its finite non-singular principal submatrices fulfil the con 
dition of (i). 

Remark 1\.—Since the impedance and admittance matrice 
(Z, Y) of an R n-port are necessarily non-singular M-matrice 
the equations 


ea a A 


Z1= Vand Y= Tf 


are of the type discussed under (iv) of the previous Section 
The results of (iv) show that if a current or voltage is applied t 
some port (r + 1) while the other ports are either short- or open 
circuited, then the current in the short-circuited ports, or th 
voltage at the open-circuited ports, cannot be greater than th 
current or voltage at the port where the excitation is applied 
The no-amplification property of pure-resistance networks i 
thus proved by our discussion. 

Remark 2.—The necessary conditions given in this Section di 
not distinguish between the impedance and admittance matrices 
as do the necessary and sufficient conditions of Section 7. 


(11) CONCLUSION 


The work given in this paper suggests that further research i 
needed if a comprehensive method of n-port synthesis withou 
t For proof see Reference 11, p. 181. 


ADMITTANCE MATRICES OF n-PORTS WITHOUT IDEAL TRANSFORMERS 


ideal transformers is to be found. First a procedure for testing 
whether a matrix with constant elements may be presented as a 
principal submatrix of a matrix (ADA’)~! should be found. Then 


_ we should be able to answer the question whether the matrix A 


satisfies the conditions for a CSM or LM corresponding to the 


_ simple co-ordinate systems (Section 6), which requires further 


decompositions in terms of RIM’s. This solves the simplest 
problem of R n-ports. The practical solution of RC, RL, RLC 


, and RLCM n-ports requires still greater efforts. The author feels, 
_ however, that by the approach presented in this paper those 
) difficult problems can be attacked with some hope of a final 
: solution. 
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EXCITATION OF SURFACE WAVES | 


By B. FRIEDMAN and W. ELWYN WILLIAMS. 


- was first received 8th April, and in revised form 27th September, 1957. 
(The paper was first received 8th Ap in danuary, 1958.) 


SUMMARY 
It is shown how to locate a dipole source above a dielectric surface 
so as either to produce as pure a surface wave as possible or to maximize 
the amount of energy carried by the surface wave. 


LIST OF SYMBOLS 


= Amplitude of the direct plane wave. 
E = Electric field intensity. 
F(¢) = Radiation pattern. 
H = Magnetic field intensity. 
H, = Field component. 
Hy = Complex conjugate of H,,. 
H4 = Field component. 
h, = Optimum height above the surface. 
hy = Height of source. 
ky = Wave number. 
L = Differential operator. 
q(z) = Function depending on permittivity of the medium. 
R = Radial distance. 
u(z) = Representation of waves in vertical direction. 
X(k) = Reactance of the guiding surface. 


Z(k) = Impedance of the guiding surface. 
Zo = Characteristic impedance of free space. 
y = Phase change on reflection from interface. 
€ = Permittivity. 
€9 = Permittivity of free space. 
jt = Permeability. 
p(k) = Reflection coefficient. 


(1) INTRODUCTION 


Since the appearance of Sommerfeld’s classical paper! on the 
field produced by a dipole above a plane dielectric earth, a con- 
siderable amount of attention has been devoted to the problem 
of the excitation of surface waves over dielectric surfaces. The 
two questions which are of practical importance are these: to 
determine under what conditions a surface wave exists, and, if it 
exists, to determine the type of source which is its most efficient 
generator. 

These problems have been considered both by Kay? and one 
of the present authors,? and it has been shown that the surface 
wave and the radiation field terms may be obtained from a 
knowledge of the far-field radiation pattern of the original source 
distribution. From these results it is theoretically possible to 
combine sources with different far-field patterns in order to 
determine the most suitable source distribution for generating 
surface waves. Since this approach requires a large amount of 
tedious numerical work, it seems desirable to attack the problem 
in a more analytic manner. 

This has been done by Cullen,* Brick,> and Fernando and 
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Barlow® in a series of recent papers. Cullen considers the 
excitation of surface waves by a horizontal slot placed above aj 
plane surface on which an impedance type of boundary condition 
holds. For a reactive-type boundary condition it is known that) 
a surface wave exists. Cullen discusses two different criteria for 
determining that height of source above the ground plane which} 
is most efficient in exciting the surface wave. By the first criterion) 
the most efficient source is that which produces an almost pure) 
surface wave (this concept will be explained later) near the 
guiding surface. By the second criterion the most efficient source}, 
is the one which produces a field such that the ratio of energy) 
per unit area of wavefront in the surface wave to the sum of. 
energy per unit area of wavefront in the radiated field and the) 
surface wave is a maximum. Cullen obtains values of the) 
optimum source height for each of these criteria. However, 
when discussing the second criterion, he finds it necessary to use 
numerical methods and thus obtains the optimum source height 
only for one particular value of the surface impedance. 
The present work was suggested by Cullen’s paper, but it is! 
more general than the previous work in that both 2- and 3-dimen- 
sional problems are investigated and a more general type ol! 
guiding surface is employed. The surface is assumed to be a 
slab of dielectric resting on a ground plane on which an impe-} 
dance-type boundary condition holds. The dielectric need not} 
be homogeneous; in fact, it may consist of layers of different) 
materials, but we assume that the permittivity of the dielectric 
varies only in the direction perpendicular to the ground plane 
When investigating the field produced by a source above thi 
guiding surface, we find it desirable to expand the source int¢ 
plane waves of all wavelengths in a direction perpendicular tc) 
the ground plane and not in a parallel direction, as Cullen does 
With our type of expansion we find that the only property of the 
guiding surface we need is its impedance Z(k) to an incoming) 
normally incident plane wave of wave number k. The optimun| 
height h,; above the surface at which a slot must be placed tc 
provide a nearly pure surface wave is then determined to be | 
= Zo 
oX(0) 
where kg is the wave number, Zy the characteristic impedance 0} 
free space, and where we put 


Z(k) = Rk) + jX(k) 


so that X() is the reactance of the guiding surface. This resul! 
is a generalization of that obtained by Cullen. 

We consider also a second criterion for launching efficienc: 
which differs from that proposed by Cullen. The criterion is a) 
follows: that height of source, A>, is most efficient for which th 
energy in the radiated field per unit area of wavefront is a mini 
mum. If Z(k) is purely reactive we find that h, is given by th 
following formula: 


4/2 /2 k 
hb = 0 
2 ke arc cot ea 76 ( V2 | 


In the case considered by Cullen these two criteria give practicall 
the same results for h, as those he obtained. . 
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The formula for finding the most efficient launching height 
h, may be given the following physical interpretation: consider 
a plane wave with wave number kp travelling toward the interface 
in a direction making an angle of 45° with the vertical; then hy 
is that height at which the total field produced by this wave and 
the reflected wave is a minimum. 


(2) MATHEMATICAL FORMULATION 


Consider a ground plane at z = — zy and suppose that the 
permittivity of the medium above it depends on the z-co-ordinate 
jonly. For example, the medium might be a dielectric slab from 
|Z = — Zo to z = O and then free space from z = 0 to z = ©; 
or the medium might be composed of layers of dielectric of 
arbitrary thickness and permittivity from z = — Zp to z = 0 and 
‘free space above; or the permittivity of the medium might vary 
‘continuously with height from z = — zg to z = 0 and again have 
ifree space above. In all cases we shall assume that the.medium 
» between z = 0 and z = 00 is free space and that it contains a 
‘source of electromagnetic radiation. Finally, we assume that 


‘the electromagnetic field satisfies an impedance-type boundary 


condition at the ground plane z = — Zp. 

We shall treat both a 2- and 3-dimensional problem simul- 
taneously with the help of the following co-ordinate systems: 

In Fig. 1 the source of the electromagnetic field is a magnetic 


z 


x 
Fig. 1.—-Co-ordinate system for Case I. 


ine dipole placed at z = h, x = a and extended parallel to the 
~v-axis. Because of the geometry, the field produced will be 
’andependent of y. We shall call this the 2-dimensional problem 
‘and denote it by Case I. 

In Fig. 2 the source is a circular magnetic dipole located at 
z=h,r=a. Because of the geometry, the field produced will 
independent of ¢. We shall call this the 3-dimensional 
problem and denote it by Case II. In both cases we shall assume 
a time factor of the form €/®’. 

The simple-harmonic form for Maxwell’s equations is 


curl H = — jweE 
curl E = jwuH 


where E, H are the electric and magnetic field intensities and € 
and yp are the permittivity and magnetic permeability. Note 
that, by assumption, ¢ is a function of z and yp is a constant. 

In Case I, because the source is a magnetic line dipole, the field 
sis completely determined by the value of H,. We have 

H, =£E, =H, =0 


Pe ghee Olds 

and iE, = (—jwe) ee 
Oo 

aT eet) —1 y 

E, ne ( jwe) dz 


“the field component H, satisfies the equation 
27H 6 0 (lo, 
1a ae z 

dx? AC Oz 


) + w*epH, = Wz — h(x — a) « (1) 
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Fig. 2.—Co-ordinate system for Case IT. 


Put H, = e'/?Hy and eqn. (1) becomes 


x2 + dz2 + WrEe HA, = VE d(z = A)d(x a a) . (2) 
1| de 3 7de\? 
PIE DN a oe) | 
where wre’ = wre 4 aE 5 (=) | we "G) 


In Case I, because of our assumption about the source, the 


field will be completely determined by the value of H;. We have 
HH =H, = EO 
and Eps we) oie 
oz 
E, = (jwe)—'r-! o (rly) 
z Nonere 
The field component Hy will satisfy the equation 
OFH pilots ( 5 1 0/1 ds 
“are apr TAO a) He teal 2 ag) 
d(z — h)d(r — a) 
ae ae (4) 
Tt 


Put H, = ¢!/?H; and the following equation is obtained: 


— &(z— hdr — a) 


Qrrell2 


°A 
or? 


1 og 
hor 


7A ; 1 
= rs (we ira 3) Hs 


where €’ is defined by eqn. (3). 


(5) 


We set we’ = wEequ — gz) = ke — q(z) 


where €, is the permittivity of free space. Note that, by our 
assumption, g(z)=0 if z>0. If we denote the operator 
q(z) — 02/92? by L, the formal solution of eqn. (2) is 


, 1p exe IWR — Dix — all 
Hy =e 1/2 VUE —D oz —h). . ©) 


and the corresponding formal solution of eqn. (5) is 


= IP) 
a [Vk — DaljA? [VK — Dr]6e —h),r >a (7) 


These results will be interpreted in the following Section. 


Hy = 


(3) INTERPRETATION OF SOLUTION 
To interpret eqns. (6) and (7) it is necessary to express d(z — h) 
in terms of the eigenfunctions of the operator L. 
Consider the eigenvalue problem 
d*u 


Luz) = — i? gz) Aw AO oa) be ITS) 
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where u(z) satisfies the given impedance-type boundary condition 
at z = — Zo. If q(z) and the impedance-type boundary condi- 
tion at z = — Zp are real, there may exist negative values of A 
such that eqn. (8) has a non-zero solution satisfying the given 
boundary condition at z= — Zp. If g(z) (or the impedance- 
type boundary condition) is not real, there may exist complex 
values of A with negative real parts such that eqn. (8) has a 
non-zero solution satisfying the given boundary condition at 
z= —2Zp. In either case we shall denote these values of d by 
i, and the corresponding normalized solution of eqn. (8) by 
u(z, A,,). Note that u(z, A,,) vanishes exponentially as z > ©. 

Every positive value of A will be in the continuous spectrum 
of the operator L. PutA = k? and denote by u(z, k) that solution 
of eqn. (8) which satisfies the boundary condition at z = — Zo 
and which as z > © has the asymptotic form 


uz, k) 2 eS + pk 2. wm . Q) 
Here p(k) is the reflection coefficient for the incoming plane wave 


e/kz incident on the dielectric at z= 0. Since g(z) =0 for 
z > 0, formula (9) is an equality for z > 0. We have’ 


Se Sh) Siz, Aub A) an] u(z, idk, Edk (10) 
n 21 0 


Here u(z, k) is that solution of eqn. (8) satisfying the boundary 


condition at z = — Zp, which for z > 0 has the form 
u(z, k) = ek? + p(— ke? . (11) 
If g(z) and the impedance-type boundary condition at z = — Zg 


are real, the value of p(—k) is the complex conjugate of the 
value of p(k) and hence u(z,k) is the complex conjugate of 
u(z, k). However, in all cases, comparison of eqns. (9) and (11) 
shows that p(—k) = p(k)7!. 

If the expression (10) is substituted in eqns. (6) and (7), and if 
we use the fact that wu satisfies eqn. (8), we get the following: 


, _€—12 _ exp [jr/(ke — A,)|x — al] 
Hy, = 5 2j = a/ (kB a2 Xn) u(z, A, uch, X,) 
e'2 ("exp [j/k ~ kx — al] ee 
see | Wao u(z, kui, dk . (12) 
=1)2 
3 rad a LAlves ee AAA PL / (ks = A,r uz, uch, rn) 


iS 


1125 (a 
+ oa | [VK — aA YL (k3 — kuz, uth, dk 
0 


(13) 


The first term on the right-hand side of eqn. (12) or (13) 
represents the surface wave, whereas the integral term in these 
equations represents the radiation field. These formulae show 
that the existence of a surface wave depends on the existence of 
eigenvalues of eqn. (18) with negative real parts. Thus existence 
depends only on the value of gq(z) and the impedance-type 
boundary condition at the ground plane, i.e. only on the electro- 
magnetic properties of the medium in the z-direction and not on 
the type of source. 


(4) ASYMPTOTIC BEHAVIOUR OF THE FIELD 


We shall obtain the asymptotic behaviour of the integrals in 
eqns. (12) and (13) and from these obtain the asymptotic value 
of the electromagnetic field components. 
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Using eqns. (9) and (11), we see that 
u(z, kyuth, k) = ekE-M) 4 gi th) | 
+ p(k)eik@+h) + p(—kje ket) 


Putting this expression into eqns. (12) and (13), we find that i) 
Case I the integral term becomes 


VG — K) 


fe exp [i(k — k*)|x — al] [er KE-D + plkyee+h|dk | 
; 
(12a) 


whereas in Case II it is 


foe) 


[sivas —aurotveg — eraternen® 
—oo + p(kje*kEt+ dk 


The method of stationary phase will be used to obtain asymp 
totic expressions for these integrals. In Case I we put 


(134 


x —a=Rcos8 z= Rsin®@ 
but in Case II we put 


r = Rcos@ z=Rsin#@ 


Fe rn 


For large values of R, the integral in eqn. (12) is asymptoticall” 


e—1/2 ei(koR—5) 
V (87) V/(koR) 
and the integral in eqn. (13) is asymptotically 


[e—Hoksin® +4 o(ky sin O)etikoh sino] | (14) 


e 1/2 ei(kor—=) 


4a koR 


J (koa cos 0) [e— oh sin 0 =e p(ko sin Oye tikoh sin oy | 
GIS) 


Expressions (14) and (15) are essentially the radiation fiel? 
parts of H, and Hy, respectively. We now consider the valu) 
of the radiation field on the surface of the slab, at large distance} 
from the source, i.e. atz =O but Rs 0. In this case 6 approache) 
zero and we can show that the expression in brackets in eqns. (14 
and (15) approaches zero. This indicates that at z =O th) 
asymptotic expression for the radiation field is no longer give) 
by eqns. (14) and (15). | 

We shall obtain the correct asymptotic formula for the radie) 
tion field on the surface of the slab for R large by evaluating th 
integrals in eqns. (12) and (13) in a different manner. Howevel) 
first we evaluate p(ky sin 6). 

At the interface z = 0, between the dielectric slab and fre 
space, the ratio E,/H, or E,/H, must be continuous. Denot) 
this ratio by Z(k); 


mee OE 
then (jwe) | Hy = Z(k) 
Lids ee _ tko | 
or ie Piel Ale a geo ns a de 


where Zp is the characteristic impedance of free space. Not 
that Z(k) is the impedance at the interface to an incoming wav 
e /k2, For convenience, we shall sometimes write this impe 
dance as Z. For z > 0 we have 


u(z, k) = e Jk? + p(kjeike 


Lap. _ hd 
LD. teeta 


Then by (16), 
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k Zi 

KZ 

_ ky Zo 

AK o4 

ky Zo 
ak ee 0) 
inall Las 0) = 

08) = rein) a) 

Sin 0) Ss. 

Zo 


From this formula it is clear that if Z(0) 40, the value of 
p(k sin 0) approaches —1 as 0 approaches zero and therefore 
the bracketed expression in eqns. (14) and (15) approaches zero. 
Also, from (17), 


2Z 
ie cin O 


for small values of 6. Then 
u(z, ko sin 8) = eJkoz sind +. a sin A)e/koz sind 
2 sin 6 MPs, 
ko aa ce 


We shall denote the bracketed expression in this formula by w,(z). 

Let us return to the integrals in eqns. (12) and (13) and consider 
ineir asymptotic behaviour for large values of x or r. When we 
make the change of variables 


=K—P 
dk an dg 
VBR) VR — BY) 
Therefore the resulting integrand becomes infinite at B = ko, i.e. 
atk =0. This indicates that the asymptotic behaviour of the 
integrals in eqns. (12) and (13) can be obtained by expanding 


the integrand in powers of k. In this way we find that the integral 
in Case I is 


'we have 


2 Zo eilkolx—al- Z) 
am Z(0) ko|x — al?/? 
and in Case II it is 


1 J,(koa) Zo ei(kor- %) 
4n 2 ZO) aun 
If we choose u,(h) such that w,(h) = 0, then clearly both expres- 
sions for the radiation field will vanish. This means that, to 
obtain as pure a surface wave as possible on the interface, we 
must require the height / of the source to’be such that 


32 Mi(Zus(h) « (18) 


(19) 


Since the source is always above the interface, ie. h > 0, 
formula (19) shows that a surface wave will exist only if Z is a 
positive reactance. If Z is complex, formula (19) gives a complex 
walue for h, which means that at no real height will u,(h) = 0. 
However, if we put Z = R + jX, a surface wave can exist only 
£ X¥> 0 and we see that |w,(A)| will be a minimum at that height 
4 for which 
Zo 


XO)" (20) 


kph = + 


(5) COMPARISON OF POWER 


‘a this Section we compare the radiated power to that in the 
um face wave. For simplicity we shall restrict ourselves to 
~ se I. Similar results can be obtained for Case II. 
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From eqn. (12) the amplitude of one surface wave term in H vis 


AM esl ies = 
( j) V/ (ke = rAd u(z, uc > D (21) 
Note that 
u(z, Ay) = (2j/Aj)' Pei v Anz (z > 0) (22) 
The x-component of the average power is 
eee et Oey, 
LB joe)! I —H3dz (23) 


where H* is the complex conjugate of H Be 


Since power orthogonality between surface wave and radiated 
field occurs only when A, is real, we shall assume henceforth 
that A; is real. Then, applying (23) to (21), we find that the 
average power in the surface wave is 


(24) 


ee 
BV KR +B) 


if A, — Bo 
To find the radiated power per unit area of wavefront we must 
evaluate 


n/2 
12 | H*E,d0 


of, 
— j ile 
Eg = (jwe) x 


or, since 
PH, 
or 
Using eqn. (14) multiplied by e!/? for the amplitude of the radiated 
field in A, we find that the radiated power per unit width of 
wavefront is 


H*d0 


we must evaluate 42%(jwe)—! i 
0 


eerie 
SS i [ekoh sin +. p(k sin O)eikok sin 6] 
0 


[eskoh sin 0 ale p(—ko sin A)e —jkoh sin °}d0 


(25) 
If we assume Z is purely reactive and constant for all k, we shall 
get Cullen’s results. Put Z = jaZp; 
jsin @ — 
then, from (17), plko sin f) = me aioee 


and eqn. (25) becomes (167weko)—!I(h, h) 


7/2 


where I(h h) = | [ene sinQ __ % — jf Sin O  ixon sin 
0 


a +jsin 0 


a +jsin 0 


: gJkoh sin 7 dé. (26) 
a —jsin®@ 


oe sin§ _ 


It is easy to show that 
PA 


Min) = 2| feos [ko(h — h’) sin 6] 
0 


ie) 2g! ee ak oa “Hosni hag 
jsin@ — « 


= mJ o[ko(h — h’)] + mJIolko(h + h’)] 
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» n| Dect koat Jot ko [¢—at h’y\ Sat 
0 


— x4 Joka == h’)| SF Jolko(h at h’)] 


. 2koah 1 
—— Ika rp en(2)arh 


The last integral is fairly easy to compute numerically for 
various values of « and 8 = 2kgxh. It was found that the values 
of I(h, h) so obtained are very closely approximated by the 7/2 
times the value of the integrand at 7/4. 


Dae ~2kouk 


ei PA (27) 
/G + a) 


Xe) 


0:80 


F(R) 0-60 


0:40 


Fig. 3.—Graph of F({). 


In Figs. 3 and 4 we have graphed for various values of « the 


functions 
Que? " t 
ED les wo(6) (ieee 2e* | lee 
_ 1720 — 202) B dan/2 p 
and g(B) el foe Co) agro CA) 


1 
Here B = 2koah, F(B) = 2 I(h, h), and 2 + 7g(f) is the value 


of the integrand in eqn. (26) for @ = 7/4. By our approximation, 
we should have 


F(B) = 1 + 598) 


The graphs show that this relation is satisfied very closely. 
When this approximation is used in eqn. (25), the radiated 
power per unit area of wavefront becomes 


(l67kqwe)'[2 + 2 cos 2(ky sinh + y)] 


where tan y = 


sin aul 4 = (/2)ee 


0:40 


-0:40 


—0-60 


O 0-4 0:8 2 1°6 2-0 


Fig. 4.—Graph of g(f). 


Note that y is the phase change on reflection from the interface. 
From this formula we see that the radiated power will be a) 
minimum if kg sinh + y = 7/2, | 


koh = +/2 cot '/2)a 


emit 


fairly well with the value 1-26 found by Cullen. Table 1 com-( 
pares the value for koh found by using eqn. (28) with thos i 
found by numerical integration of eqn. (27). 


Table 1 
a 0:2 0:4 0-6 0:8 1-0 
koh from (27) ‘1°62 1:37 1:13. 0-94 0-82 
koh from (28) 1-83 1:47 1:23 1:02 0°88 


We conclude that for values of «> 0-4, the value A of the} 
most efficient launching height as computed from the approxi-| 
mate formula (28) is within 10% of the height as computed] 
exactly from eqn. (27). 


(6) PHYSICAL INTERPRETATION AND CONCLUSIONS 


Suppose that the dielectric material extends from z = — Zg te 
z = O and that there is free space for z > 0. The field produced) 
by a horizontal magnetic slot parallel to the y-axis and passing! 
through the point z = h, x = a can be expressed in terms of A, 
as follows: 


H = (0, H,, 0) ] 
E= (woo ——)z | 7) an 


There are two methods for obtaining H,. One, which Culler 
uses, is to expand the source in terms on waves travelling along 
the x-axis. The other, which is used in this paper, is to expanc 
the source in terms of waves which come in and are reflectec’ 
along the z-axis. 


Suppose that a wave e /*2 comes in along the z-axis. Because 
of the presence of the dielectric, this will produce a reflecte 
wave p(k)e/*? for z > 0. Here k will be any real number from 
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0 to 0. However, if the source is oscillating with frequency w, 
thus producing waves whose wave number in free space is kos 
then the incoming wave will be 


eM? exp [j/(k2 — k?)|x — al] 
and the reflected wave will be 
plk ei? exp [jx/(k2 — k?)|x — al] 


Notice that this may be interpreted as a wave coming in at 
an angle @ to the x-axis and then reflected (Fig. 5). Here 
sin 6 SS kk. 


NVA, 


Fig. 5.—Reflection of waves from x-axis. 


When we take into account the fact that the source produces 
lane waves travelling in all directions we find [see eqn. (12a)] 
that H, contains a term proportional to 


(e exp [jy/(ki — k?)|x — al Jek@- - 


— oo / (ke =- k?) 
% 4 GEE = JV lae —. ql elk GED 
ee Vue a ak. Gy 


‘The first integral is just the field that would be produced by the 
source in free space if the dielectric were not present, and the 
second is the reflected field that is produced by the dielectric. 
The sum of these two integrals will give the radiation field. 

Let us consider p(k). For k = k,, a complex number with a 
positive imaginary part, it may happen that p(k,) is infinite. 
This value of &k produces a surface wave and we have in A, 
[see eqn. (12)] a term proportional to : 


exp [is/(k§ — k?)|x — al Je*izeinh G0) 
Notice that, because the imaginary part of k, is positive, this 
expression represents a wave which travels along the x-axis more 
slowly than light and is exponentially attenuated in the z-direc- 
tion. This behaviour is typical of surface waves. 

From eqn. (14) the radiation field at large distances R from the 
source and in the direction @ to the x-axis is proportional to 


eskoR 
Vk, R) 


Using this we find [see eqn. (25)] that the radiated power per 
unit area of wavefront is proportional to 


[e—Jkohsin © + p(k, sin O)eskor sin 6] 


{2 
| [1 + plKo sin A)e2/o sin 6)2g9 (31) 
0 

This formula may be given a simple physical interpretation. 
The field produced by the source may be decomposed into plane 
“ayes travelling in all directions. Those which travel in the 
lizection —6@ are reflected back to the height h of the source 
with a reflection factor p(kp sin O)er/*orSin9, The total field at a 
Hstance R, then, is the sum of the direct plane wave whose 
ii yplitude is A, say, and the reflected plane wave with amplitude 
itky sin O)e2/kohsin®, The total energy power in the wave- 
tmnt is the integral of the square of the absolute value of the 
id, and in this way we get eqn. (31). 
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Put p = |p|e+?/¥, where |p| and y are real. Using this, we 
find that the radiation pattern F(@) is given by 


F(0) tes |g —Jkoh sin 0 al. |p| ei(Koh sin 6 +2y)| 
= [1 + |p|? + 2|p| cos 2koh sin 6 + y)]!? 


Note that the value of the reflection coefficient can be obtained 
from the impedance of the dielectric to an incoming wave s~/**. 
We have, from eqn. (17), 


(32) 


Z (ky sin 8) 
NLS et 
sin 6 4 Z, 


' Z (ko sin 8) 
sin @ — —— Zi 


If Z is a pure reactance, this formula shows that |p| = 1, and a 
knowledge of the far-field pattern F(@) enables us to obtain y 
and thus also p(kg sin @). Theoretically, this information about 
p permits us to obtain the values of 8 for which p(ky sin 8) = ©, 
i.e. for which surface waves exist. This agrees with the results 
in References 2 and 3. However, in practice it is very difficult 
to find the surface wave in this way because the far-field pattern 
gives the values of p(ko sin @) for real angles @, whereas a surface 
wave corresponds to complex angles 0. 

A glance at the diagrams will show that, at least in the case 
where Z is a constant reactance, the radiated power per unit area 
of wavefront is approximately proportional to F(@)? evaluated 
at 6 = 7/4. Using this approximation, we can determine the 
height 4, for which the radiated power per unit area of wavefront 
isa minimum. We find 


p(kg sin 0) = (33) 


T aa 
kha sin— + y = 5 
0 2 sin 4 v 5) 
V2 
jee ) 
or 15 ko G fy; 
36 
Since, with a pure reactance, y = ee, ah 7, we get [see 


eqn. (28)] 4 
pee VA Cae ) 
hy = Ko cot (v2z 


Going back to the physical interpretation of eqn. (31), we can 
interpret h, as follows: 

The height of source hy at which the radiated power per unit area 
of wavefront is a minimum is approximately the height at which 
there is complete interference, i.e. zero amplitude for the sum of 
the direct and reflected waves travelling in the 45°-direction to the 
interface. 

For experimental purposes it is useful to be able to produce a 
field which is as pure a surface wave as possible. Since the 
surface wave attenuates exponentially in a direction perpendicular 
to the interface, we consider the field at a point on the interface 
at a distance x from the source. From eqn. (12) the H,-com- 
ponent produced by the surface wave is 


1 el\/(k2 — A,)x 
2i V(kj — Ay) 


whereas from eqn. (18) the H, component produced by the 
radiation field is 


2 Z, oP EG -*)| 
NZ (Oe ken 


—5/2_ 


uO, A, uh, Ay) 


u,(O)u,(A) 


plus terms of order |.x| 
By proper choice of the launching height, the above term in 
» 
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the radiation field of order |x|~3/? can be made zero, and there- 
fore the total field, which is the sum of the surface wave and the 
radiation field, becomes, at least at large distances from the 
source, very nearly a pure surface wave. The height at which 
this term in the radiation field vanishes is given by eqn. (19) as 
pts oot ‘ans i pds baa 

kyZ(0) : 
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SUMMARY 


A unified and concise exposition is provided of the general insertion- 
loss filter theory. Methods of synthesis of most important network 
functions are derived in terms of the prescribed steady-state network 
performance; also realization procedures are explained and expressed 
in terms of explicit formulae for direct application to the design of 
conventional ladder structures with an arbitrary number of ‘branches. 

Two particular cases are solved in detail, namely the symmetrical 
and the inverse-impedance, low-pass networks, which are both unified 
in a single mathematical treatment. Such unification enables one to 
consider both of them as one general case of a low-pass analogue 
ladder structure. 

Special emphasis is given to the{Cauer—Darlington method of 
synthesis of networks whose insertion-loss response approximates, in 
Chebyshev’s sense, to that of the ideal wave filter; however, Taylor’s 
zpproximation (maximally flat response) and the constant-k filters 
are also included. 

In the case of the maximally flat and the Chebyshev pass-band 
approximation, important explicit formulae for the ladder components 
are derived for a network with an arbitrary number of branches and 
an arbitrary termination ratio. These components (ladder coefficients) 
are thus directly computable from the required discrimination charac- 
teristics or the reflection factor, and from the bandwidth specifications. 


LIST OF PRINCIPAL SYMBOLS 


T, I = The two main classes of network struc- 
ture (also used as subscripts). 
F, V, I, = Power, voltage, current (these occur 
with subscripts). 
D = Discrimination (also with subscripts). 
A,, A, = Insertion loss at extremal points. 


a0 B, = Bandwidth at extremal points. 
U = lets) Uoss Uns, Ue(n): 
= Arguments of Jacobi’s elliptic functions. 
t = Transformer ratio. 
r = Resistance ratio. 
H, L, a, b, c, d, h = Arbitrary constants. 
4, I. = Elliptic modular constants. 
A, B, A’, Bs 1, B, N, 
N’, P, S, T, U = Polynomials in p or in Q. (p =jQ, 
[Dare = Ch + jQ,). 
G, R, OQ = 1/d, L, C = Network elements and their properties. 
s,n, [n/2], k, r, = Integers. 
Ug, Ucoy Ugrs Vas War = Auxiliary quantities occurring in the 
3 calculation of network elements. 

U,, V,, Wr = Auxiliary constants defining ladder 
coefficients occurring in Section 3.6 
only. 

Won Poin) = Auxiliary quantities. 

Tn) = An integral defined in eqns. (268) and 
(269). 
F(Q) = Function or polynomial in Q. 
f = Frequency. 
A, B, C, D = Chain matrix parameters. 


Yorrespondence on Monographs is invited for consideration with a view to 
‘p dlication. } : 
Mr. Zdunek is with Marconi’s Wireless Telegraph Co. Ltd. 


v = Number of sections. 
n = Number of branches. 
57, = Kroenecker’s delta. 
ty = x = Real root of the discrimination function. 
Ps, %; = Modulus and real part of roots of 
insertion-loss function. 
ys = Poles of design impedance or admit- 


tance. 

C, = Reciprocals of poles of insertion-loss 
function. 

@ = Arguments of circular and hyperbolic 
functions. 

1 = Efficiency. 


®, ¢, , &, A = Network characteristic functions. 
I’ = Reflection factor. 


Oro, 9) = Normalized frequencies. 
QO = w/o. 
F, A,B, R = Polynomials in € = —1/p?. 


A, B,, KR, D, = Coefficients of polynomials in ¢. 
H.,,,U;,W., V.. = Parameters derived from F(Q). 


#81, T = Operators. 
I = Real and imaginary parts of complex 


quantities. 
o(n) = 3[1 — (—1)’]. 
e(n) = [1 + (—1)"]. 


(1) INTRODUCTION 


Among the many engineering problems of to-day, the 
synthesis of electric networks is an outstanding one of great 
importance in both heavy and light-current engineering. From 
the early days of electrical engineering science, the analysis of 
electric circuits was the only known way of attacking electrical 
engineering problems. Since the last war, however, the advance 
of the art of synthesis has been so marked that it appears that 
further study in this field may well result eventually in adding 
to the art of network synthesis a consistent procedure whereby 
the cut-and-try methods of yesterday will be replaced by well- 
systematized experiment and computation. 

The synthesis problem consists in finding the network itself 
when its performance is specified. This broad definition resolves 
itself into two separate problems: to find the mathematical form 
of the network response function; and to find the network itself. 
The second problem has no unique solution; it is usually possible 
to find several networks that will yield the same performance. 
However, with additional stipulations regarding, say, the phase 
response or the minimum number of elements to be used or the 
particular network pattern, e.g. the ladder structure, the lattice, 
etc., the problem is susceptible of a straightforward solution by 
known methods. The first problem, that of finding the network 
function when the performance of the network is specified, is less 
straightforward,! although an approximate solution may be 
obtained experimentally by means of the potential analogue 
method. 

The network performance can be specified in many ways, but 
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all of them reduce to the following statements. In the case of 
two-terminal networks, the performance is completely specified 
by one network function, i.e. the network impedance function 
defined over the whole frequency range. In the case of four- 
terminal networks, three functions must be specified in order 
that the structure may be uniquely determined. In the special 
case of symmetrical four-terminal networks, only two functions 
are required. 

In all the above cases the network impedance functions (self 
and transfer) are uniquely specified by their real, or by their 
imaginary, parts alone, the two parts being Hilbert transforms 
of one another, and each can be calculated in terms of the other.” 
Since all impedance functions representing lumped-parameter 
structures are meromorphic, the potential analogue (electro- 
lytic tank) permits of an experimental determination of the real 
part (or the imaginary part) of an impedance function. The same 
applies, of course, to the insertion-loss function. 

The potential-analogue method (e.g. the electrolytic tank) is 
of great importance when the performance of the synthesized 
network cannot be simply identified with any known analytic 
function of the generalized complex frequency. However, in the 
case of ordinary filter responses, the empirical search for suitable 
poles and zeros, and the associated measurements on such a 
device as an electrolytic tank, can be replaced by known analytic 
methods, such as those introduced by Cauer,? Norton,’ 
Darlington,’ Cocci® and others. The present work is based on 
these methods. 

Up to now most of the authors have treated the synthesis of 
symmmetrical and unsymmetrical filter networks as two separate 
cases. In fact the latter (with Chebyshey’s approximation in 
both the pass band and the attenuation band of the insertion-loss 
function) are hardly treated in English, except for a few useful 
lines in Darlington’s paper.> In the present work the problem 
of ladder-filter synthesis is treated in such a way that the sym- 
metrical and the inverse-impedance (antimetric) ladders may 
be designed from common definitions following directly a given 
procedure. The principal aim is to present a powerful insertion- 
loss method of network synthesis in a consistent but also directly 
useful general form. It is believed that the methods of derivation 
are as important as the final formulae themselves, and for this 
reason many derivations of formulae are included to display the 
method of attacking the problem. 

The present work is divided into four parts (Sections 2-5) and 
is followed by an Appendix (Section 9). Section 2 includes the 
general insertion-loss theory and its relation to the well-known 
ladder structures regarded as four-terminal networks. In 
Section 3 important operations, formulae and definitions are 
derived for use in practical filter computations. Section 4 
gives an outline of one of the methods of accounting for the 
ohmic losses distributed between the inductors and the capacitors 
of a ladder. Several practical insertion-loss functions are dis- 
cussed in Section 5; in particular, complete and explicit design 
formulae for an actual low-pass ladder are given in the case of 
the maximally-flat and the Chebyshev’s approximation in the 
pass band alone. 

Section 9.1 includes the derivation and formulation of the 
special network functions, namely the Cauer—Darlington 
insertion-loss functions; this method of derivation can be applied 
to other functions. The important transformations in the 
complex-frequency plane also are discussed. 

In Section 9.2 some aspects of the derivation of the formulae 
for ladder coefficients are outlined. 


(2) INSERTION-LOSS THEORY 


Insertion-loss theory may be defined as a system of mathe- 
matical and physical relations which can be shown to exist 


| 
| 


between prescribed insertion-loss or discrimination or othe) 
related data and the electrical network whose performance aI 
response satisfies these data. Such relations can be demon: 
strated most readily by recalling the well-known conventiona | 
four-terminal network theory, from which useful informatior| 
concerning the network and its insertion-loss function can be 
simply established. 


(2.1) General Aspects 

A four-terminal (quadripole) network can be defined mos 
concisely by a chain matrix of the form | 
A By, 1 i2Zu A a 

The quadripole under consideration is assumed to be purely 


reactive, obeying Maxwell’s law of reciprocity, Le. Zin = Zoe 
so that the determinant of the chain matrix (1) is unity. 


AD —~BC=1) 6s ae 


The impedances Z,,, Z>, and Z;, are the self- and transfer impe-) 
dances of the quadripole and A in eqn. (1) is the determinant o1 
the impedance matrix, defined by A = Z,1Z). — Z?,. The 
quadripole impedances can be identified with the open-circuit 
impedances. Using the clockwise convention of the loop currents, 
the open-circuit and the short-circuit impedances are given ir) 
terms of the chain-matrix parameters A, B, C and D by L 


A A B 
ai = Liroc a Cc Li) 56 == va — D 
D A B d 
249 FIDE (E 1X) sc Ze = A (3 
1 A 
Z2 = — 212,00 = © 413, 5¢ = ae 


Important relations concerning the conditions of realizability| 
can be derived from eqns. (1), (2) and (3) in the following way | 


AD-i B AB DB 
CCC AecrD 


(4 
so that 

5 = ™ = | 
Ziel oc a Z%2,0¢ a LA cL? 5c me Li ecOrne ae ay Z12,0cZ12,86 


The formulae giving the insertion power and voltage ratic 
are derived by considering in Fig. 1 the quadripole defined ir) 


Fig. 1.—Terminated reactive quadripole. 


eqn. (1), terminated by prescribed resistances R, and R, on thi 
input and the output sides respectively, with one source o: 
generator of e.m.f. Vo in series with R;, so that R, can be regardec 
as the internal resistance of the generator subject to the reciprocity 
theorem. The set of equations for this arrangement may b 
written in the matrix form 
| if 
= t 
| h 


6 


| + Zy —Z12 | 
| ae ZD Ry + Zr 


.. 


i 
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The quantities V; and V9 are defined as where | A(p)|? must be an even, positive and real function for all 


Vy = Rb = |V>| ZB> real frequencies, since = Ng < 1 at all real frequencies and 


Pr< Gf. . Hence 
V,R R X 6 2S 220max 
and lo == = 2—-|YolZBo © Pag Pag 
Ry Ele R, R, =P R, 7m = 7 aa 
wae 20 max 


From eqns. (1), (5) and (6) the insertion-loss voltage ratio can 
be expressed in the form or WAG) |e 2 a ary ee eG) 


R é ine must be satisfied at all real frequencies. It is thus logical to 
- (RiZoo + RoZi1) + (Rip + ZZ — Z 2) try to express the insertion-loss power ratio in eqn. (15) in terms 
Vv, (Ry + Ry)Zy9 of limiting constant such as 7, defined in eqn. (8), which depends 


VE only on the termination ratio, and in terms of some even function 
= a L(Bo —B). 1 of frequency, ||? say, or |H(p)|?. The logical relation, satis- 
fying eqn. (16), may be written 7 
and the fundamental definitions for the power and the efficiency Bp Pp 

of an electrical network are given by D, =7¢ + |®|? or SB = ng|E(p))?. . 17) 

Pp | Vol? p Vo\" Gs We The inserti 
BP mac = 2; a = : eat net eS he insertion-loss theory must now be developed in such a way 
4R, 2 Ry as to give a Satisfactory guide to the proper choice of either the 
Pg AR.R a function ® or &, and must provide necessary relations between 
and BR a We = = Z 5 = > these functions and the actual network whose power ratio takes 
20 max (Ry + Ro) (er) the form of eqn. (17). This is the basis for Darlington’s method, 
Ri ie PA, which has now become classical and is most clear and simple. 
where p= Ry or Re YS Po - . . . (8) Following Darlington, we may separate the insertion-loss voltage 


ratio (7) into two parts, of which one is an even and the other 
'The power must obviously be a positive real function of the is an odd function. (This can be clearly seen when one remem- 
irequency. The impedances Z;,, Z>, and Z;> are purely reactive bers that the impedance functions are odd, as shown by Foster, 
-and, as follows from Foster’s reactance theorem, are odd func- Brune and others.) Thus 
uions of frequency. 
oe. RiZy. + RZ 


Here, only the low-pass analogue filters will be discussed, so = an even function 
4 : - (Ry + Ry)Zq2 1 


it will be convenient to adopt the use of the normalized frequency 


: 18 
variable, Q, say. The use of this variable is well known, but to R,R, + Z11Z22 — Z7, _ pB dee see G8) 
_avoid any ambiguity we shall now define this variable for par- “(Rez ane Oo 
‘ticular systems. Thus, for a low-pass system, we define {2 by 


where A, B and P are even polynomials in p, with real coefficients. 
The insertion-loss voltage ratio (7) is now given by 


i 


2 = Op == =F - a ee) 
i V2 APE AC) ae 
‘where w = 27f and fg may be the cut-off frequency, or any V, 1 
other frequency convenient for normalization. (This factor is B 
| discussed in Section 3.1.) In cases other than the low-pass, Bo — Bo = are tan = ee een), 
» networks are obtained by means of frequency or, more accurately, es 
| impedance transformations. Thus: The numerator of A(p), namely (A + pB), is a Hurwitz poly- 
f nomial, whose roots have negative real parts and thus lie in the 
if hohe Oa @ ee Ee Se ee ca (10) lett ball ot pthe complex-frequency p-plane. From eqns. (7), 
ee teh- pass, COnp f (18) and (19), the insertion-loss power ratio in eqn. (15) becomes 
alte S65 Py — (RyZyy + RoZy1)* — (RR. + ZZ. — Zp? _ N 
for 2 2 ==(Q)) pp == € —) Pe pa a = cg 95h 
(for a band-pass, 9 = (Q)gp = Qz He Py ( 2, (R, + R)?Z2, P2 Cy 
tio. where ay CA) ce RL NS ye PT 
for a band-stop, Q = (Q)gs = — a(2 pete og (UD) ; 
fo sf It should be recalled here that the Z-impedances in eqn. (1) are 
purely reactive, so that Z(—p) = — Z(p), and hence N= 


where fy is the mid-band frequency and Qp = fo/fz- } 
In nt band-pass and the band-stop cases we shall restrict our (A + pB)(A — pB). It is not difficult now to cast the power 


‘investigations to the responses symmetrical about the mid-band ratio into a form like eqn. (17) by adding and subtracting 7¢ 
frequency on a logarithmic scale. Thus we shall replace jw, 11 eqn. (21). Thus 
-oceurring in the low-pass impedance functions or other low-pass Py N N06 p2 
functions, by /Q, or more simply by p, where Zr pe Ne t Pp? 


Pe) Re ARE Wee MN) Shere NN eee” Soe tee) 


Defining Vigl¥s— Ap) 4) | The rational function N OP? in eqn. (23) can be expressed readily 
in terms of network impedances in the form 


N’ Pa (Ri Zp. — RZ)" = (R,R> acd 211222 + Zi) 


N’ 
Wee 53 er es - (23) 


the insertion-loss power ratio can be written immediately in the ; 


bie 2=— oF 
m Po \Voo? ea ee ees 1 a5 |®| Pp? (R, + R,)*Z7, 
DB. = LA = A(p)A(—p) = p 7 Y on hee 
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This form is very similar to that occurring in the power ratio (21) 
except for the signs, and hence we may define N’ analogously 


to N by 
N’ = A? — p*B? =(A’ + pBYA’ — DB) . (26) 


from which A’/P and pB’/P can be identified readily in the 
manner of eqn. (18) with even and odd functions 


A’ RZ — R211 


an even function 


P (R a RZ 12 (27) 
: 72 
z = ne = ve Za2 an odd function 
1 AD) 


where A’ and B’ are even polynomials in p similar in form to 
the polynomials A and B. As these polynomials are derived 
from quadratic functions it will be necessary to establish the 
proper signs. The signs, as will be shown in Section 3.2, will 
depend upon the configuration and the termination of the net- 
work. The relation between the function occurring in eqn. (17) 
and quadripole impedances (i.e. open- or short-circuit impe- 
dances) is seen through eqns. (23) and (25); thus 

N’ A2 AG p’?B? 
pi pe 


where H is an arbitrary real constant and ¢ will be called the 
insertion-loss characteristic function. Hence 


(28) 


|O|? = = nolo? ; 


P. = 

Bi = 76 + (OP = nell + #16) = nol BOP? . 29) 
and 1 + H?|¢|? = |E(p)|? = E(p)E(—p) (30) 
where & defines the discrimination function, i.e. E(p) = 
1 + HO(p). 


The insertion-loss power ratio can thus be defined in any of 
the following forms: 


Pay 1 V9? a N N’ 
2, oF = i; = |A(p)| P2 GT Pp 
can Aa — p*B? ie 
= y¢(1 + H?|9|*) = PE ne|E()|? (31) 


All these definitions are important and we shall often return to 
them in the further development of the theory. 

The quadripole open- and short-circuit impedances must also 
be related to insertion-loss polynomials. The relations can be 
obtained by making use of eqns. (3), (18) and (27), from which 
it follows that 


A A—A’ ) 
Z 66 5 =R > 
eeu PB 1B) 
B p(B — B’) 
pee aes OG: 
ite, D ee ae 
D A+ A’ 
Lr0c =Ra=R ; 
Oe CT iB EB) Hs 
; alee (SVs 
Zz Bee 2) 
ZaSe, A 27/4 ae 
Ze ep OE LR, nek ayes 
: Cc R, + Ry p(B + BY’ 
Ri +R B— B 
Zixve = 3 = Das 2 PC ) 


2 P J 
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This is the important set of design impedances which must 
satisfy the conditions of realizability; the design impedances 


must be odd functions of frequency and Zj o6-, Z2,0c7 2 scan 


and Z>,,.-impedances must be separately realizable as two- 
terminal network reactances. Also, the design impedances 
must satisfy the condition stated in eqn. (4), following from 
AD —BC=1. The important relations between the chain- 
matrix and the insertion-loss polynomials can be expressed in 
the following concise form: 

A Bi Ri + R||Ri4 — A’) R,R>p(B — B’) 

le sl ~ 2R RP || p(iB+B) Rf{A+ 4) 
and the determinant of the chain matrix, from eqn. (2), can be 
expressed by 


N= WN? 


a (34) 
G 


AD —BC=1= 


From eqn. (34) useful relations concerning reflection factors can 


be derived in the following way: 


. 33m 


| 
| 


} 


| 


| 


\ 
I 


| 
| 
. 


N’ = N — ngP* = N(1 — yey) (35) 
as Ney — P| Pay max 
and hence 1 — ngn = (Aomax — I Fromax = |V|? (36), 


where (Ag max — 
tion factor. Since the network is loss-free, 

IN A? 
N AZ ass 


Reet Bee 


from which it can be readily shown that the reflection factors’ 


can be expressed by 


ae R= Zin A Pe 
Ri + Zin ~A + ps | 
p, — Rea Zain =A’ +B By 
Ry + Zain A+ pB 


where Z; 5;, are the input impedances of the terminated net-) 
work as seen from the proper ends, and are defined by) 
Zi in = Zi, — Zjo[(Ry + Zp) and Zp in = Zyy — Z3y[(Ry + Zy1)-} 
It is important to note that (Ry. — Z;,2in) are non-physical) 


impedances. Hence, it follows that the roots of corresponding 
polynomials (+A’ + pB’) may be non-physical, i.e. the single 


real root and the real parts of the complex roots may have) 
We shall return to this important point in) 


positive signs. 
Section 3, At present we need only mention that the sign of 
the real root depends on the termination ratio. 


(2.2) Basic Symmetrical and Inverse-Impedance Networks 


In general, the insertion-loss theory for symmetrical, cut 


terminated networks, and for the inverse-impedance, loss-free 
networks, calls for special consideration.* 
cussion about these networks is required, because the preseni 
methods of filter design are more or less based, at least initially 
on these two cases, which will be referred to as basic, since et 


serve as a starting-point for the design of filters with arbitran 


terminations with or without losses. 


(2.2.1) Symmetrical, Equally Terminated, Basic Four-terminal Networks 


and hence 
A=D (39 


S aspects of t 1c 1 
f ri ‘f 
ome : he lattice and ladder symmet cal str uctures were treated in a 


\ 
) 
q 
| 
q 


More detailed dis. 


; 
Electrical symmetry of a network requires that Z,, = Zt 


P,) is the reflected power and I’ is the ia 


! 


a 
} 


\ 


ZDUNEK: THE NETWORK SYNTHESIS ON THE INSERTION-LOSS BASIS 


(In the case of the image parameters, the image impedances 

must of course be the same.) If a network is to be equally 

terminated then R,; = R, and Nqg = 1, so that, from eqn. (33), 
A’ =0; N’ = —p?B2 = (2B2 (40) 


From eqn. (31), the power-ratio function for Ne = | is that of 
the discrimination, so that 


wy , 

220 ig N pB’ 2 

gy, ~|A@P = [EP <1 +5 =1- (7) =1 4579 
(41) 


It is seen that the insertion-loss characteristic function must be 
an odd rational function and is defined by* 


; pBe - SB" 
H ee, = 
sth cae 


where B’ and P are even polynomials in p or Q, and ¢ is clearly 
an odd rational function. The constant H’(=./H? = + H) 
may have arbitrary sign; it will be shown later that the sign of 
H’ depends upon the configuration (mid-series or mid-shunt) 
of the first ladder branch. 


(42) 


(2.2.2) Inverse-[mpedance Basic Four-Terminal Network Parameters. 

In the case of an inverse-impedance network, the short-circuit 
design impedance of one end must be the inverse of the open- 
circuit impedance of the other, i.e. 


Zi oc R, 
= amet soe vah 6 ee (43 
Ry 2),8c : : 
from which it follows that 
Z 1, 0c42,80 == Rij Ro = Ro (44) 


‘(in the case of image-parameter filters, Rg is the so-called 
characteristic resistance which, for a constant-k filter, can be 
defined by Rs = LrrZ ik) 

From inspection of eqns. (43) and (32) it is found that 

B—B 

= = R,R,——_,y, 
Cc \ 7B EB’ 
It can be seen that eqn. (45) is satisfied when B’ is identically 
|zero; hence, for an inverse-impedance basic network, it can be 
| Stated that 
Bi=a 0s ON eA (46) 
|The insertion-loss power ratio can be defined for this case by 


F 4 N’ 
B= 1lB(—)? = no(1 + aoe) 


2 
Ae ND 242 
= no(1 = oan) = y¢(1 + H7¢?) 


LZ 1 0cL2,5c = RyRy = (45) 


(47) 


* A symmetrical basic network can be decomposed into two, defined by the matrices 
le mallee A’ ail |D’ B’ 
lc Dil ~ | 


Cc py Ic’ A’ 
‘Thus, from eqns. (3) and (7), 
V2 RD B re Tae, Co wr. A’B’ 
=a+ 2045 -p + BC) + (CDR +— = ) 


nand hence 
0. SE Ee eee 2 a en 
7A’ = (A'D’ + BC) (e’D’R + —) CD 2) 
‘If *he input terminals (11’) are associated with the mid-point between the two networks 
(then the mid-point input impedances can be defined by 
Boe ROS Ri tA ICR Be epee oi 
A’+ RO’ 7 A?2 — R2C2 = Ri,in + JX, in 
: An : V20|? Xf, in)? J: 
vac. the insertion-loss power ratio is expressible as Vr =1+ (gre » Which 
j,in 
p’ ves J. Reed’s statement,7 from which it follows that the association of a real 
2 stant multiplier with Z{,in does not change the insertion-loss characteristic (i.e. the 


«i *rimination function) but only adds constant reflection loss. This theorem will 
be found useful later. 


Zi,in 
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and the characteristic insertion-loss function is given by 
H'd = A’']ni?P (48) 


where H’ as before may have an arbitrary sign and ¢ must be an 
even function. It may be observed in eqn. (47) that, if the free 
term of the polynomial A’ is zero, it is implied that the termina- 
tion must be equal, ie. yg = 1. Otherwise ng < 1. 


(2.3) Special Case of Open- or Short-Circuit Termination 


A special case of termination occurs when one of the network 
terminations is made zero or infinite. Such a case is often of 
interest when a constant-current or voltage-driven network is to 
operate as an inter-stage coupling between valves, or when groups 
of filters are to be combined at one end.* Thus, when putting 


1/G> = Ro =.0 or R, = ©; Ng = 0 . (49) 
then, from eqn. (33),.N = N’ and hence 
At = A?s) Be B, (50) 


By giving A’ and B’ the proper signs which follow from inspec- 
tion of the I’-factor, it can be found that the open-circuit design 
impedance simplifies to the form 


Z1,0c = R,A/pB for Ry = ©; Rinr oc = Rin (51) 


Rin2, oc iS the resistance measured at the open-circuited end of 
the terminated network. Similarly, the short-circuit design 
impedance takes the form 


Zi ,sc = Ry pB/A for 1/G, = Ry =9; Ginrsc = N/R, . (52) 


where Gj, 2, s¢ is the conductance measured at the short-circuited 
end of the terminated network. 

In the above cases the design impedances are particularly 
simple when losses are to be considered; this is because the poly- 
nomials A’ and B’, which require most labour in computation 
when losses are accounted for, need not be evaluated. The 
procedure concerning the design with or without losses will be 
described in Section 3. It may be added that the designed open- 
or short-circuit network for normal termination is very insensitive 
to variation of the finite resistance R, (or conductance G, of 
current source); the design resistance R,, on the other hand, 
must be kept within reasonable accuracy. 


(2.4) General Ladder and Ladder Coefficients 


The design impedance, from which some or all of the ladder 
coefficients are to be computed, is assumed to be known in the 
form of an odd rational function. This may be any one of the 
design impedances given in eqn. (32), formed in the proper way 
for a particular ladder structure and termination. For purposes 
of illustration, we shall refer mostly to the design impedances 
seen from end (11’) of the network of Fig. 1, i.e. Z;, 5. OF Zy, se: 

’ To distinguish the network configuration such as mid-series 
or mid-shunt, and the character of the ladder, e.g. symmetrical 
or inverse-impedance, we shall introduce an additional subscript, 
ic. T or II, defining the basic structure mid-series T or mid- 
shunt II. In the case of an inverse-impedance network, as can 
be observed in Fig. 2, there is, in addition to the basic structure, 
a constant-k-like half-section; the character of this half-section, 
which may correspond to a T- or []-configuration, will be indi- 
cated by a second subscript. Thus, the usual design impedances 
of networks illustrated in Fig. 2 will be defined from the end (11) 
as Zi,sc,t Zi,oc,11 for symmetrical odd numbers of branches 
and Zj,oc,Tw Zt,sc,r17 for the inverse-impedance or an even 
number of branches. Similarly, the design impedance from the 
other end will be defined as Z 5.7, Z2,0c,11 ANd Z>,sc,77 and 
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Fig. 2.—General ladder structures and performance characteristics. 


(a) Mid-series Te(,)-structure. 
MF = Maximally flat (Cs; = 0, see Fig. 4). 3 
T = Chebyshev pass-band (fs; = 0, see Fig. 5). 
Hyp = Hypothetical [n even, see Fig. 6(6)]. 


(6) Mid-shunt IT¢,,)-structure. 
C = Cauer—Darlington [symmetrical, see Fig. 6(a)]. 
© = Cauer—Darlington (antimetric, R;/R2 = 1, see Fig. 7). 
C = Cauer—Darlington (inverse-impedance, R;/R2 # 1, see Fig. 8). 


(c) Performance characteristics: 


These curves, plotted for Dy = 1dB, can be read directly; for other values of Dp, the insert scale slide should be used. To read Dg for other values of Dp the scale slide 


should be placed parallel to the Dg axis with its reference line coinciding with the curve at the required value kz. 
the Dg are read; for MF, Dg ~ 18-5dB; for T, Dg ~ 39:5dB; and for C, Dag ~ 63-5dB.) 


2Z>,0c,rr1- Other design impedances also can be used. However, 
we shall limit most of our discussion to the impedances from 
end (11’) mentioned above. It must be stressed that ladder 
coefficients should be computed whenever possible from both 
ends independently, as this provides the best check of results. 
Sometimes the termination resistances R, and R, will be specified 
by the network structure, if it is found to be useful. 

In addition to the symbols defined above, we shall also intro- 
duce a further very important one which will be used throughout 
the paper, namely e(n) = 4[1 + (—1)"], which is zero for n 
odd and unity for n even, where n will refer to the number of 
branches. By means of these and other similar symbols we shall 
specify the general ladder; e.g. T,.,, means a basic T-structure 
with an even or odd number of branches. Thus, for an odd 
number of branches we shall have To, or simply T, while for an 
even number of branches we shall have T;, which may be Ty, 
or yl. Similarly, we shall have Nats which for n odd is Io, 
or simply II, and for 7 even may be II; or +I. These symbols, 
especially e(n), will play an important part in the concise presenta- 
tion of the theory. The branch reactances will be denoted by X¥ 
and will be numbered from the design end; thus, such a branch 
reactance for T,(,)- or I1,;,)-structures will be defined by 
X,, Ten) OF X,, men), Where r = 1, 2, 3,... Ina way similar to 
that used for the design impedances, the branch reactances will 
be characterized by the corresponding design resistance R, or R). 

Fig. 2 illustrates mid-series and mid-shunt ladder structures of 
m-derived-like low-pass configurations with two elements in the 
even branches (these are duals when Rj yyecn) = Ro, Term). It 


IX 2sF1),Te(n) = IJMLEs¥1), Tey = Ri, Ten 


(Example: for n = 5, kg = 0-5 and Dy = 0-3dB, 


can be seen clearly that the simplest configuration such as 
constant-k can be obtained by assigning C.1~) =90 or 
Lys, ten) = 0. If all these constants are made zero, such a 
structure will correspond to constant-k, or Taylor approxima-' 
tion, or Chebyshev pass-band approximation, or any such filter 
which has no infinite attenuation at finite frequencies.* 

The impedances of odd branches in a T,,,) mid-series structure] 
can be written as 


pp elgg Les ¥1), Ten) 
WB 


R; » Te(n) 
(53)) 


where 42;¥1),ten) are the actual ladder coefficients for an 
arbitrarily terminated mid-series T,,,)-structure, while a,,+, 
are the normalized ladder coefficients defining, in a mid-series! 
structure, the quantity 


= Ry Ten PAs F1 = PQ(2s $1), Te(n) 


_ OBLeasé1),Te(n) _ W2sF1), Tem 
Ry te 


QasF 1 


(54, 
R 1, Te(”) 


where wz and R; tec) are usually the specified frequency anc 
termination resistance (in the special case of equal termination 
ladder coefficients with a bar will be used, e.g. G,). If Ans ar 


_.* Reduction of the proper element in the even branch in the general structure i 
Fig. 2 corresponds to a shift of infinite loss from finite frequency to infinity in th 
appropriate general insertion-loss function used for filtering purpose. Such function 
will be discussed in detail in Section 5. It may be mentioned that the structur 


illustrated may also be preserved, even if mutual inductances occur (these will b 
signified by negative ladder coefficients). 
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given, then the inductances L(,+1),Te¢m) Can be readily com- by —1/¢ (which will be found more convenient for further 
puted. Similarly, the relation ‘of the ladder coefficients for a operations), one obtains from this function 


mid-shunt structure is given by z R 
, 1 FD = (Fe or st) PRE e777) 
FXosF1),TMe(n) = 5 Gets = Ri ew a ~ , p a p TI p= — 11 . 
JO’ (25 F 1), Me(n) Pays51{  P4as¥1)Me~m) The subscripts T and II in eqn. (60) indicate only the input 


(55) character of the ladder. (See Fig. 2.) The design impedances 
which can be used for ¥(¢) may be Z1,sc,Ts Z1,0.,TH3 Z1,0¢,1 
or any other suitable impedance. It should also be noted that 

M@sz1 = WpCsF1y, Men) Ri, mem = Ri, nec@ast1),Wem + (56) t= 1402 

The resonant frequencies of the elements of the even branches ; 4 

of a ladder structure T,,,) or Te are defined by 


where normalized ladder coefficients are defined as 


In addition, we define €) = ¢,.,; = 0, where v is the number of 
T- or Il-sections. It is also important to note that the ¢, for 
Lc 1 1 as pe 1 67) 8= 1,2,...[v + e(n)] are associated with the network branches 
2s 2s ey, © @eOR 27 2, (see Fig. 2), while the Q.,, for r= 1, 2,...v, are associated 
(for the present let r = 5) with the insertion-loss function (Q,,, are the finite frequencies 
of infinite loss, see Figs. 6, 7 and 8). In connection with eqn. (57) 
where (2,., is the normalized frequency corresponding to infinite we said that s =r; which is always possible. In some cases, 
loss and wz is the normalizing constant. The impedance of the however, a relation other than s = r may be needed: this will 
even branches for a mid-series structure can be written as be discussed in Section 3.6.1. 
1 The quantities %,,, by means of which ladder coefficients can 
be computed, are defined as 


Pe Hl re ( A SoqgF (Eq) Fr. ¢! = SovF (C,) 


1X. = jwLl  — 
1442s, Te(n) y 2s, Te(n) jwC,, ee 


= R, an ne + pits — I + P's (58) Koy Seer. C rR c ; ) 
fet a pa aoe pps 
a erie for g = 0,1,2,...,andr = 0, 1, 2,..., where 6,, is Kroenecker’s 


where a2, = &pC2s,romRi, Tem from which Cys,re~m is readily gejta; §,, = 1 for s = 0 and 8,, = 0 for s £0. (This notation 
found and L5.,re~m follows from eqn. (57). It is clear that, jg introduced only to make the formulae for H.,, consistent for 
when €, = 0, wo; = ©, then Ly, tg) = 0 and the branch is, _ Q or q=0.) We also define H,, = 1. 


reduced to one element. In the limiting case, when g = r #0, the formulae for %,, 
The mid-shunt ladder coefficient for the even branches are are found from 
related by sd oe 
SF EL SF (G1 Wad 2 
aX hee R Pars _ Pads, e(n) , : (59) Hog => lim e = (or) = Gp FO, =a (es) e (62) 
ee ee ee 1 Pe ete ree een tar 
from which Se rr ae : : : 
9sRi, tren) ae ag The law of forming ladder coefficients may be written in a 
2s, Tle(n) Wp 2s, Ile(n) Gigi Te form e W 
re 


SU Ne 4 cs 5 


Out = e 5 
where, for €, = 0, wos = © and Cy. ren) = 9. geet = bs44 a a 


Band-pass, band-stop or high-pass elements can be found by 
well-known frequency transformations (10) to (13). Such a ys = > s5=1,2,...p+e@ 
transformation, e.g. from low-pass to band-pass, is simply U, Us 

accomplished by adding to every inductance in the low-pass Some of the coefficients can be computed from special formulae 
ladder configuration a series capacitance such that LC = wo, given in Section 3. (These formulae reduce a great deal of other- 
and to every capacitance a parallel inductance such that, corre- wise tedious computation, or can serve as check of result.) 
-spondingly, LC = wo 7, where fo is the mid-band frequency. The factors UY,, 7, and W, formed by %,, whose deter- 
‘Similarly, for the band-stop, a capacitance is added in parallel minant form was discovered by Darlington,” are given by 


(63) 


i i i in series with ever ; : 
i. inductance and an inductance in s y H, Aes Hires Hy, > 
Details of a method of deriving ladder coefficients are given in Ve Hy Hy... Hyp yx 
Sections 3 and 9.2. Here we give only the important formulae. a? hele Bios ipo Go os NCR 
for computing ladder coefficients. The importance of these HiyH jg.» « Hyer rk | 


formulae lies in the fact that, by proper expansion of certain 


a : : ved re See 
determinants involved in them, it is possible to derive another where WV) = %o = 1 and % 113 


terminal network from which ladder coefficients can be evaluated 
‘om design impedances, by continued-fraction expansion. 


set of design formulae which are more suitable for the actual HAH ae ail | 
computations.* > 5 HH, .. Fay l 
An open- or short-circuit ladder can be treated as a two- Ly = | 2022 rage | ° (64) 
| 


‘sowever, Darlington has found very concise general formulae wheres ser = teeand 
for ladder coefficients. The appropriate function Fl) for the ' . 3 
computation of the ladder coefficients by Darlington formulae HH 2... Hig yHiasy | 


formed from design impedances in eqn. (32) will be discussed 
with details in Section 3. For the present, consider a rational ag Ga aes te) ek 
even function in p?, obtained from suitable impedance or | Hig... Hires Prcady| j 
aimittance Z; or 1/Z,, normalized by its corresponding resis- Pale! gh y- - 
ince, Ry or Ry, and divided by p. By replacing the variable p° — where Wy = Ay =F(E,)C, and W;, = Aj. 


Hy Hy. « Hay rK 41) | 
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The Hep are defined as in eqn. (61). Formulae (61)-(64) are 
the design formulae which can be used in actual computation. 
Usually, however, great precision is required, and for this 
reason the formulae in the form presented here may find a 
practical application only to ladder networks of up to seven 
branches without much difficulty (except, perhaps, the open- 
or short-circuit-terminated networks, which do not allow for 
computation from both ends of the ladder). It is important 
to note that normalized ladder coefficients must be related to 
the termination resistance by which the function F (oC), and hence 
also the actual ladder coefficients, were normalized. 


(3) FUNDAMENTAL DEFINITIONS AND OPERATIONS IN 
FILTER SYNTHESIS ON AN INSERTION-LOSS BASIS 

We shall endeavour to formulate the principal operations 
involved in forming the design impedance of ladder filters from 
a prescribed insertion loss, with special emphasis upon sym- 
metrical and inverse impedances with an arbitrary number of 
branches involved in the ladder. Conventional symmetrical 
and inverse-impedance ladders can be distinguished by the 
number of ladder branches; this number of branches should 
somehow enter into the characteristic function; then, once the 
relation of the number of branches is established, the derivation 
of general design formulae should be possible. It should also 
be possible to formulate a general synthesis procedure with or 
without losses and for an arbitrary number of branches and 
termination ratios. If such a general formulation is achieved, 
the formulae should also be consistent for the special cases of basic 
networks. Such a general method would involve the deter- 
mination of all the insertion-loss polynomials such as A, B, P, 
and A’ and B’, some of which may vanish or may reduce to 
simple values in special cases. In our investigation of networks, 
we shall be concerned most with conventional symmetrical and 
inverse-impedance ladders, whose insertion-loss function will 
be zero at zero frequency and infinity at infinite frequency when 
the network is of purely reactive elements. The most commonly 
quoted configurations will be of the forms obtainable from Fig. 2. 


(3.1) Determination of Insertion-Loss Polynomials 


Before we begin formulation of the general synthesis pro- 
cedure, let us first adopt several important definitions. 


(a) The transducer loss is defined by 


F, 
10 log See = insertion loss + reflection loss in decibels. 


2 
(b) The insertion loss is defined by 


F. —_ 
10 log ZB. = 10 log |E(p)|? + 10 log ng + dissipation loss in 
2 decibels. 


The extremal values will be denoted by A, and Ay. 

If the insertion loss becomes negative, then we have an inser- 
tion gain. In the case of an inverse-impedance network, the 
insertion gain is given by A, = 10 log yg, provided no losses 
exist, and n¢|&(p)|? = 1, ng <1. 

In the case of no dissipation and equal termination, the 
insertion loss equals the discrimination loss. The discrimination 
in general is defined in decibels by D, where: 


(c) D = 10 log |E(p)|* = 10 log (1 + H?|d|?) decibels. 


The discrimination loss can also be related to the reflection 
factor by D = — 10 log 1 — |I'|?) or |T'|?-= 1 — 10-D/10. 
In the u.h.f. techniques, the measurable quantity called the 
voltage standing-wave ratio (abbreviated v.s.w.r.), is often of 
interest and sometimes serves as a design specification. The 


v.s.w.t. is given in terms of a reflection factor and is related to 
the discrimination data by . 
ee 


VS.W.ts = =a = coth? [4 arc sinh (102/19 — 1)—1/] 


| 
The discrimination and insertion-loss functions have, in fact, 
the same character and can be given the same graphical shape, } 
only differing in scale. Usually, design specifications do not } 
imply wholly either the discrimination or the insertion-loss / 
function, but only specify their maximum or minimum values | 
in the pass-band or attenuation-band domains. 


The discrimination function &, or the characteristic function ¢ 
for filtering purposes, is usually an approximation to an ideal 
filter in the Taylor or Chebyshev sense, and may behave within 
the pass-band domain in an oscillatory fashion, or increase con- | 
tinuously. Also, in the attenuation band, it may have infinite f 
loss at finite frequencies, or it may increase continuously, as | 
in the case of constant-k or maximally-flat filter response. At ; 
present we shall not specify what the approximation in the 
specified domain should be. We shall only require that the 
function in the transition band (between the pass band and the | 
} 


attenuation band) be continuous, as illustrated in Fig. 3 (where, 


Fig. 3.—Discrimination function with specifications. 


also, the specified domains are indicated by shaded areas). | 
We assume that the function satisfies the specification and is | 
realizable by means of minimum-phase-shift, four-terminal 
networks. | 

The specification of a filter may be given by the insertion loss | 
A,, Aq or discrimination levels D,, D,, or by the corresponding } 
reflection factors |[°,|, |I",|, or v.s.w.r., specified at the extremal | 
pass- and attenuation-band frequencies f,, f,, or normalized 
frequencies ©,, Q,. Sometimes, however, the maxima of | 
discrimination within the pass band may be of interest and these 
will be denoted by D,,;, occurring at corresponding frequencies 
Q,p;. Das is usually required to be less than or equal to D,,. | 
Similarly, the discrimination minima D,, occur within the | 
attenuation band at corresponding frequencies Q,. Thus | 
0< 0,,< O, while'o > O77, > Q,. 

The extremal pass-band discrimination is defined by 


D, = 10 log |E(Q,)|? = 10 log + H?¢2) 
Dy > Dns at Q(= Qa.) < Q,; for ng =1, D, =A, . 5] 


The extremal suppression-band discrimination is defined by 


D, = 10 log |EQ,)|? = 10 log (1 + H2¢2 } 
for 7g =1,,.D, = A,,. . 


where Q, and Q, are the extremal pass-band and attenuation-_ 
band normalized frequencies, and the specified bandwidth ratio, 
or filter selectivity factor kp, and the normalizing factor fp, 
necessary for network design are given by 


On bap 
=F <1; VO,0) =05; fp- Yo 


kp a aa 
Oy. B, B 
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where B, and B, are the effective bandwidths at the levels iD; 
and D, respectively, and for low-pass filters B, =f, and 
B, =fq. [The relation between kp, n, D, and D, is given in 
Fig. 2(c).] 

For band-pass filters B, = Spe Joi cand 5 By = fon — Sais 
where fp = V/(B,B)/Qz, £3 =fyifie =Saifo2 and where 
fai <Sni <So <Spo < fan, and kz = B,/B, < 1; while for band- 
stop, kp + B,/B, < 1 tp = V/(B,Ba)| Qe, Tol < fat <fo < 


ar — Spr 


To facilitate network synthesis for an arbitrary number of 
branches let us adopt the definitions 


n = number of branches in the ladder 
and v = number of T- or II-sections — } ) 
The relations between branches and section are given by 
pe 5 a Bh for n odd (symmetrical idders) 
. (69) 


and vy = 5 — 1 for n even (inverse-impedance ladders) | 


where {n/2] is an integral number (lower integral for n odd). 
y, [n/2], n, m, q, r, k and s will be used as integers. Also, 
Dar = 0 for gr, 1 for g = +, and is a conventional Kroenecker 
delta. 

a[1 + (—1)"] = e(n) (70) 
is a function of n even (this may be thought of as an operator); 
unity for n even and zero for n odd. 


41 —(-1)"] =o) . (71) 
is a function* for n odd (operator); unity for n odd and zero for 


neven. Thus 
— 1 — e(n) 


v = [n/2] — en) = ‘ 5 (72) 


With the above definitions we can demonstrate the general 
aspect of the functions and the operations involved in network 
synthesis on an insertion-loss basis. 


(3.1.1) Insertion-Loss Polynomials. 
From egns. (23) and (31), it follows that the general insertion- 
loss characteristic function is 


N’  (RyZay — RZ 1)? — (Ri Ro — Z11Za2 + Zh)” 
GP? 4R, RZ 3 


H?|$|? = 
(73) 
which can also be expressed for a low-pass analogue system7 


in a general factorized form, that is in terms of poles and zeros, 
thus: 


v+e(n) 
(p — py IL (p? — v2) — Pp?) 
hat (74) 


Hig)? = (18 —; 
I (p? — p Pans p? a,) 


s=— 


' where fA is an arbitrary real constant, po (the real root) and Dis 


ithe complex conjugate roots) will be called zeros of the charac- 


' teristic insertion-loss function, and p4...; are the complex con- 


_ ~ugate poles, or frequencies of peak losses. 


In general, the 


| “umber of finite poles will be fixed by an integer m limited to 


0<m<yv (75) 


* Eqns. (70) and (71) can be conveniently defined by circular functions, namely the 
#ven one c(n) = cos? nz/2, while the odd one s(n) = sin? n7/2. : 
+ A model system from which low-pass, band-pass, band-stop or high-pass net- 


' orks can be obtained by the frequency transformation given in (9)-(13). 
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As our quadripole is taken to be purely reactive, it is obvious 
that the peaks of the attenuation will be at infinity; hence poles 
will occur at real frequencies and must be purely imaginary 
conjugate quantities. In fact, the elements of a physical network 
have finite Q-values (Q = resistance/reactance or conduc- 
tance/susceptance ratio), and the real parts will exist; in sucha 
case Dives will be a complex conjugate quantity given by 

Pvc Te res tI (76) 
With a reasonable Q, the «;,, are usually much smaller than 
unity, while the Q¢,, are greater than unity, since the attenuation 
at the peaks is usually great. Thus, in our investigation, we shall 


neglect «.,, for filters, even if losses will be considered and, 
generally, the poles will be defined by 

Pros = cing PAE (77) 
An assumption of purely imaginary poles p45 = + jQas is 
also necessitated by the method of evaluating the ladder 
coefficients. 

For ordinary low-pass analogue filters, infinite loss at finite 
frequency is required to occur at frequencies greater than the 
extremal frequency Q,. With this and also the restrictions on 
the poles we can express eqn. (74) as 


2 Note Th ee eee 2 
(po? — p?)™ Wu (p? = p,*)(p* — p25) 
eS 


N’ 
oe aia 
s=1 Oh 
3 Nip 
= H? aa (78) 
(3 Pp 


where H is an arbitrary real constant. For filters of our type 
the polynomial in the denominator, containing poles, can be 
identified with the polynomial P; thus 


m 

P= II 
s=1 

This definition limits slightly the general character of the 
insertion-loss theory, but it will be found to be convenient in 
application to filters of our type. For the present we shall 
retain the zeros p., in complex conjugate form. (It is always 
possible to equate either part of a complex number to zero 
without loss of consistency in notation.) Hence the real and 
imaginary parts of the roots of eqn. (78) are defined in general by 


IRpis| =o; [pes] = Q5; 27<0,; O07 G0) 
s = e(n); 1, 2,.4.2[n/2). 


For the present we shall leave undetermined the position of the 
zeros, i.e. the sign of the real parts. For filtering purposes 02; 
is required to be smaller than the extremal pass-band frequency 
Q, and hence, when losses are taken into account, the real parts 
«, play an important part, because attenuation in the pass band 
is usually very small and Q, is usually smaller than or equal to 
unity. Hence «’, cannot be neglected, as in the case of «4, in 
relation to the very high attenuation peaks. In the case of the 
characteristic function for basic networks without losses, a, is 
obviously zero. For such basic networks, on which insertion- 
loss theory and design procedure of any filter network are based, 
we shall use a special notation for the zeros, emphasizing their 
purely imaginary character. Such zeros (and poles) are defined 


be 


2 m 
Ge a 1) = >) P,p**, where 0S m<v . (79) 
cos s=0 


Diss = Pt os ff ess where 0 < Om = Lee Qoo = 0 
Dtos = +fQas, where QO, < Qus << 00 
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Then the insertion-loss characteristic function (78) for basic 
(loss-free) networks becomes 


v--e(n) 
p2oin) II (p? ae 2 )2 
Hd? =(—1)"H? s=l 


m Pe 2 
Aleem) 
e(n)A’2 — o(n) p*B” 


= H?*L2F>(Q) 7 P2 


(82) 


where L is a real constant arising from the properties of F(Q) 
which may be any suitable rational function or polynomial. 

The definitions (81) and (82) are very important because filter 
design is based on symmetrical and inverse-impedance basic 
networks, even if losses are to be considered, since a suitable 
function F(Q) can be found and handled analytically for eqn. 
(82), while a suitable function of the form of eqn. (78) cannot be 
found easily without special devices (an electrolytic tank for 
example). However, the form of eqn. (78) can be constructed 
for networks with dissipative elements by a properly predistorted 
insertion-loss voltage ratio. The construction of numerator N’ 
for eqn. (78), for a symmetrical unequally terminated network, 
for example, can be obtained simply from the basic function in 
the following way: 

FG, p?B? 


DB ela (H76?)nq—1 =! if ( L (N ng <1 


=) pi he p> 
from which follows that 
(Nng<t =(1— ng)P? = jie Ud Be = (Ans Ape BAUS S om: <i 


At present we shall assume that the characteristic function ¢ is 
given in the form of either eqn. (78) or eqn. (82). [It may be 
noted that eqn. (82) is a special case of eqn. (78) with the real 
root and real parts of complex roots equated to zero; also 
(—j)°™¢d(p) = dQ) and d(—p) = (—1)™d(p).J In network 
design from specifications (65)-(67), it is necessary to evaluate 
the polynomials A’, B’, A and B, defining solely the design net- 
work impedances. The polynomials 4’ and B’ can be evaluated 
from the characteristic functions (78)-(82); thus 


n 
Nene H- 2X, Nps 
= 


v+e(n) 
ee ne H (p35 ze po uy (p* aL 2p tt. p.') = AP — p?B? 
s= 


(83) 

where 
p? = pps =O2 +02; & = — Up? + p2,) = 02 — 2; 
poe e, (84) 


We may note that N’ = (A’ + pB’)(A4’ — pB’) and /H? = 
+ H =H’. The sign of the real root and of the real part of 
the complex roots are left arbitrary as yet. (Complex roots must 
be in conjugate pairs, and if «, = 0 then p, = Q = Q,,). We 
can thus identify the polynomial (A’ + pB’) with the expression 
given by 


? v--e(n) 
A’ + pB’ = v/[ng? lH (p — po)? IL (p? — 2pRp,, + p?) 
SI 5 
(85) 
from which the polynomials 4’ and B’ can be obtained in the 
form 


v+e(n) y 
A= Ving’ S Ap; B= Ung’ SS Bip. (86) 
s= s=0 
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From eqns. (85) and (86) some of the real coefficients A; and B; 


can be defined in general terms of the zero parameters. Thus 
v+te(n) : v : o(n) ) 
Ag =(— po) TL p.?3 Ay te = (—po sea 5) Rp'.s) 
s=1 s=1 (87) 


v-4-e(n) 
B,=(-2% 
sai 

For a particular n, formulae for 4, and B; in terms of «, and px 
can be readily formed, provided the signs of the real root and 
the real parts of complex roots are properly chosen. The proper 
sign of H’ and pg will be discussed in Section 3.2. This problem 
only exists for non-basic networks, which include also dissipative 
networks. 

Reductions of poles or zeros in eqn. (82) lead also to special 
cases and are also consistent with general formulae. It will be 
shown in Section 5.2 that, if all poles are shifted to infinity and 
all zeros to the origin of the frequency axis, a maximally flat 
characteristic function is obtained; the corresponding network, 
as is well known, will be of constant-k configuration. A 
constant-k filter has its poles at infinity, Q,, = 00, and some 
of its zeros at zero frequency; e.g. when terminated at equal 
resistances py = p., =0 and all pis = +j. This will be 
discussed in Section 5.1. Other types of filter may have some 
zeros reduced to zero and some poles at infinity, but the general 
formulae only simplify in particular cases. Other important 
polynomials which need to be evaluated are the A and B ones, 
defining the insertion-loss voltage ratio. These polynomials 
are derived as follows. Consider first the rational function 
|E(p)|* formed from ; 


: e(n) : 
Rp ae Binz) = O(n) 


N‘Ingf? + P? 


FEO et ale ages, 


n f 2m 
L Nip? +H? 3 Syp's 
— H2 s= — 


= (88) 


m De 2 2m 
where p= Tl le a 1) Shy Byeg) yee (89) 
Ka | Oee s=0 
(The coefficients N, and S, are all real.) Equating |E(p)|? to 
zero and factorizing the numerator, one obtains the following 
form: 


n 2m 
HEAP ED) Nap ty Hae Sse 
s= s=0 


= Ds = (p§ — pry Tl (ps +26 p? sips) nem oO) 
where 
Pp} = PsP_s = O2 + of and €, = —4(p2 + p?,) = O? — a2 
(91) 


from which 2%, = »/[2(p2 — &,)]. The quantities «,, p> and 
Q,, as will be shown below, are the root parameters of insertion 
loss as well as of the discrimination function. Now |3(p)|? 
can be expressed in an alternative, factorized form 


n {n/2] 
— BEEN Oh pL pe 
EQ) = 


P2 P2 


(92) 
Recalling eqn. (31), which states that A/F, = n@”|E(p) |?= 


N/P while N = 78"H? = N,p?> = (A + pB\(A — pB), and 
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noting that the voltage ratio V9/V corresponds to a minimum 
phase system, i.e. a system whose phase, and consequently the 
location of roots, is uniquely defined in the left half-plane, 
&.8. Dis = — a, +jQ,. The above-stated condition, together 
with eqns. (31) and (92), enables us to form the voltage ratio 
directly, by means of the roots, with negative real parts, selected 
from eqn. (92) or more clearly from 


[E(p)|? = (—1)"#? 


[n/2] 
[(p — pop + po) |? i (p — ps)\(p + ps)(p — p_s)(p + P_s) 


P2 
= E(p) & (—p) (93) 
from which we may form ‘ 
Vo A a pB 
esh\ set 
V; (p) P 
[1/2] { 
ue <P) PS.) 
= V8" A (p — po) = 
{n]2] 
II (p* + 2a, p+ p?) 
= Ving? Cp + ag)! (04) 


'P 


- The A- and pB-polynomials are found by identification with the 


even and the odd polynomials in the numerator of eqn. (94).* 

The voltage-ratio zeros (also called natural modes, or free 
oscillations, i.e. values of p at which the output voltage V> can 
exist in the absence of a driving source) will be defined by 


poy — a, | tors —e(n), 1, 2, 52. -, [n/2| } eS 


and also Qo = 0 and po = — a 


The real constant H, which we can take as a positive real quantity, 
should satisfy the relation 


V20 


=] 
V> |p=o 


and 4/[7@”]H = 45! (96) 


ieee Vo 

(In the case of a dissipative network ew > 1, and hence 
2 \p=0 

eqn. (94) requires an additional constant.) The polynomials A 


and B can be evaluated from eqn. (94) in the form 
vt+e(n) y 
A =/[n¢]H x, A,p*; B=4/[n@? |H zy, B,p?> . (97) 


Similarly, as in eqns. (85) to (87), some of the real and, in this 
case, positive coefficients A, and B, can be determined in general 
by the voltage-ratio root parameters 


) o(n) 
Ay + e(n) 7 (x +2 x cz, ) > 
c= 


: y+e(n) e(n) 
B, = (2 Me a, ) 3 Bayz) = o(n) . (98) 
s=1 


* The other approach in obtaining A and pB, or 2%; and e2 which define the voltage 
ratio A(p) is by equating E(p) to zero. For the case of eqn. (82) and for odd x, 
E(p) = 1 + jH¢ = 0 = P+ pB’. The roots of (P + pB’) will occur in the left as 
well as in the right half-plane; the quantities 2x; and 2, however, are the same in E(p) 
and A(p). (The sign of the real parts of the roots of S(p) for odd provides important 
-nformation where lattice structure is concerned. The roots located in the left half- 
plane can be used, for example, for the determination of series-lattice branch impe- 
dance, or its dual, while those in the right half-plane will determine the diagonal 
branch, or vice versa.) Once the roots of = are determined the 2%5 and e% can be 
used directly for the formation of A(p) and hence A and B. In case of n even, 
=(p) = 0 can also be used for the determination of 2a5 and e2, thus E(p) = 1+ j/H¢ = 


n/2 /2 

6 = DL Asp’, + jP/H = TI (p2 — xs) where, |Rx5| = & and |Ixs| = 2Qsa5, from which 
=0 =1 

92 VER + 40322) and 2xy = V/[2(62 — Z5)]._In this case, however, the poly- 


omial to be factorized is in p2 with complex coefficients, but the degree is lower than 
raat of |2p)|2, used for eqns. (88) to (91). 
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The coefficients A, and B, are determined uniquely because they 
correspond to a minimum phase-shift network function. How- 
ever, the coefficients of the A’- and B’-polynomials depend on 
the signs of po, Rpi., and H’. These signs must be determined 
before the impedance function can be formed. It will be shown 
that the signs of pg and H’ can be determined uniquely for 
particular ladder configurations and terminations while the sign 
of Rp+., is arbitrary and thus leads to multiplicity of solutions, 
which result in networks with the same insertion loss but different 
component values. The possibility of positive real parts of p‘., 
arises from non-physical roots, which.occur in (+A’ + pB’), 
defining the numerator of the reflection factors. This corre- 
sponds to a non-physical impedance (R — Z;,), as mentioned 
in eqn. (38) and the following discussion. The signs of pg and 
H’ will be discussed in the following Section. 


(3.2) Sign Determination of H’ and po and Relation of the 
Termination for Design Procedure 


Inspection of the reflection factor I‘ to determine the signs of 
H’ and pg gives 


| Ry — Z1,int A’ + pB’ ils 
Dy tec! ae = we = 
peo R, 5 Z1,inTip=o A + pB )DS ED H 
(99) 
where H’ = — H, for T- or Ty-configurations. It is observed 


that the sign is determined by the reactance of the first branch 
only. Similarly, for a II,¢,)-structure, 

Ry =” Z| in| a ac 

R, aie Zia H 


(100) 


LP | — 
+ {,Te(n)|p=a0 


Thus H’=H for II- or I1,-configurations. The relation 
between the termination and the sign of the real root which 
exists for odd n is found from the following. Considering a T- 
or Ty,-configuration: 


ee oes ee aed 
1,Te(n)|p=0 R En R> ee pak pB jie 
. PB a) re 
Senge ies rion meters 
Ag Ay 


as Ao is positive real, and all p, and a, are also positive real, the 
sign of po is given by 


Hebert 4 61093) 


and normal termination for a T-configuration will be assumed, 
R, => R,> 0, while for an even n and Ty-configuration 


R, < R,< ©. Similarly, for a I]- or I[;-configuration, 


R,; —R, _ Ao 


Dietien p= aa Rook Ae hence py = 


(103) 


and normal termination for a I[-configuration is Ry < R,< ©, 
while for an even n for Il7-configuration it is Ry > R,> 0. 
All these illustrated cases refer to design end (1); by similar 
reasoning it is possible to define conditions from end (22’). 
[The sign of H’ other than that following from eqn. (99) or (100) 
implies the use of an ideal transformer or perfectly coupled 
inductances.] A useful relation concerning the termination, 
the coefficients of the design polynomials Ag and A, and the 
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transformer primary/secondary turns ratio t for even or odd n 
is given by 


Ho ota Jigie 
ng =1— Fy; t= AOla,-2, = DO|z, =r, 
R, 22R, 
A =|Aol 
Pad (0) a) ein eee | = (ex 
BN Peis |S hes ma 
0" [Ri — Rol 


i 
ce Awe ‘ 
= tanh E aresinha 
These formulae can be derived from eqns. (31), (36) and the 
above discussion. 


(104) 


(3.3) Multiplicity of Solutions 


At this stage a multiplicity of solutions in filter design can be 
limited to the real parts of the complex conjugate roots, which 
can be taken arbitrarily. However, it is expedient to choose a 
certain order of signs, e.g. 


“\ a(n) 
Res, = (te —1°( 22), 0 
Ep ox, 
or still more simply 


Ross = (( 22), 
+ X 
which would yield realizable design impedances and also simplify 
the general formulation (for even n either of the signs + or — 
may be taken). The efficient choice of Rp‘, is perhaps of impor- 
tance only when the required filter, computed with losses (or, in 
general, unequally terminated) for a certain bandwidth, produces 
critical components too small or too large for the requirements. 
Then a proper alteration of signs will lead to different component 
values. There are existing methods which permit design for 
prescribed decrements, and some of these methods will be 
illustrated in simple cases. It may be mentioned here that 
there exists another type of multiplicity of solutions, resulting 
from the fact that, to a certain extent, Q,,, can be distributed 
arbitrarily between the proper branches, i.e. €, = 1/Q2,,. In 
the general case still another multiplicity of solutions may arise 
from the possibility of attributing constant factors to N and P?, 
which, within our case of low-pass analogue, is eliminated by 
definition of P. The advantage of the choice of signs in 
Rpts = (_*)(po/ag)°™ a, is merely that the formulation of 
a design-impedance procedure can be defined uniquely. This 
choice of sign also serves well as an illustration. Once this idea 
is comprehended the computation of a particular case can be 
handled without difficulty. We shall illustrate some of the effects 
of the choice of signs in Section 5.2 in a simple maximally flat case. 


(3.4) Formation of Design-Impedance Functions 


All the impedances given in eqn. (32) must lead to the same 
network once A’ and B’ and the sequence of Q.,,, or f, have 
been chosen. For illustration, it is expedient to choose one 
such impedance from which all the ladder coefficients can be 
computed. The ladder structure under consideration, as shown 
in Fig. 2, consists of Tain) and II.qy, ie. T-, TI-, Ty- and I7- 
configurations. 

It was demonstrated that the ladder coefficients are evaludted 
from 2-terminal networks which represent corresponding open- 
or short-circuit design impedances. The short- or open-circuit 
impedances are formed in terms of the insertion-loss poly- 
nomials A, B, A’ and B’ and the arbitrary termination resistances 
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R, and R,, according to eqn. (32). The A’-, B’-, A- and B- 
polynomials are formed according to eqns. (85)-(87) and (97). 
The constants H and H’ reduce to unity, leaving the sign as 
determined in Section 3.2. From Fig. 2 it may be observed 
that T- or I],-configurations provide 2-terminal networks 
with all the elements when short-circuited; on the other hand, 
Il- and Ty-configurations do so when open-circuited. It is 
thus expedient to choose these impedances for computation of 
ladder coefficients. To simplify the problem we shall examine 
a case where all roots of (A’ + pB’) lie in the same half-plane, 
which can be defined by 


“\, o(n) 
Reem ae of; s=e(n), 1,2,...[n/2] . (105) 


where, for even n, either of the signs + or — may be taken. This 
case gives a unique solution of A’ and B’ for odd n and hence 
enables a unique determination of the design impedance. Let 
us relate symbolically the quantities A_* A’oc A and 
B _*+ B’ x B, which, with the conditions of eqn. (105) and 
Section 3.2, can be determined uniquely for a chosen configura- 
tion, number of branches in the ladder, and termination. Once 
the idea is understood it can be easily extended to other impe- 
dances, with an arbitrary distribution of signs in each case, 
which arises from the multiplicity of solutions and can be 
handled systematically if required. 
Considering eqn. (105), we can state that 


Ay = (— polo)? |A,| and By = (_+)°| Bi] 


while A, and B, are positive real coefficients. It can be checked - 
that, in such a case, for odd n, the sign of B’ will only depend 
on H’, while that of A’ will depend on H’ and pp. On the other 
hand, for even n, A’ depends on H’ while B’ may have arbitrary 


sign. Hence, for eqn. (105), the A’- and B’-polynomials are 
defined by 
x — po o(n) vte(n) 5 
A’ = V[n@\(—) HY Alps 
Xo s=0 


v 
B = (_+V/ eH’ D | Bip . (106) 
s=0 
and the signs of H’ and po are determined as described in 
Section 3.2. For the condition stated in eqn. (105) for even n 
all A; will be positive, while for odd n they will have the same 
sign as —pg; hence |A;| can be computed by means of a, 
2a, and p,”, which are positive real quantities, in exactly the 
same way as A, by means of a, 2«, and p?. The B, will all be 
positive for odd n, and for even 7 all may have the sign which 
was chosen in eqn. (105). For the design impedances and 


normal termination the design formulae takes the following 
form: 


For Ry =< Ry < oO, 
A—A’ A 
Fhe erat Ol ZA vay: Ze = = 
1,0c? II l,oc, TI loc 1 (B ae B’) ley: (107) 
while, for R, > R,> 0, 
p(B — B’ B 
Zisot OF Zrsos12 = Zise = RE = REZ. (108) 
vte(n) _ a 
where A = x, A, p*s where A, = A, + |A\| 
s= 
(109) 


where B, = B, + By, 


In the case of open- or short-circuit termination, special for- 
mulae are given in Section 2.3, but these are also consistent 
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with eqn. (109), with the only restriction that the B. must 
all be taken with positive sign, ie. in eqns. (107) and (108) 
P+s = —Pis. These formulae can be checked by using Sec- 
tion 3.2. It may be observed that Vg and H’, H cancel, 
in effect, leaving only the proper sign. The inversion of the 
normal resistance ratio amounts to designing from the other 
end; in fact, a similar set of design formulae can be derived from 
the other end (except the open- or short-circuit-termination 
case), where in effect the polynomials A and B will be defined by 
the coefficients A, = A, + (—1)"|Aj|, while B, = B, — (—1)"B, 
where 4,, B,, A; and Bi are the same as in eqns. (107)-(109). 
It is thus seen that the ladder coefficients derived for one 
configuration can be related in a proper way to its dual. It 
may be mentioned again that A and B are symbolic notations, 
and must be related in the way illustrated in eqns. (107)-(109) 
to the configuration and number of branches. In general, we 


can write for any such expression in the design impedances in 
eqn. (32) 


A AS 
SL oo ee (110) 
Proper sign is, of course, fixed in any particular case. For the 


design impedances chosen in eqns. (107)-(109) for eqn. (105), 
the A- and B-polynomials will be of the same degree and 
character as A and B, and for open- or short-circuit 4/B = A/B. 
The realizability requirements, which follows from Brune’s 
realizability theory, are that (4 + pB) must be a Hurwitz poly- 
nomial with negative real parts of complex conjugate roots 
{and a negative real root). (For other design impedances 4 
and B may be of reduced degree.) A and B are obviously even 
polynomials in p or Q, and for symmetrical and inverse-impedance 
networks can be expressed in the form, for the impedances 
chosen in eqns. (107)-(109), 


Beye) 7 yte(n) 
A= 24 A, p*s = Ay en wy (p* + (22) 
. am Patt) 


and 
s=1 


where 4, and B, can be computed for any particular case and 
are given in eqn. (109) for the particular conditions (105). It 
should be observed that, for a reactive network, the roots of 
A and B are real quantities; hence Q,, and (3, correspond to 
real frequencies. The (,, represent natural oscillation frequencies 
of the network when its terminals are short-circuited (i.e. when 
the driving voltage is zero), while Q,4, represent that when the 
terminals are open-circuited (driving current is zero). If OF. 
and Q,, are all smaller than Q.,,,,,, the ladder coefficients will all 
turn positive for any distribution of Q,,, between the branches; 
thus 


ds AY when (a) nex —< Oo = (Q’35)max dd 12) 


(3.5) Determination of Design Function F(¢), enabling the 
Computation of Ladder Coefficients 
As follows from the previous investigation, the design func- 
tion ¥(C) can be formed most conveniently for even or odd n 
from the design impedances in eqns. (107) and (108). 
For odd n, 
Rin | _B 


PR x \p2=-1/6 ya ae A 


CRED) 


pr= 1/6 


Ry + = Ron and Rin = Ry 7 
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and, for even n, 
FL) = Hbsee Tn Be. Rune = oa 
PRy ri [p2=—1]C PZ sc,11 7 pe=—1/t p*Bl p= —1c 
(114) 


where Ritu = Room and Ry yr = Rout 


In general, for even or odd and for the above chosen impedances, 


5 7\(-0 OE oe 
F(t) = Ge) ee a G 2 


v+e(n) C=) 
————- (115) 
ae 
s=0 
where Wand # are polynomials in ¢ and their coefficients 
and &, are formed by means of A,- and B,-coefficients from the 
relation 


A, e\1) — Bye 
hol leg pe and B, = (—1) . (116) 
0 


Having defined F(¢), the ladder coefficients can be computed 
according to eqns. (61)-(64)* or by a method which will now be 
given. 


(3.6) Procedure and Formulae for the Computation of Ladder 
Coefficients 


The following method, originated by Darlington,> is also of 
great service in the computation of ladder coefficients. The 
operations are simple but, unfortunately, have many stages, 
differing for symmetrical and inverse-impedance networks in 
such a way that the complete design procedure for these networks 
cannot be formulated in a simple manner. For this reason we 
shall break from general formulae at a certain stage and refer to 
particular cases for even or odd n; for each of these a special 
set of formulae will be added. Design impedances other than 
those given for illustration can be handled in much the same way: 
however, these are rarely needed. 


(3.6.1) Design Procedure. 


The approach to the design of an actual network from chosen 
design impedance requires preparation of the same F(C) design 
function as for the general method, (Section 2.4), and in addition, 
in this case, it is necessary to factorize one of the polynomials, 
either Zor &, according as n is even or odd. The polynomials 
S or ¥ must be generally expressed in the factorized form 

yte(n) yv+te(n) 
B= GE = (=I Te 2) 
=0 s=1 


Ss 


: : (117) 
B= > B,ts =(—1) i (fia) 


In the further procedure, this method differs from the general 
one only in form. SA(Q) for this method is to be expanded as 
the sum of partial fractions, which may be defined generally 
for even or odd n by 

Ugo 


Fey aos ae eek eee 
Ff) aa (= 5) ra Cug “teu it », (f a Va) (118) 


hd FO can be formed from impedances other than those given in eqns. (113) and 
(114) in much the same way. a for eqn. (62) can be evaluated for even or odd n 
from 


Fo = om[ 2BO - FOAMNAS + [LO = FOBOBO 
0 O() 
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where Up, Uc, Ugo and y, are real positive constants derived in 
slightly different ways for even or odd n. The poles of the 
design impedance are defined by y,. These quantities must be 
obtained from proper polynomials; thus, for odd n, ys are the 
roots of the polynomial, defined by 


Sia Ca = 1/02, . 
For even n, y, are the roots of the #-polynomial, defined by 
Ys = Cps = 15, . (120) 


The sufficient conditions for ladder coefficients to be positive 
are stated below. (For this, roots of <4 and Z-polynomials are 
needed.) 


(119) 


(121) 
(122) 


i when @ <= (Cedimin z= Ctn/2) 


ee s { and CO = TQes = C6. mae 
For calculations it is expedient to choose ¢, = 1/02,, and 
Ctnj2) = 0(n)/Q2,>, which provides the smallest possible chance 
for ladder coefficients to appear negative. We assume also that 
Cy. = 0 for even or odd n. 

If the general (Section 2.4) method is used, factorization of 
neither 4 nor Y-polynomials is needed. The condition for 
a, >0 is seen from VC.) >0 and Al) > 0 < BC n2)). 
For open- or short-circuited network design f,;< (C,,)min 
suffice for eqn. (121). Negative ladder coefficients which some- 
times occur, especially in open- or short-circuit design (e.g. 
when kg approach unity and D, is chosen too small), often turn 
out to be positive with equal or inverse termination, owing to the 
addition of the A’- or B’-polynomial. A ladder with a negative 
coefficient can also be turned into one with a positive one by 


Table 1 


THE CONSTANTS Up, Uc, Ugo 


n-—1 n n 
n odd; Lie 5] =» neven; = —1=y 


poe 


0 
Hes = S85 Hh =U 


Ao 
== ==5 
Ao Bo 


Yoo = (—1)*uolo%, + B,-1) > 0 


B a 
ed u(t a) FO = we 
= sae: Unk 
gy abe ES 


v 
=U + & 
oT g=1 © — Cag) : ‘outs 
= Ga iar OS 
bi q=1 (¢ aad CBa) 
where & is the remainder poly- 
nomial defined by 


where & is the remainder poly- 
nomial defined by 


v-1 
R= Bast Rs = Bs — As 
= 
and the residues wg can be 
computed from 


_ ulE — C4 RO 
Cait (e= “4s) 
s=1 C=Cuq 


Gi V2 Ss 3 


v-1 
R=2% Ase; 
s=0 


Rs = Ds aF (—Dl21g, 


GG = As se Bsid a One) 
Hy ate By 


and the residues Ugo can be 
computed from 


tole Co) RO) 
TWiGeeoitp:) 


Ugo = 


C=C Bq 


Gi= Ni 2RSy 
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proper predistortion, described in Section 4. Another more 
general method leading, however, to a more complicated net- 
work was found by R. Bott and R. J. Duffin.? 

The constants uo, Ua. and ugg are derived for even or odd n 
as given in Table 1. 

The further procedure may now be formulated for even or 
odd n. The quantities, which must be evaluated by the aid of 
Ugg for particular cases, are Ugs, Ugs and wys, given by 

= 


Gi — seta 


Use aren eee % 
—— W6s = 


(3) 


s 
Ma Cs44 
s=1,2,...,v — o(n) J 


In the next step it is necessary to evaluate another set of 
related quantities, namely U,, V,, and W,, formed in the following 


way,*?> noting that v = [n — 1 — e(n)]/2: . 
v ~ v-l vy 
Vi=1; Vy= a OPS ae x on 0430 r3(Vq — yo? | 
q= q=1 r=2 
me y—-2v-1 v ‘ é £ 
V4 = x a 2 PaararnalYg a, Vio re Yb) (y, ‘eae 9) 
q=1r=2k= 


v 
Op 12 UC LS as 
q=1 


v y-l vy 


=) Ugo Vq ot ye 


o 
I 
M 
: 
+ 
M 
M 


U3; = Ug x Qi Masr3(Va ms Ve | 
Gah p= 
v—-2v-1 v (124) 
a x x, >; Ug 3lt3U3(Vq — YY =F Opa" 
GE p= 2 = 


Vv 
Wy = uo > »»y Wats 
= 


YV=i oy 


= Uo D2 Wq2 ris Di »2 Wa Aq mr A 
q=1 q=1r=2 


= 
| 


yv-1l v 


Wa = Uo > x, Wo3W3(Yq ~ Ae 
(N= 


v—-2v—-1 v 


Ps x, 2, Wa3W3WKa(Vq — YY q — Ver — Yn? 


J 


The ladder coefficients can then be computed from 


v 
a; = Ue = Ugh = a V4) 
— 


eae Pe ou Seale v ar 
UU, ye 5) 9° 4a5\ 19 (0) 55 


As 
The last ladder coefficient for even or odd n is given by 


B v 

a&n = Aly+e(n)]+0(n) = a oe 2) 425 o(n) - (126) 
This coefficient can be calculated by means of the general pro- 
cedure, i.e. by using Cy, , = 0 and by extending the limits of s 
in eqns. (123) and (124), so that W, and V,.., for n odd or Ua 
for n even can be computed either by eqns. (123) and (124) 
or (63) and (64). 

For ladders with or without losses or arbitrarily terminated, 


the sum of even or odd ladder coefficients, according as n is 
even or odd, is given by: 
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TL Ps. 
s=1 ps 


v+1 


0 4 
x 42s—o(n) = 2 


For loss-free equally-terminated symmetrical and for inversely 
or equally- un aled inverse-impedance basic networks, 
R(p,) = 0 and p= 2,. In the limiting case of open- or 
short-circuit- terminated ‘networks, Bo/Ay = Bo/Ag and thus 
R(p,) = a, Po = %& and ps? = p2._ In the case oY networks 
with losses, the predistorted values for a, «, and pz, discussed 
in Section 4, should be used. 

Yay5_ en) is also found explicitly for finite termination from 
(Bo — Bo)|(Ay — Ao); however, the general form consistent 
with the open- and short-circuit-termination cases seems too 
complicated. 

For inverse-impedance networks (n even) a, can ee found 
explicitly; e.g. from end (11’) this is 

TIL v+1 
Qs > x. 


Ty &o 
s=1 pe 


gr ides a ps (0 eu s=1 


which, for R; = R, simplifies to 


y+] 


y 
ad 


—1 
E) 
Deel 


Eqns. (124), (125), (127) and the information following make 
the computation possible for 1 as high as 15 and 16 [from ends 
(11’) and (22’)]. 


an = 


‘(3.7) Special Formulae for Ladder Coefficients for Single-Branch- 
Element Ladders 


The ladder coefficients of a low-pass network structure with 
an arbitrary number of branches, each consisting of one element 
only (e.g. Q,,,; = © or C, = 0, hence P = 1), can be expressed 
by means of A,- and B,- coefficients of A- and B-polynomials. 
The formulae are given in terms of remainder coefficients rather 
than in terms of A, and B,: 


ee Finns 
COD pj 


534 = 


CS tae ie 
One Fe ps ect 


where F for g = 1, 2, .. ., is the gth remainder polynomial 
resulting from the expansion of the design impedance [or 
admittance into continued fraction of the form of eqn. (281)], and 
MA, forr = 1, 2, 3,..., are the coefficients of the correspond- 
ing gth remainder polynomial. To keep the notation con- 
sistent, we have also identified the polynomials A and B with 
the polynomials (~V¥ and F defined explicitly for even or 
odd n, 


iS ODS 


pee [0/242 28) 


445 — 


(-D& = e(n)A + o(n)B | 
Thus (-D&, = e(n)A, + o(n)B, (129) 
and ORF — Lee p’B + o(n)A 
where OB, = e(n)B,_ ey + oA, 


The recursion formulae for the %, coefficients in general are 


given by 


VEZ, = GDF. fs a2 VB, (130) 


—=€(q) 


where e(q) is zero for g odd and unity for q even, as defined in 
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oe (By"|” ee a) 2R(p,) 
s=1_ pe \e ps | s=1__ Ps” (127) 


s=1 pe 


eqn. (70). In the above expression all the quantities with 
negative subscripts are identically zero, thus 


A_,=B_,= 92 (131) 


[Relations (125)-(127) hold also in this case.] Eqns. (128)-(131) 
are the design formulae for any ladder with one branch element, 
either with or without losses. 


=) abo @j=7 =O . 


OF DISSIPATION 
NETWORKS 

One of the methods enabling the computation of filters with 
equally dissipative elements is based on the predistortions of 
the insertion-loss voltage-ratio numerator (A + pB) of a basic 
network by a known constant, say d. This predistortion 
amounts to a shift of the natural modes by a fraction of a 
distance (&;) min towards the imaginary axis, and for such new 
distribution of the roots the design impedance, and hence the 
ladder coefficients, are found exactly as in the case of loss-free 
network. Finally, the known losses in the form of resistances 
are added in series with the computed inductances and in 
parallel with the capacitances; the added resistances, in effect, 
bring back the insertion-loss natural modes to their initial 
positions (approximately), thus producing closely the prescribed 
discrimination characteristic (the insertion loss being raised only 
by a constant loss, i.e. the loss of dissipation and reflection). 


(4) CONSIDERATION IN LADDER 


(4.1) Procedure of Predistortion 


The computation of the corresponding insertion-loss pre- 
distorted characteristic function is obtained by forming and 
solving the N’-polynomial in order to obtain A’- and B’- 
polynomials. To illustrate the procedure and operations 
associated with such computation, we shall consider losses 
equally distributed between coils and capacitors; thus R,/L = 
G./C, where R,; and G, are the resistance and conductance 
associated with the coil and capacitor respectively. Normalized 
low-pass system losses are defined by 


Ry 
WpLl 


A, (132) 


c 


(It may be observed that d is the inverse of Q of the corre- 
sponding element.) The magnitude of d is restricted to values 
smaller than the smallest real part of insertion-loss voltage-ratio 
zeros, this being necessitated by the requirement that the pre- 
distorted voltage-ratio numerator (A + pB), must still remain 
a Hurwitz polynomial with negative real parts of its roots. 
For this reason 


AiO) nin (133) 


[In the case of functions discussed in the paper, ()min = %{n/2}-] 
In practice, however, it is desirable to keep d well below the 
limiting value, say d< 4(,)min- For a narrow pass-band filter 
it is not essential for R,/L and G,/C to be equal, because in 
band-pass networks of not too great bandwidth B,, it is not 
important, so far as attenuation distortion with frequency is con- 
cerned, how the losses are distributed between the elements. 
For band-pass (or band-stop) networks the constant d may be esti- 
mated from d = (dz + dJOp< Hos)min,;where Og = folfy> land 
fy is the mid-band frequency, while fg = / (B,B,)/Q23, di = 
R,J/woL and d, = G,/woC. The predistortion of the voltage 
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ratio is accomplished by replacing p in the polynomial (A + pB) 
by (p — 4), thus giving (A + pB)g. The denominator poly- 
nomial P is left in its original form, as the polynomial is real at 
the real frequencies and Q,,, is considerably larger than the 
losses d; hence the effect of losses on the insertion-loss response 
will be marked at the poles only, producing finite peaks. The 
realization method also requires that P be unchanged. 

As a result of predistortion we obtain new root parameters 
of the polynomial (A + pB),, defined by 


Xs = Xs — a; p2.d=Ps —20,d+d? 


s=e(n), 1, 2, 3,... [n/2] (134) 


With these predistorted root parameters, we can form new 
coefficients A, y and B, q and the predistorted (V),-polynomial 
from 


{n/2] 2 [n]2] 2 n 
(3 400) — P(X Bap) = Naa . (135) 
0 s=0 s= 


FE 

This predistortion also provides a method of transforming a 
negative ladder coefficient into a positive one; this is also an 
important aspect of the method. The most laborious part is to 
form and factorize the (N’),-polynomial, which is expressed 
(with the constant multiplier removed) by 


n n 

DN, al = DNs gP — nGAG,eP* (136) 
s=0 s=0 

It may be observed that, in this equation, the only unknown 
is the limit of mg. However, 7¢max can be found by several 
methods; the analytic one starts with computation of 


29) ‘pe 
PEE ap) dae QO in/21, d 


from 


Pid | Wa! — m= See 
NPN es s=0 
s+1 
where M,= 2% q(NjS341-q — S,Ns+1—q)3 in this expression 
= 


Ge 
N,>n = 0 and S;5.2y= 0. One real negative root, ie. —Q 3), a, 
is extracted from the polynomial M/M,,.,_; most readily by 
the division method, i.e. dividing the M/M,.)_; by p? + 02, 
as a first approximation, then approximating further until the 
remainder vanishes. Once Q/?,,, , is evaluated, the other roots 
of (N’); can be found more readily from the polynomial 
(UN ¢ gp) [(p? + Qi), —)?. If 2 is odd there will still be one 
real, and in this case positive, root, i.e. the O97 4, which can also 
be extracted by the division method. (When P = 1 all these 
processes simplify.) In all the cases where Q/,,/21,a is known the 
NG = NGmax can readily be found. Analytic solution leads to a 
minimum number of solutions. That for which 7g > n¢max 
is excluded, as this leads to non-physical roots in (N ‘a. When 
1G <emax all roots p+, 4 will become complex conjugate 
except one for odd n, namely po2; = a92,. Another method for 
estimation of 7G¢max is semi-graphical. First, XN, gp?’ and 
Aj,aP? are plotted against the square of the frequency, (2? (or 
—p*), close to Q2. Then it will be found that, for certain values 
of yg <1, the quantity XN, ap*>,— ngA2 4P? can be made 
positive and real at all real frequencies. The maximum efficiency 
is found from 


n n 
p> Ns, aD py Noap 
s=0 = S50 = 1Gmax - 


eee = SU See (137) 
Ag,aP? nin AjaP? \p*=—Off aya 
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If 7Gmax, found graphically, is to be used for further design, 
great precision in computation of the roots of (N’), is required, 
and for this reason it is often preferable to take 7g smaller than 
Nomax: although this leads to lower efficiency. 

For n = 3, 5 and perhaps 7, and for 0°3< ky < 0-98, the 
simplest first approximation to 7g may be found from an 
empirical formula given by* 

Vv 
o,q Il Pid 
s=1 if 


' ny AG ae 
ng &% (X — nkgd)?©, where X 2g 


v 
a Il ps 
s=1 


If ng has been properly estimated, the coefficients of (N’)g can 
be formed in the following way: 


Nia = Ns,a — 1G4b,aSs > (138) 


where S = P? and S, are the coefficients of S as defined in 
eqn. (89); the solution should take the form} 


n [n/2] /. 
(—1)" 3d) Ng aps = (p? — 20%) II (p4 + 2§;,aP? + psa) - 139) 
s=) s= 


From this we find po2, = «2, and 2; 4 = »/[2(p,2, — €54)] > 0. 
The check upon accuracy of solution for roots of (N’), can be 
obtained from the relation 


Ao, al Ao,a = VU — ne) 


If eqn. (140) is satisfied, further design can safely proceed. 
The required resistance termination ratio for the final filter 
may be computed from 


Roy lea Saja) 
Rip At AL ne) 


When the proper signs corresponding to the chosen configura- 
tion (see Section 3.2) are established, the design procedure can 
be carried on in exactly the same way as for the general case 
described. Predistorted polynomials A’ and B’ and the proper 
design impedance are formed, and then the ladder coefficients 
can be computed in the usual way. Finally, when the actual 
network is built, proper losses or Q-factors must be ensured. 
As is seen, the computation is very laborious when losses are 
taken into account, especially for n > 5. In the case of open- 
or short-circuit termination, the whole procedure simplifies con- 
siderably. In such cases only the predistorted polynomials 
(A)q and (B)g and consequently A, , and B, q are sufficient, and 
the design impedance is formed according to Section 2.3, from 
which the ladder coefficients can be evaluated in the usual way, 
and the proper Q-factor ensured in the actual network. The 
transducer loss of a dissipative network at zero or mid-band 
frequency can be computed from 


(140) 


(141) 


Pp 
10 log ee = — 10 log (6X?) 


= 20 log Ay — 10 log (42 g — Ap2,) . (142) 


There are many other methods taking into account losses!9-!3 but, 
unfortunately, all are complicated and laborious. The essential 
approach to problems of unequally distributed losses between 
inductors and capacitors is also outlined in Darlington’s paper. 
However, his design formulae require substantial modification. 


* More accurate empirical formulae are much too complicated to be included here. 
So also are those which allow an estimation of d (which renders the negative ladder 
coefficient a positive one), 

When 7¢~ N@max is used for the formation of (N’)g, the (%3)min usually becomes 
very small. However, it must be DOticed that if, say, As,qa and consequently all 
the other coefficients, and «{,7 and 9424 are computed with, say, / digits and (0524 —E5,a) 
results in a figure in the last one or two places, then, after root extraction, this inaccurate 
figure will be in the 4/th place. Such inaccuracy may lead to very inaccurate or even 
inconsistent ladder coefficients, 
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Where the specifications of D,, D, and kz need be only approxi- 
mately satisfied, it is often the practice to compute a loss-free 
filter with initial discrimination D,; < D, and D,; > D, and 
kp; > kg. It is possible to form empirical formulae involving 
mostly d, kg, n and D,, which permit proper estimation of initial 
data, often with a satisfactory result. It can be mentioned that 
the effect of losses may also be corrected in the pass band by 
the use of a proper equalizer; in fact, this method is favoured by 
many filter specialists. 


(5) CHARACTERISTIC INSERTION-LOSS FUNCTIONS FOR 
FILTERING PURPOSES 


Characteristic insertion-loss functions for filtering purposes 
must have their zeros within the effective pass band and their 
poles (finite frequencies of infinite loss) within the effective 
suppression band. These are necessary but not sufficient con- 
ditions which are imposed on an insertion-loss function. The 
poles and zeros must be so distributed within the appropriate 
bands that the specification of discrimination is satisfied. We 
shall illustrate some of the methods leading to a proper distribu- 
tion of poles and zeros, satisfying most of the discrimination 
specifications. There are many of these methods.!> 3) 5; 6 10, 12-18 
The Laurent template method is widely used; there are special for- 
mulae which permit of a proper choice of m-values for the well- 
xnown Darlington reference filters; and perhaps most interesting 
of all is the potential analogue method using single- or double- 
jayer electrolytic tanks. This somewhat empirical method is a very 
powerful tool for designing such special functions as, for example, 
networks working under vestigial conditions, or other network 
responses with special pass and transition bands. However, in 
ordinary filters, suitable functions are those obtained by the use 
of Chebyshev or Taylor approximations or m-derived-like or 
constant-k filters. An ordinary filter is required to produce as 
low distortions as possible in the pass band and maximally high 
attenuation in the suppression band (usually the transition-band 
shape is of no importance). These general requirements suggest 
that the effective characteristic function in the attenuation band 
can be the inverse of that in the pass band. Such specific func- 
tions, introduced to filter theory by Cauer and employed more 
successfully by Darlington and Cocci, are certainly superior to 
any other known functions; hence time will be spared in the 
derivation and description of a typical number of such a class 
of functions, which will be referred to as Chebyshev pass-band 
and attenuation-band parameter functions. 

Before investigating the very important functions of Chebyshev 
parameters, let us illustrate some better-known and simpler 
characteristic functions, e.g. constant-k or maximally flat 
responses. 


(5.1) Characteristic Insertion-Loss Function for a Constant-k 
Equally Terminated Filter 


Constant-k filters designed from the image parameter theory 
are very common and still of great service for waveguide systems 
and in u.h.f. techniques generally. The filters considered here 
consist of n branches or (n — 1) half-sections, each half-section 
consisting of an inductance L and a capacitance C. Thus, the 
tadder filter has L or C terminal elements and 2L and 2C inside 
elements, and may be in T,,) or Il (n) configurations, where 
<, = 0. The characteristic resistance and the cut-off frequency 
are defined by Ry = ~/(L/C) and w, = 1/\/(LC), and the 
characteristic insertion-loss function can be expressed generally 


aS 
[n/2]—1 
Hg? = (—1)"4"-3p22-o TL (p? + QG,)? . (143) 


s=1 
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where 


O. = sin ae + 1]s — “4 
(x — 1)[e@) + 1] 


Comparing eqn. (143) with the general insertion-loss charac- 
teristic function (82), it is clearly seen that a constant-k filter is 
a special case obtainable from the general function by reducing 
some of the zeros and by assigning all poles to be at infinity. 
The power ratio can be expressed simply in terms of the 
Chebyshev polynomials of the first and second kind,* defined by 

T,(Q) = cos (s are cos Q) 
sin (s arc cos Q) (144) 


sin (arc cos Q) 


U,Q) = 


Using the Chebyshev polynomials, the characteristic function 
and the polynomials 4 and QB can be expressed in terms of Q 
rather than p as 


Hp? = (—1)"404U7_ 1 = eA? + o(n)Q?B? . (145) 
PyolF, = 1 + H*p? = A? + Q?B? 


The insertion-loss voltage ratio is given by V39/V, = A + pB, 
where B and A are in terms of Q rather than of p: 


A = (—1)"lo(a)T,_1 + te(n(Q? — 2)Un_1] 
OB = (—1) PI fo(n)(Q? — 2)U,_1 — e)Tr_1] 


The component values in constant-k filters are determined in 
a well-known way and the method described here for determining | 
ladder coefficients can be used when function is predistorted for 
losses. The formulae given here can be found serviceable when 
the insertion loss or delay of an n-branched filter is to be investi- 
gated within a prescribed bandwidth. The formulae for phase, 
delay and v.s.w.r. are easily derived, e.g. 


and 


} . (146) 


Bo — Bz = arc tan oe 

dA 

dBo — By) _ 7 WY dQ dQ/ dQ 
dw A? + O7B? dw 


dB 
AB + (455 8 
delay = 


(5.2) Filter with Maximally Flat Pass-Band Response 


A maximally flat insertion-loss characteristic function belongs 
to the Taylor approximation class; it is given by the expansion 
of the F(Q) polynomial by Taylor’s series about Q = 0. These 
functions are most simply obtained from the general insertion- 
loss characteristic function (82) by assigning all poles to infinity 
and all zeros to zero frequency, i.e. 


P+s =Oandpins = +f for s=e(m),1,2,... 
Thus P = 1, and for ng = 1 
Hg? = (Nng=i = (— 1)" 7p (147) 


It can be observed in Fig. 4 that the characteristic function is 
zero at zero frequency and infinity at infinite frequency, and it 
is clear that the network can always be terminated in equal 
resistances for an arbitrary number of branches. The ladder 
coefficients are always positive; hence no ideal transformer or 
mutual inductances are required for arbitrary termination. 
If ng = 1, the power ratio for a maximally flat response can be 
expressed as 


oe 
P, 


* The first two polynomials for s = 0, 1, are given from eqn. (144) as To(Q) = 1 
and 7)(Q) = Q and U2) = 0, U(Q) = 1. Further polynomials can _be formed 
from the recursion formulae 7Ty;¢ = 27;Ty —T;y— and Urig = 2U;Ty — Ur—gq, 
where the argument is understood. 


|E(p) |? = 1 + W262? = 1 + (—1)"H2p™ . (148) 
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D Tle(4) Te(4) 
oP ae ae A o ae T a 


0 n a oo TTe(5) Te) 


Fig. 4.— Maximally fiat structure (n = 4 and 5) and the general 
response shape. 
Employing (—1) = etinte)—2slr; (1) = jn" 


and for the time being letting ng = 1, ie. Ry = Ro, the dis- 
crimination function can be expressed as 


[E(p)|? = 1 + (—1)"H2p™" 
= (— 1)"H 2f pn = jp" —2¢+ j[ln+e(n)— 2sIn\ 
n—oln) 
= H2(A-2In = p20) i {p + jH— Ing t jlns e(n) —2s}n/2n\ 
I! 
{p = jH- Ung tiln+e(n)- 2s}e/2n\ . (149) 


Selecting from this expression that half of the complex roots 
which can be related to the discrimination function in the way 
described in eqns. (92)-(95), & can be written as 


Ep) =H'(p + H- Mayet) TP fp —(— 1S Hinjedtn +e 2skiany 


s=] 


{p pad (— 1)s’H- 1/n¢ — jje—iin+ e(n)—2shre/2n¥ 


; yvte(n) 
= H"(p — poy) nt Lp (i) pp (ps, 
(150) 
From which the voltage ratio is given by 
v+e(n 


Vr ) 
ae A + pB = H(p — po)™ i (p= pdMp.= p_s) 
~ sS— 


v+ew) 
= H(p + a)™ IL (p? + 2a,p + p2) . (151) 
s=1 
where the root parameters of the insertion-loss voltage ratio are 


given by 
p2 ae ae = AO-1/n 


Des VE 1p eo AO) Delrin To es § Oe (152) 
Hence py SID {[n + e(n) — 2s]m/2n} 
for Sa 2C(2) loons un [it/ 2 
where Oe =2 0, thus’ = 0 


In most cases the network components or ladder coefficients 
can be expressed explicitly for an arbitrary number of branches 
and termination. Some of the formulae will be given in this 
Section. We shall now indicate the procedure leading to an 
arbitrary termination. It can be noted that the power ratio is 
Pp. 

z, = 14+ (7$%ng=1 = Ne + (N ngct = N = A? — p?B? 


(153) 


In this case (H77),¢=1 = (—1)"H?p™ and hence is known; 
therefore (N’),,,<1 is found from egn. (153). Noting that 

1 —r\2 R R 

1 — 9g = (-—*) = PO) = H24,, where r = 2! or *2 

1-+r 2 4 Ry a Ry 


and (Nngct = (A? — p?B)ngct = 1 — Ne + (7G Ing=t 
v+e(n) 
= HA pi? — py IL (p4 +2&p* + p.') . (154) 
s=[ 


from inspection it follows that 

ps =p’ = pl — je)!" = pEYXO) = pp. (152) 
and Oe == ast {[n + e(n) — 2s]7/(2n)\ = pa, 
and hence 


v+e(n) 
A’ + pB’ = H'(p — po)™ IL (p? — 2pRpys + ps7) - (56) 
s=1 


where the signs of pg and H’ can be determined in the usual 
manner for a chosen n and the termination ratio, while p., for — 
s > 0 is left arbitrary. From the distribution of the roots of 
Rp’., = (—1)%(po/%G)°™ai, the ladder coefficients, given in this — 
Section, can be found explicitly in a simple manner for odd n, 
while Rp, = (po/~o)°™«, leads to another solution of the 
prescribed decrement ratio, for which explicit formulae will also 
be given in this Section. 

The design procedure of a maximally flat filter response is 
simple, and most of the satisfactory solutions require very little 
computation. In design, the first step is to estimate the number 
of branches for a ladder network to satisfy the specification, 
namely kg = B,/B,, and discrimination D,, D,, or prescribed 
reflection factor I’, in the pass band. By means of these data 
we may compute the constant H from D = 10 log (1 +- H?Q?”): 
by letting QO, = 1, 


13) 
HH = »/(0Pei!® — 1) = - 
Ak (ae ABD: 
B 1 
BoM iieen: Ja = By ain OSE 


then the number of branches is found from 


D,/20 + log H~! 
log Q, 


The relation between n, kz, D, and D, for n = 3, 5, 7 and 9 
is given in Fig. 2(c). If, instead of Q,=1, we assume 
V/(Q,Q,) = Qg = 1, then H? = 4/[(1022/10 — 1)(10P4/10 — 4)] 
and fp = \/(B,B,). 

The normalized ladder coefficients for equal termination are 
given by 


(158) 


Seer ine ame Sf 
a, — 2H'!" sin are == Gy 2p ernie tes 


dn 2s o (Fe ale v=4n—1 — en)]; | : (159) 
R, = Ry = Ro 


Actual ladder coefficients, e.g. for Tegn-configuration 4 


~ . = ° 5 Te(n) 
and for I] .)-configuration 4, 17 en), are given by 


= = —j)st+1 & z 
As, Te(n) = a,R{ ~ and as, We(n) = a,R(-)* : (160) 


for end (11’) in Fig. 2. For a symmetrical and arbitrarily ter- 
minated network, where v = (n — 1)/2, the arbitrary termina- 
tion resistance is R, defined by 
R= 9Ro. 5. oss ni ee 
where ris an arbitrary multiplier and ng< 1. For a root 
distribution defined by Rp, = (—1)%(polag)e,, the ladder 
coefficients are found’: !° for T-configuration from 
G7 = GRO: Any t—9,7 = GrR{- 0°? 
Ss 1, 2,3,. 3202s 2 et 
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ee ladder coefficients in the centre of the symmetrical T-structure 
ing 


Au41),7 = HL + ro pR a, , | (163) 
For I1-configurations, 
Chae = a Roan Q(n+1—s),U oa G,(rRy)—; | 
Ss 12435008 F (164) 
and y41),11 — ait + pesDar (Rew ia | 


It is also possible to formulate ladder coefficients for even or 
odd n for an arbitrary decrement ratio from the relations given 
in Section 3.7. In the case of a prescribed decrement ratio 6, 
the roots Dis are to be in the same half-plane. The approach 
to such a design is simple and easily found. Explicit formulae 
for quantities relating ladder coefficients for the maximally flat 
and the Chebyshev (pass-band) filters are given by Green.?° 

We shall now give essential information concerning the 
design of prescribed-decrement ladder filters. The root distribu- 
tion may be chosen in the general form 


Rpg = (*)O (p60); 
e.g. taking positive signs for even 1, we shall have 
Rp, = (poles) Mex, (165) 


Then the required p’, which is necessary for formation of A’ 
and B’ and consequently 4 and B for a prescribed decrement 
ratio 6, is defined by 


BUC ee ae ea 


= . (166) 
ra, _ pep lop 
Therefore omen tO O00 
SE LIASE EIN otis Heir 
The proper termination ratio is then found from 
ice Li Tue aoe (0) (167) 


i+p 1+T0O) 


The first and last ladder coefficients, which are often of primary 
interest, can be evaluated simply from a, = (Ay m/B)~?" 
as follows from Section 3.7, thus 


a 4 i; 
and a, = i ar a where @, = 2H'/” sin 5 


(168) 


If eqn. (165) is taken with negative sign for even n, the signs 
in the subsequent formulae need to be properly reversed. (For 
odd n the sign of pg is determined from Section 3.2.) The first 
and the last ladder coefficients are: 
ay ea 


DEP pe 


These are the same as if evaluated from the other end. 

The general formulae for ladder coefficients as derived from 
Section 3.7 for prescribed decrement ratio 6 are given in terms 
of d, as defined in eqn. (159), as well as 5 and the quantities A, 
defined by 


and a, = 


Ciel 1 aka 
_ — ee —s Os == Nb A Bho oe aan 
beets (ea oO a) aaa 


(169) 


and the ladder coefficients for the root distribution Rp}, = 
G7)’ C= I" 
(6 + 1)" + (6 — 1" 


(6/4), and the termination ratio r = 
zre given by 
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O41 =e G4, TW 4 
ss 28 S+1 Pa) Mi 
s—l1 
; i. 170 
28 al X54 (170) 
42s ag 2S 5 
IT A3— 
q=1 J 
0 
ss 0,1 2a (70) 2 |e Observe. that oil #2 atk 
r=1 
On the other hand, for Rp, = — (po/%p)Ma;, 
Os = Oy (171) 


For odd n the coefficients a, correspond to the other end of the 
ladder and the actual ladder coefficients will be expressed in 
terms of R, if normal termination is considered. In case of 
open- or short-circuit termination, 6 = 0, and eqn. (170) is 
also consistent. 


(5.3) The Filter with Chebyshev’s Pass-Band Parameters 


Filters with a Chebyshev response are well known, and the 
derivation procedure will be only briefly outlined here. A 
model derivation will be given in Section 9 for a filter with 
Chebyshev pass and attenuation bands which is more general 
and of more importance. The filter with Chebyshev pass-band 
parameters is of the same type of complexity as the constant-k 
or the maximally flat filters; its advantage lies in the more 
efficient distributions of the values of elements. Its discrimina- 
tion oscillates between equal maxima and minima within the 
pass band with differing periodicity, and outside the pass 
band the function rises continuously, in a similar manner as 
in maximally fiat or constant-& filters. The even and odd 
functions are illustrated in Fig. 5. This function, like any 


Tie ee eee 
Jp Bis le ol 


Tle(4) Te(4) 


Ile(5) 


Te(5) 


nPOLES —~ 


Fig. 5.—Characteristic functions and the corresponding ladder 
structures for Chebyshev pass-band parameters. 


(a) n odd (n = 5). 
(b) 1 even (n = 4). 


others considered, is the special case of a general insertion-loss 
characteristic function [eqn. (78)] and is obtained by taking 
a, =0, P+ a5 = $jQn9 = +f, and p}., = +jQ2o,, where the 
Qo; are so distributed within the pass band that the effective 
maxima and minima of ¢ at the frequencies Q,, have equal 
amplitudes. Hence the problem is only to find the proper 
distribution of Qo. In general we shall require a ¢-function to 
satisfy 


v+e(n) 
ea VO) AOE (Q2 — 02) 


s=1 


IP(Q)lo <a <a, < L 


(172) 
where 
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The aim is to find an analytical function F(Q), which turns 
out to be a Chebyshev polynomial. The important resultant 
formulae are derived from the differential equation dp = 
+ m/(L? — 6?)dQ/r/(Q?2 — Q), of which one of the solutions, 
namely ¢ = Leos nO, Q = Q, cos 8, leads to a characteristic 
insertion-loss function defined by 


v+te(n) 
H?¢? — H2L?T2Q) = (—1)'H2 2o(n) [I (p? aie OR (173) 
s=1 


p =jQ, cos 0, = 2°-; assuming Q, = 1, 
HL = ./(i0?rl!0 — 1), 


Defining the complex arguments by 01, = 05 + /@é~, one 
obtains 


where 


+ jcos Oz, 
= — sinh @; 


e(n 


Pts = — &s any hk — 
) sin 09, + j cosh O2(n cos Go. 


The important frequencies of the maxima and zeros are given by 


7 
On; = cos 6,4, = cos [n — 1 + e(n) — 2s), 
(174) 


7 
Qo; = cos 9, = cos [n + e(n) — 2s] = 


By the usual general procedure described in eqns. (81)—(98) 
and illustrated in Section 9 for the more involved case of 
Chebyshev pass-band and attenuation-band parameters, one can 
obtain the roots for the insertion-loss voltage-ratio function from 


|=(p)|?.= 1 + H?L? cos? nbz, = 1 — H7L* sinh? n0;,, =0 
Thus 


vte(n) 
y, = Vine" Cp + a) I (p* + 2asp +p). (175) 
s= 


where CS FecayV (1 es Q3;) = ea} sin ne 


2n 


ps = Fem + OG, = veo + cos? | 


n + e(n) — 2s | 
TT 
s=e(n), 1,2,...vte(n 


2n 


and (176) 


Boom = sinh 82) = sinh C are sinh 7) 
Obviously %) = po, and exists only for odd n. 

As will be shown, the ladder coefficients can be expressed 
explicitly in most cases by means of eqn. (128). Where losses 
are taken into account the general methods of forming 4 and B 
and eqn. (128) must be applied. The explicit formulae for 
ladder coefficients will be given for symmetrical and for inverse- 
impedance basic networks. Other cases, e.g. with losses or a 
prescribed decrement ratio, may be worked, if desired, in the 
general manner. In order to obtain explicit formulae for ladder 
coefficients for an inverse-impedance network, initially an 
ideal transformer is inserted in the ladder between the 4th 
and the (gn + 1)th elements to preserve equal termination. In 
this way half the ladder coefficients can be evaluated explicitly 
and the corresponding half on the other side of the transformer 
then have the same values. It is only necessary to transfer 
one-half of the network impedances, including the termination, 
to one side of the transformer, in order that the transformer 
may be removed.”! 

The transformer ratio, and in effect the termination ratio, 
enabling determination of all the network elements, is found 
from Section 3.2. The general design procedure for the design 
of basic networks follows. 
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(5.3.1) Design Procedure. 
By specifying the discrimination or reflection factor, or 
associated data, we can compute, for Q, = 1, 


HL = 4/(10?9!!9 —1) = |The): 


Bo 
ed Mee 3h (177) 
kp yep OF te D 


by means of which we can find the necessary number of branches ~ 


to satisfy D, at Q,, from Fig. 2(c) or from the power ratio given by 


a = 71 + HL? cos* (narccosQ)], Q<1 
2 


Foy _ ne[1 + H2L? cosh? (n are cosh Q)], Q>1 


P, 


Thus D, = 10log[(1 + H?L? cosh? (marc cosh Q,)] 


Then, if m is known, we can compute the constant 


1 
Feo) = sin (are sinh — (179) 
n 


AL 
The next step is to evaluate the root parameters «, and p?, or 
in general, ~, and A,. The quantities A, are defined by p? and 
(2, ,, the squares of the frequencies of the maxima of ¢? (in this 


case the zeros of the insertion-loss function). Design parameters | 


are given in general by eqn. (179), and 


' 2 
Ay = o(n)p? + e(n)[P2yn) + O2.] = My + cos? 


7 


n+ e(n) — 2s 
7 


“; = Bac) sin an 


The transformer ratio ¢ and termination ratio r are found from ~ 


Section 3.2, thus 


e(n) 
r= | tanh2 (are sinn 27) | = ()%_z, . (181m 


and one set of the ladder coefficients for even or odd 7 is given by 


CISA) 
2 
_ 2eyse(ny—25) fy Aog—1 _ e(n) 
2544 Pen ee Ww = o(n) aie aa Gn_2s 
s—1 
ee (182) 
1s — 2etiy + e(n) +1—25] a2! = [o(n) ai e(n)r ans 12s 
Moye 
a 2q—1 | 
n + o(n) 
= 0R G2 oe 6 || === 
S > > > | 4 | 


It can be observed that, in case of odd n, only (v + 1) ladder 
coefficients need be evaluated, as the rest are symmetrically 
distributed about a,,1, ic. d,=d,,,_,. In the case of even n, 
half of the ladder coefficients are evaluated directly, while the 
other half are found by multiplying the evaluated coefficients 
by the proper resistance ratio r, as indicated in eqns. (182). 
Other solutions, e.g. for prescribed decrement ratio or for sym- 
metrical and unequally terminated networks, can be found in a 
similar manner as indicated in a maximally flat-response filter. 
[For n odd unequally terminated networks, it is necessary only 
to replace d, in eqn. (162) or (164) by that of eqn. (1 82).] Evalua- 
tion of ladder coefficients with losses should be treated as indi- 


(178) | 


(180) | 


ai sin imate 
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cated for the general case in Sections 3.7 and 4. It may be 
mentioned again that, in the case of filters not having infinite 
loss at finite frequencies, the problem of the evaluation of the 
ladder coefficients is comparatively simple. It may be added 
that the so-called multiplicity of solutions can be systematically 
analysed without great labour, as it is necessary only to investigate 
half of the distribution of possible signs. 


(5.4) Design Formulae for Chebyshey-Type Pass-Band Attenuation- 


Band Parameters for Symmetrical and Inverse-Impedance 
Networks 


An insertion-loss response with frequencies corresponding to 
natural modes and infinite attenuation, distributed in the pass 
and attenuation bands in the Chebyshev sense, provides an 
effective approximation to an ideal filter. The method of 
deriving this function and its parameters is illustrated in Sec- 
tion 9. Here we shall give only a brief outline of the essential 
points and indicate the necessary formulae for network design. 
For the derivation of the characteristic insertion-loss function d 
for even or odd number of branches, we have been using a 
hypothetical filter characteristic function %, which is identical 
with ¢ for one case of symmetrical filter, while in the case of an 
inverse-impedance filter, 7s requires suitable transformation. One 
class of such transformations, which we shall use for even n, 
is illustrated in Sections 5.4.1 and 5.4.2. In general, any required 
insertion-loss characteristic function ¢ can be obtained from 


v-+te(n) ()2 — Q2 
= Qom) peuple 
ip See nena > 


s=1 
by suitable transformations, i.e. Th = ¢, where T,.,) denotes 
transformation operations. From inspection of eqns. (183) 


(183) 


and (82) it can be seen that, for odd n, d = y; thus % can be 


identified with one of the insertion-loss characteristic func- 
tions which gives prescribed kg, D, and D, directly by the 
identical transformation. For further illustration we _ shall 
require suitable transformations for m even, where even the 


‘simplest transformation must involve the reduction of at 
‘least one finite pole, i.e. shift of finite pole to infinite fre- 


quency. We shall illustrate some of the bilinear (Mobius) 


transformations, denoted by ##1,(,),. and limited to 7 = (2, 1)e(n), 
‘where 7 indicates the number of reductions (shifts) of at least 


{ 


one finite pole (i.e. 7 = 1), or pole and zero (i.e. 7 = 2). If, for 
odd n, ##lo,o denotes the identical transformation (i.e. $#lo,9 = 1), 


' then illustrated solutions giving prescribed insertion-loss response 
‘ will be limited to one symmetrical and two inverse-impedance 


/ networks, 


whose characteristic insertion-loss function are 


: given by 


{ 


{ 


d = Meo, 3 T = (2, Ie); Ho, el (184) 


(Maximally flat or Chebyshev pass-band, etc., filters are other 
cases of ©,,)-transformation.) 

The poles and zeros of the y-function are defined by means 
of Jacobi’s elliptic sn functions. Thus 


1 ; By = 
0, = gh =vesn| a 


(185) 


‘where k(< 1) is the elliptic modulus and K = K(k) is the corre- 


} 


' 


‘sponding complete elliptic integral. 


The frequencies of the 
maxima of the |x/|?-function, which are in the pass band, will be 
denoted by Q,,, and those of the minima in the attenuation band 


by Oy;. These parameters, sometimes called Cauer parameters, 
| ave given in similar form to egn. (185): 


Oo. =a = vin ee. | - (186) 


1 
Qu 
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The important design quantities are defined by 
v+e(n) 
AL = /(10P2!10 — 1)3 LD = 4/[ke] TT [e@)Q2, + 0(n)Q2,] 
s=1 
(187) 


1 
(OR =s Vk; QO, = V/(Q,Q.) = 1 


where L is the amplitude of the pass-band variation of y. The 
relation of the discrimination data, the bandwidth ratio and the 
number of branches can be found from the following considera- 
tion. Let us define the prescribed effective low-pass bandwidth 
ratio for any transformation by 


= 


where for Mobius transformation, ie. fg), the Bn) is 
given by 


n—2 + el). K| 


Gein = Tm Where On) = sn | - 


T = (2, l)e(n) 


Thus, the modulus k can be found from 


(189) 


=e. 
kp =k sn? eee k| =kolmy; 7 =(2, Le(n) . (190) 


by iterative method (for n even). We shall consider + = 0 for 
symmetrical odd-n networks, i.e. kg = k; and for even n, rT = 2, 
which results in a network permitting equal termination, and 


7 = 1, leading to inverse termination. Thus, 
R, 
k —— k: == —— <= 
B eT OGGait Ta 0, R, 
ie R, 
kg =VAWQonp2; neven, 7T=1, 5 41 (191) 
2 
= R 
ky = OZ 93 on even, T= 2, “= SA 
Ry 


For n = 4 and 6, the modulus k can be found from the band- 
width ratio from Fig. 2(c) or from special tables of Qo,. K(k) 
can be evaluated from the magnitude of k, which is conven- 
tionally defined by Mag (1 + k, 1 — k) = M; thus K(k) = 47/M. 
Defining 1 + k = by and 1 — k = co, M can be evaluated in the 
following steps: 


by = tbo + Co), C1 = V/ (bo eo) 


bg = Hbg—1 + Cq—-1) = Cy 
Cg = V(bg-1q-1) = M, 


Usually a few terms give sufficient accuracy. Once k is known 
the relation of D,, D, and n can be found from 


D, = 10[log (1022/19 — 1) — nlog g(k) — 1:2] dB . 


where 4) is the elliptic modular constant and can be computed 
by means of k from formulae given in eqn. (240). K(k) and 
log q (arc sink) are tabulated in Jahnke and Emde ‘Tables of 
Functions’. The relation (192) is also given in graphical form 
in Fig. 2(c). Such graphs, with attached separate scale-slide of 
D,, constructed for practical use, provide essential and quick 
information concerning the performance and complexity of 
suitable filters which often constitute only part of a more complex 


where Gra ee ee 


(192) 
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system involving many selective networks. Zeros and poles 
and the frequencies of the maxima and minima of the ys-function 
can be computed approximately from 


a t 7 3 
Qe tanh tanh je J K — up| << OF 


where u, (= Ups. Uns) for 2, (~% Qos, Qns) are defined in eqns. 
(253) and (255). 

It is, of course, possible to establish the quantities from 
tables such as Milne Thomson’s tables of Jacobian elliptic 
functions. More suitable tables for this purpose are being 
prepared for publication. An effective method of computing 
‘sn’ was suggested by Orchard,?? using the Landon (Gauss) 
transformation. 

If the zeros Q, are found, then the coefficients of the poly- 
nomials 4’ and B’ for basic networks can be evaluated from 


(193) 


v+e(n) 


e(n)A’ + o(n)B’ = Tem [ne] a’ TL (e? + 98,) . (194) 
s=l 


In our case 
Cen = Me. T=(2 De; Hiloo = 1 


The root parameters of the discrimination function can be 
evaluated from the following relations. The constant },.,) is 


defined by 
Becny = Vk tn [eccn> k’] 
K=Vl—- 2 


and where the constant u;(,) can be computed from eqns. (267)- 
(272) or from the following approximate formulae: 


(195) 


where 


3 2K 
Hen) = ae 4 10~ Pell + arc tanh 10~ 2/20) 
. (196) 
2K ‘ 
~ —arc sinh (10P2/!9 — 1)—1/2 
nT 


If um is computed from either of the above formulae it is 
necessary only to evaluate sn (w,(,), k’) and to identify it with, 
say, sin 02(,,, where sin 0.¢,) = sn (Ucn, Kk’); then if 2) is 
known, Bony is readily found from eqn. (195), which may be 
written as 3... = 1/k tan 0;(,). The root parameters of voltage- 
ratio numerator, for an actual symmetrical (n-odd) and for hypo- 
thetical (n-even) networks (or in other words for Meo = VD, 
are given by 
vil 


an OG (« =e k71 — O23,)] 
os = Bony 2G 
1 =i Ta oae 
ee Kon + QBs | 
oe eee diesen Ohi: 
It may be observed that Qo) = 0 and that a = Ho exists for 
odd n only. The insertion-loss voltage ratio for an actual n-odd 
symmetrical v-section filter (i.e. v = 4(n — 1) is given by 


S197) 
s =e(n),1,2,... [n/2] | 


ale - Plea att 2 
V9 a D + pB S oe T ao) “ (p 1 2a, Dp + ps) 


: . (198) 
IT (p?Q3, + 1) 
s=1 

from which the even polynomials A and B can be established. 


The positive real coefficients A, and B, can be formed according 
to eqn. (98), and for a basic network 4’ =0 euOvel fof = 


ie i (p? + Q§,), which follows from eqn. (194) and Section 2.2. 
<—_ 


The ladder coefficients for this type of voltage-ratio network for 
arbitrary termination, and with predistortion for losses, can be 


ZDUNEK: THE NETWORK SYNTHESIS ON THE INSERTION-LOSS BASIS 


found in the general way described previously. The normalizing 
constant fg = 1/(B,B,) and kp = k. 

In the case of a symmetrical equally terminated network, 
however, the ladder coefficients can be found explicitly’: hs in 
terms of «,, p? and Q2,. One of the methods leading to explicit 
formulae makes use of the location of the roots of the dis- 
crimination function, which, in this case, takes the form of 


eae et 32) 
POs 


E(p) = H’(p + a) tl 


where also oro( TT p2Q3, — 1) =2 D2) (=1)'a5 

s=1 — 
Here the sum of odd ladder coefficients is determined by the 
roots of E(:p) in the left half-plane, 


03 52 Sera 


v+1 Bo 1 
= —> = 2( 
2, a 


(v/2 2221) 
Cos P3s 


and the sum of even ladder coefficients by those in the right 


half-plane, 
(wtDI2] Qe, 4 


2 
Pas—1 


These formulae apply also to symmetrical maximally flat and 
Chebyshev pass-band response filters. 

The hypothetical filter function % for n even, illustrated in 
Fig. 6(5), is of theoretical interest only, and for this and other 
good reasons we call % a hypothetical characteristic function. 
However, the actual characteristic function ¢ can be obtained | 
from ys by the following transformations. 


> Cis == 2 


Sey s=1 
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Fig. 6.—Characteristic functions and the corresponding ladder struc- 
tures for Chebyshev pass-band and attenuation-band parameters. 


(a) Actual ladder structure and characteristic function for odd n (nm = 5), 
(6) Hypothetical structure and characteristic function for even n (n = 4), 
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(5.4.1) Special Case of an Inverse-Impedance (Antimetric) Network 
with Prescribed Insertion Loss and Equal Termination. 

The characteristic }-function is obtained from yb given in 
eqn. (183), by setting Q3, = 0, ie. by moving one of the zeros 
(e.g. $ Qo;) to the origin and one of the poles (e.g. = oD 
to infinity (thus t = 2) and by adjustment of the remaining 
parameters to yield the same minima and maxima, DD whic 
discrimination function. 


LOSS, dB 


Te (4). 


Fig. 7.—Special case of inverse impedance, equally-terminated (anti- 
metric) network with Chebyshev pass-band and attenuation-band 
parameters (7 = 4). 


The result of this transformation is illustrated in Fig. 7 (for 
a = 4) and is specified by 


HA, > s=t 0202, — 1 
k, DD DS “”, NG al J 
pa see 2. } 
H¢é = — AY? I a= 
= ? repOrr eats a, 199) 
kp =k, Da De n, 7g =A, A =H 
24 0 
or $i, Hb = Hd =p? 1 2 
s=1 Pp a -+ 1 


Once the transformation formulae are obtained, the bar over 
the variable Q, ¢ or p can be neglected as inessential. How- 
ever, this bar may be preserved in the constants as it indicates 
a new parameter related to the parameters of the hypothetical 
function. The results stated in eqn. (199) are obtained from the 
Mobius transformation #1... = #1, ,> of the frequency variable, 
specified by 


(200) 


where 


'p =a Vk p; Oe a 1/Q, 
5. = 


a (C) a Se EES, 
and See, 


(201) 


from which the prescribed bandwidth ratio kp is given in terms 
of parameters of the hypothetical filter as follows: 
k — O32, 


n—1 5 
Aree iO, = k sn? (A— K, k) = kR wy = QGnj2 
0 


(202) 


Se} 
a i ra 
a 


Since sn u< 1 for real values of u, the actual bandwidth ratio 
“ill be smaller than the corresponding bandwidth ratio of the 


hypothetical filter as defined by the elliptic modulus k. The 
design for a prescribed bandwidth ratio for filters with an even 
number of branches should start by evaluating Qo nj2 and hence 
modulus k from the elliptic-function relation; for this purpose a 
semi-graphical method is advocated, or k can be found from 
suitable graphs, e.g. Fig. 2(c), or tables.23 Once the modulus k 
is found, further design is straightforward. It must be observed 
in eqn. (199) that the discrimination levels and the number of 
sections are the same for hypothetical and for actual network. 
It will be shown that all parameters of actual networks can be 
computed in terms of the parameters of the hypothetical network. 
Thus the new finite zeros and poles of the function for the actual 
filter are found by means of eqn. (201) as follows: 


1 a3 OB (s+.1) a ert 
1 = OF 4261 


O27 
£25. = 
One 


=k sn(= K, k) sn ES De K| =O One mee03) 


and the frequencies corresponding to the maxima and minima 
are given by : 


O2 Pree os OA. = Q61 
uh Oe 1 a 02807) 
diet Sepa 
in (e —K, k) sn ( = K, k) = Ny,Qo 641) - (204) 


Once the parameters of the characteristic function ¢ are deter- 
mined, the roots of the power or voltage ratio are found from 
eqns. (253), (255), (273) and (201) extended to the complex- 
frequency plane and by simple elliptic-function transformations. 
Thus 


= Oy | a Pres eve O51 
rs i SE 7 dey 


= —ksn (Uns + juy, kb) sn Upys_1y + ju, K) 


sn? (u.,,k) — sn? (gy, k) 
1 — k2 sn? (UE k) sn? Uo1> k) 


(205) 


As follows from the general theory, eqns. (83), (90) and (94), 
the necessary parameters for formation of the insertion-loss 
voltage ratio are pz and 2%,. From eqn. (205) and further 
transformation of elliptic functions with complex arguments, as 
illustrated in eqn. (274), it follows that 


ae (QasW1 FIP cdas[Qno—yW1 F FPredags—1)] 
OE CA HOF 2 Osean! 
= = £, + j200, 


(206) 


where W,, 7; and cdy, are as defined in eqn. (275). Hence the 
root parameters p? and 2z,, for the voltage or power ratio, are 
evaluated from 


f= OA Qa —1) Wi — Heda scdeys =) 
= 


| 
(1 + #O2,)[1 + HO2_ 1] 
| 


4 pe vs) a 
, (207) 
ee OF + OAS + OF _ 1] 


eee ee = a 
SA ERE OS OT 


from which 2%, = »/[2(p2 — &)]. : 
The insertion-loss voltage ratio is finally given for 1, kg = 
B,|B,, D, and D, by 


n/2 


Il (p? + 2a,p + p2 
AN pe Sand 2) s= a Aen ; 
Sa i 6 ae HALES ne (208) 
: TL (p?O2, + 1) 
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from which the polynomials A and B can be evaluated. For 
basic networks B’ = 0, while 
(n—2)/2 id, : 
A =H'p* Il (p? + 02); hence 4g = 0 (209) 
s=1 

The further procedure to evaluate ladder coefficients is that given 
in the general theory. The actual filter configuration is of 


Il,- or Ty-type (see Figs. 2 and 7), with equal termination 
R, = R», therefore 7¢ = 1, fg = V/(B,B)- 


(5.4.2) Inverse-Impedance Filter. 


Another type of derived function which is sometimes of 
nterest results from moving only + Q.,,, to infinity (i.e. T = 1) 
and by adjusting the remaining parameters. This transforma- 
tion is shown in Fig. 8 and is stated by 


( OP egy? 

Hp aA? II BY Dede 

My sS=1 P 3, ar 1 
Ky Dia Ds. Nay Gamal 


f peace ec 
I (pee Q3,) 
H’$ =H’ eS 
(Gi=DIZEA 
(Ge +1) | 
= s=1 Qe (210) 
ke < k, Di. D;, n, NG < Ls 
n| 
H = AL II Q,,? 
s=1 


The filter response obtained by this transformation will have a 
better bandwidth ratio than that of eqn. (199). However, the 
termination cannot be made equal without an ideal transformer. 
The bilinear transformation, from which the resultant function 


is obtained, is specified by 
@2 
ee eee (211) 
cQ2 + d 

for O? =0=]02 = 

OF = 07? = OP = 0 

2 — k — ()2 — kp 

ct=1 


The new bandwidth ratio, in terms of hypothetical filter para- 
meters or elliptic functions is given by 


f= Seah) “Ae (25188) tag Vo 


and Q, = Vk, = VK VFQ5 nia) while Q, = 1/Q,. 


For a prescribed bandwidth ratio, k should be found in a 
similar manner as stated in the previous case. For n = 4, and 6, 


ies can be estimated from Fig. 2(c). The new variable Q can 
be expressed in the form 


~ ()?cd 
Om 01 
1— O05, 


where cdo, is defined generally in eqn. (275). Finite poles and 
zeros of the characteristic function are found with the aid of 
eqn. (213) in a manner similar to that used in the previous case ; 
so also the frequencies of maxima and minima of the derived 


(213) 
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function can be found. These quantities, in terms of hypo- 
thetical filter parameters, are defined as 


62, . _Pasedor 2 a eo 

os 1 — QZ .Qo1’ am OG (s-+1) a O51 (214) 
A> pa QQ? cdo, 02, = cdo 

He = OO 02,5 — OSs 


‘ (One are now the zeros of the insertion-loss function while 
See Fig. 8.) 


Qo, are the maxima of its gain. 


Fig. 8.—Inverse-impedance network and characteristic function with 
Chebyshev pass-band and attenuation-band parameters (n = 4). 


It must be observed that poles are no longer the reciprocals 
of zeros as in the previous case; and also that the frequencies of 
the maxima are no longer the reciprocals of those of minima. 
This should be obvious, as the number of finite poles is smaller | 
than that of zeros. The root parameters for the insertion-loss # 
voltage ratio are found in a manner similar to that used in the 
previous case: 


~ .  (enraQeiaocegrs mean & pz cdo, tt 
bs = Tt Obie — 26,08)" ”° ~ V+ Odipt — 26,08, CF 
from which 2%, = /[2(p2 — &)] 


The insertion-loss voltage ratio and the polynomial A’ required 
for formation of the basic network are given for n, kz = B,|Ba, 
D, and D, by 
n[2 ~ ~ 
i (p? 424, p 4p?) 
mS = 
= VicH (M22 
TT oes + 1) 
S 


~  ni2 me 
A = Viaje’ Ui (+ OB) 


AL Clg 


Pie 
HL = / (10PelOr 1); 


a nf2 
A= ALOT 


s=1 


~ Ao\2 no 
io =1-(Q)s fo VG) 


This network has exactly the same configuration as that of the 
previous case and the ladder coefficients can be evaluated in the 
general way. One of the merits of this type of network is a 
better bandwidth ratio, but lower possible allowance for the 
predistortion for losses. The actual resistance ratio is found by 
means of Ay and Ag from Section 3.2. 


(6) CONCLUSION 


The insertion-loss methods were introduced in various publica- 
tions almost at the same time some twenty years ago, in Italy, 
the United States, and Germany. 
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Those who contributed most to this field of network synthesis 


-are also those who were the first to introduce it, namely 


Darlington, Cauer, Cocci, Piloty and Bader. It is evident that 
the method owes its strong basis to many previous works on the 
subject, such as those of Foster, Brune, Cauer, Bode, Laurent, 
Norton, Zobel and Campbell and many others. 

Opinion is that the method is superior to any other known. 


_ The precision and computational labour required for the design 


_ by the insertion-loss method is such that the method of image 


parameters is often preferred. So far as conventional filters are 
concerned, the image-parameter method can satisfy the require- 
ments with only a few more network elements. 

The necessary accuracy in the intermediate stages of evaluation 


_ of ladder coefficients is often high, except perhaps in the case of 


_ one-branch-element ladders (e.g. when 


¢, = 0) or, in general, 
for a small number of branches. This high accuracy is especially 
important when some of the real parts of natural modes (i.e. «,) 


/ and those of a characteristic function (i.e. «,) are found to be 


' vented to some extent. 


very small. However, the computational labour can be circum- 


It has been shown that the design is of 


/ such a nature that the ladder coefficients, and other required 


data for normalized low-pass ladder structures, can be completely 
formulated allowing programming for automatic computation 


' and tabulation of the result for wide ranges of kg, D, and n. 


they are associated. 


Such work is already being undertaken by the author, with 
Mr. J. K. Skwirzynski, on behalf of the company with which 
It has been learned that similar work is 
being carried out in Germany by Dr. Glowatzki.”> 

Some results were published in the United States by Bedrosian, 
Luke and Putschi, giving normalized components for some cases 


| of one- and two-section Cauer—Darlington symmetrical filters, 
_ and many tables concerning chain matrix parameters, including 


those of a hypothetical chain matrix (i.e. Tables IV, V, VI, X, 


_ XII, and XIID.?° 


Ladder coefficients for one- and two-section Darlington sym- 
metrical filters are also published in graphical forms.’ After the 
completion of the manuscript of this paper the author’s attention 
was drawn to useful tables concerning maximally flat and 
Chebyshev pass-band parameter filters by L. Weinberg.*’ 

The only necessary computation which then remains for the 
user is the evaluation of the network elements L, and C,, from 
given ladder coefficients a, and ¢,, for frequencies fy and fz and 
resistances R, or Ry, for a particular specification of kg, D,, Da 
and nv. It is hoped that such a solution, though necessarily 
limited, will attract many engineers to employ this effective 
method of network synthesis for immediate practical purposes, 
which can be satisfied exactly with even less labour and fewer 
elements than are required for the Zobel or the Laurent filters. 


However, the element tolerances, the particular character of the 


insertion-loss responses, the network configuration, etc., are 
more restricted. The insertion-loss method given here can be 
readily extended beyond the low-pass analogue. Cauer, Fetzer, 
and later other authors, have developed a technique for the 
design of more general band-pass, etc., filters. Darlington’s 
reference-filter method is also of more general type. All these 
methods can be completely formulated; in fact they need only a 
few additional staternents concerning the ladder structure shown 
in Fig. 2 and definitions (18), (27) and (33). 

Fetzer!5»17 gives several explicit formulae for more general 
band-pass characteristic functions [e.g. @ given in eqn. (256), 
i which some poles and zeros are reduced or shifted or 
cancelled]. 

However, all the known methods seem still to be lacking in the 
required generality, simplicity and engineering technique charac- 
t-rizing the Zobel or even the Laurent method of design. Besides 
this, the complete solution of filter functions requires still further 
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development of suitable mathematics, e.g. hyper-elliptic func- 
tions. The desired solution would be of practical application 
if it led in the manner of the Cauer—Darlington method to any 
prescribed specification, e.g. to any transformation @ by analytic 
means. (Note that in operating on band-pass ¢ or band-stop ¢ 
functions, the transformation @ may involve not only shifts but 
also cancellations of poles and zeros.) Empirically, this problem 
is partly solved by potential analogue devices. However, 
empirical and graphical methods belong more to art than science. 
As to a method of network realization from a given function, 
in spite of Cauer, Brune, Gevertz, Cocci, Darlington, Piloty, 
Bader and other authors, only a very limited number of solutions 
are employed, and with a few exceptions, even these are limited 
to idealized simple cases. Talbot?® made an attempt to solve the 
important part of the realization problem which, it seems, was 
partly successful. 

Returning now to ladder coefficients and to the available data 
already published, or to be published shortly, the formulae for 
the elements of lattice, bridged-T or other useful structures 
can be found, and for some cases have been found, in terms 
of ladder coefficients and the frequencies of infinite loss. 
Lattice and bridged-T structures are especially useful when 
piezo-electric crystals are used.2? Crystals may be cut according 
to design, or available crystals can be used in a suitably modified 
network (some such networks have been successful). Negative 
ladder coefficients, which occur sometimes and cannot be 
avoided by interchanges of {2,,,, can often be made positive by 
the predistortion method. Negative ladder coefficients can also 
be realized in a suitably chosen configuration by mutual induc- 
tances or by the appropriate use of transformers (e.g, Norton 
impedance transformation), or by the use of the Bott and Duffin 
realization method. The insertion-loss method is not restricted 
to low-pass analogue filters only. The material in this paper is 
thought to be of value in using another, more general, Darlington 
method of network synthesis,! application of which, with the 
insertion-loss and the potential-analogue techniques, provides a 
powerful means of constructing special network functions with 
particular amplitude, phase and transient responses. Thus, 
networks with specified kz, D, and D, and, say, resulting rise 
time, or over-shoot due to particular input signal, and networks 
working under vestigial conditions (e.g. linear voltage change in 
the transition band about, say, 6dB level), and particular phase 
networks, have been constructed successfully by the methods 
discussed. 
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(9) APPENDIX 

(9.1) Hypothetical Filter Characteristic Insertion-Loss Function 
with Chebyshev Pass- and Attenuation-Band Parameters, and | 
Related Topics 


Let us consider the function illustrated in Fig. 6. It can be & 
shown that the most effective insertion loss that will satisfy / 
required specifications can be derived from these functions. For 
these functions we shall require the same number of finite poles © 
and finite zeros, all distributed within appropriate bands in the 
Chebyshev sense. This is most simply illustrated by inverting # 
the Chebyshev pass-band type into the attenuation band, or in § 
other words, by requiring the attenuation band to be the inverse ‘| 
of the pass-band about +/(Q,Q,). The frequency properties in 
such functions can be defined by the relations 


1 
hes Ocoee v, 


0<OX<le (Q,Q.) = Q = 1 (217) fi 


from which it follows that 


1 1 1 
Q, a On Qos i Om and Oe = OF: 


Consequently the characteristic function % (identical with ¢ for 
odd n and transformable to ¢ for even n), is defined by 
Hae OC KOT, 1 


— ()9(n) = 
1) ee 


Le: WO,)| = (b(n) ae 


(218) 


] 1 
(OD! EOL oes 


where the numbers of poles in P in this case is extended to 
m= [n]2]. 

Multiplying this function by the constant H’ does not change ~ 
its form but only its magnitude and sign, if such are associated 
with H’. The poles and zeros and frequencies of maxima and 
minima will retain the same positions, i.e. H only multiplies the 
-function; hence Fig. 6 may represent H7y?, as well as the 
discrimination D or insertion loss on a suitable chosen scale. 

Let us consider the hypothetical insertion-loss functions %, 
defined in eqns. (217), (218) and Fig. 6, and related to eqn. (82), 
in which 1/Q.,, should be replaced in the extended P-polynomial 
by Qo;, which follows from eqn. (217). We should note that, 
in the ys the absolute values of maxima and minima correspond 
to L and its inverse 1/L. The derivation of a suitable function 
corresponding to the F(Q) is perhaps most simply illustrated by 
the following approach. [The same approach can be used for the 
Chebyshev pass-band parameters of eqn. (172).] By the aid of 
Fig. 6, eqns. (82) and (218), we can form 
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[n/2] 
Q20~ TT (Q? — O2) — 12P2 


Die TD pa s=1 
pb L p2 
1 220 TT (O? — 03) — Pap? 
and fp? pe a a 


where the P-polynomial is similar to that in eqn. (79), namely 


(n/2)} 
P= Tl (203, —1) 


s=1 


Inspection of Fig. 6 reveals that the expression (220) must have 
zeros when the function is tangential to the levels L? and L~?, 
he, at +0. and +Q,;, and also where it cuts these levels, i.e. 
at the extremal frequencies +0, and +Q, (in Fig. 6 only 
positive frequencies are shown). It is obvious that these fre- 
quencies are the zeros of (p* — L?) and (4? — L>?) in the 
positive- as well as in the negative Q-range. It must also be 
observed that the even 7/?-function is tangential to the levels L? 
and L~? at the origin and at infinity. These last conditions 
imply some necessity of transformation for resistive termination. 

Considering all these properties in Fig. 6, it is clear that 
eqn. (220) can be written as 


(4, Q2)°(Q2 — OF) TT (Q? — Qa, 
s=1 3 
Pp? ; 


Me S 1S) 
2 


| 


(221) 


where /, is a real constant (this constant is of no immediate 
importance), and 


Ase Q? ae ()?) Il (Q? 7 O37 
s=l1 


yp? jE=2 = ae = eae 


s (222) 


where fA, is a real constant similar to 4,. A very important 
| equation can be obtained by muitiplying eqns. (221) and (222): 


( - PyP - 1-4) = | 
(hyh,Q?)e OQ? — 02) Q? — 032) TO? — 02)? — O3,,)? 
Seek : : 


Pt 
(223) 


The relation is self-evident, following from the properties of the 

functions illustrated in Fig. 6, extended to arbitrary n. Let us 

consider now the derivative of the functions ys defined in eqn. (219). 

For our purposes it is only necessary to consider the highest 

power of the variable Q, which will reveal sufficient information. 
The derivative will take the form 


{n/2 Dene) z an), Oyen O4Y oe 
dys = a Qo) it Q Q =) = Ag (h3Q) ie sis ) 
dQ Q Sey EOL a aay P2 


(224) 


where /; and hy are real constants. 

Let us now inspect the derivative and its relation to Fig. 6. 
Fhe derivative is zero where yf is tangential to the levels +L 
-and +L~!, which follows from the fundamental properties of 
‘the derivative. The points at which these zeros occur are at 
1, and Q,,,, and for an even function also at zero and at 
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infinite frequency. We can thus write eqn. (224) in the factorized 
form 


Agr Q"O TQ? — 02,1? — 02.) 
s=1 


d 
es xk 95095) 


dQ, p2 


By inspection of eqns. (223) and (225), eqn. (223) can be expressed 
in terms of a derivative dys/dQ given in eqn. (225); ice. 


(P — Ly? — L-) 
= (hylnhy 2eOhz 22M OQ? — 020? — on(4 ~ . (226) 


defining the constants as 
Hibs = c- and he ce rr a 


In general we can express eqn. (226) as 
7 a dis \? 
(lee 2 i) 2(()2 — (2 2 — Q2 
(yf Yep y= of(Q? — O20 O7/( 5) _ (228) 


from which we can form the most important relations for further 
analysis defined by the differential equation 


; sti Coons dQ 
VIG? — PY — Ly V[(Q? — Q3)(Q2 — OD] 


The problem remains to find a suitable solution that will 
satisfy this differential equation for a prescribed specification. 
To investigate more closely the differential equation (229), it is 
expedient to use a conventional substitution leading to a con- 
ventional form. Let us then define 


Q ip 


(229) 


O, eae ATIO ila y (230) 
recalling that Q,0Q,, = 1. Thus, as 0,/Q, = kg = k, 
1 1 
(Oy see, See 
Own 


We can now express eqn. (229) (considering only the positive 
sign) in the conventional form 


Ei dx Cocny AY du 


i ee Deh Avil OGD LL ISENP (231) 
V[d — x0 —kx)] V[d — y= Ly] 


where Coon = Lee |Qy. 
The differential equation (231) is recognizable as consisting of 
elliptic integrands of the first kind with elliptic moduli k and L?’, 
and it may be expected that the solution satisfying the differential 
equation will be one involving elliptic functions. (Thus further 
information leading to the solution of this equation should be 
gathered from the theory of elliptic functions, of which we shall 
only mention the essentials concerning our problem here.) 
Further important information may be obtained by integrating 
eqn. (229) or (231) between the limits O< Q< oO and 
—oo < y%< 0. It should be observed that, as Q changes 
between zero and oF and x changes between x = 0 and x = l, 
within the same frequency limit, the ¢s- or y-function oscillates 
n times between % = + L and hence between y= + 1, which 
necessitates the integration between y = 0 and y = 1, n times. 
As integration between zero and unity yields the complete 
elliptic integral of the corresponding modulus, we have 
=K. 


= K(k) (232) 


f PO Bai COUR 
> VIG — x90 — k2x?)] 
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where k is the modulus and K denotes the complete elliptic 
integral. Similarly 


f ee: ; 
» VIG —»d — YL] 


at NCeny K(L*); RU) == Kr, 
(233) 


NCe(n) 


As both integrals define the same function within the same 
limits, we obtain the relation 


Ke NACo ny Ky ; (234) 


This gives important relations between the bandwidth ratio and 
band-pass level (e.g. between k, c.q, n and L); and owing to the 
reciprocal character of the function, they also provide informa- 
tion about the attenuation band [i.e. replacing x by 1/kz, it can 
be shown that eqn. (232) integrated between 1/k and © also 
gives K]. To obtain further information in the remaining 
transition zone (i.e. between OF and Q,), it should be observed 
that 


OO = OF 


: _ and eau ae 
l<x< I/k f 


I<y<1P 
It is then necessary to integrate eqn. (231) within these limits: 
; j [2 dy 
PO) Jd — A= L4] 
(235) 


Integration within the indicated limits can be achieved easily if 
we perform the usual mathematical substitutions. Defining the 
quantities 


sy dx 


J, V/[a — x20 — xk?)] 


kK =J/—-), (YY =V1-1). . 36 
which are referred to as the complementary modulus to k and L?, 
expressing x and y by a substitution of the form 
xl eea/ = 2k) andy! =4/[1 = 271 = 1%] 


and changing the limits of integration of eqn. (235) according 
tOmthewNewWs Variables z= related= by .— I — Onand 7 — 
Uk=2z=1-and also y=1 =z =0 and y=1/7]2= 
then eqn. (235) reverts to the familiar form 


f : dz 2 I : dz 
evi =29G = 2k J, Vi 22h 
: (237) 
This yields complete elliptic integrals of complementary moduli 
k’ and »/(1 — L*), and hence 
Kie Cony Kr (238) 


where K’ = K(k’) and Ky = K[,/(1 — L*)]. Combining eqns. 
(238) and (234), another important relation between k, n, and L 
is obtained: 


K_ Ki 
K ao nKy, 
These quantities are very well-defined in the theory of elliptic 


functions by the modular function g (Jacobi’s nome) in terms of 
the modulus given by 


q = ak) = e7KIK 


(239) 


_k ky? ky4 ky 6 : 
ES ar ‘e 2(3) 4 15(3) ! 150(3 ee il (240) 
while q(L?) = gy = exp (—7K;/K;) (241) 
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It can be clearly seen that g and q, are related by the number a 
in the following way: 


gu = exp (—7K;/Ky) = exp (— mnK’/K) = q" . (242) 


Up to this point we have been gathering the information provided 
by specifications. To find the pass-band and attenuation-band 
parameters, we still have to solve the differential equation (229). 
The mathematics and notation in the following analysis will 
mostly concern a special type of elliptic function, more details 
of which the reader can find in any elementary treatise on the 
subject. In our investigation we shall limit our discussion to the 
use of the Jacobian elliptic functions and their transformations. 


(9.1.1) Solution of Differential Equation (231). 

Solving the differential equation (231) amounts to finding that 
function* u that will satisfy the differential equation simul- 
taneously. This may be obtained most simply by integrating 
eqn. (231) between arbitrary limits. Integrating the eqn. (231)- 
function of modulus k we obtain 


iy dt 
o V{1C — 2) — 77k?)| 


Using the conventional notation of Jacobian elliptic functions, 
the inverse function x can be defined by x = sn(u,k). Since 


= u(t, k)|o = u(x,k) . (243) 


Q. = Vk sn (u, k) (244) 


The values of u which would correspond to zeros of the charac- | 
teristic 7s-function will be denoted by ug,, and hence the zeros of | 
the characteristic function will be defined by 


Qos = V/k sn (uos, k) . (245) 
The values up, are not yet determined, and before they can § 
be obtained we must find a solution for y or % from which, } 
when expressed in terms of the frequency-variable Q, the zeros 7} 
QQ; can be determined. The solution of eqn. (231) containing 
the y-function is not so straightforward because, as may be 
observed, the zeros are differently distributed for even and for 


odd n. However, integration of that part corresponding to & 
reveals that 


ic dt 
e(n) vale! rar ry = PLA)| 


ee _ o(n) e(n) 
= ont L?)| 2) = rly ry == mee BN 
L? 
= eS — e(n)K, (246) | 
e(n) a 
hence i ‘ a ee eS + e(n)K; (247) 
0 V/[A a t?)(1 —— fed Bs) Cen) os | 


and the y-function is given by 


y=sn E 5 + e(n)Ky, 2| (248) 


from which w= DT sn | = (249) | 


= e(n)K_, 2 . . * 
Cen) 

* sn (u, k) for real values of w has a similar character to a circular sine, except 
that its period is 4K, while that of the circular function is 4(7/2). In asnu-function — 
the zeros on the real axis occur at 0, 2K, 4K... 2sK, while the analogous zeros in the 
circular sines occur at 0, 2(1/2), 4(77/2) . . . 2s(77/2). For real values of u, sn u varies, 
between +1 at K, 3K; a circular sine has similar maxima and minima at (n/2) + 
3(7/2) .... For imaginary values of u, however, sn u is also periodic, having zeros — 
on the imaginary axis at 2sK’ and poles at (2s — 1)K’; whereas a circular sine is 
continuous for all finite values of u. 
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As the constant ¢,(,, = K/nK,, eqn. (249) can be expressed 


w= Ly = Lsn 1 a aon | p| 


However, neither of the formulae (248) or (249) reveals its zeros 
directly, except perhaps the trivial zero for odd n. To obtain a 
more suitable form, from which the positions of the zeros on 
the frequency axis can be determined, it is necessary to express 
the yp or y-function in terms of the frequency x or Q, i.e. to 
transform the y-function of modulus L? into a corresponding 
function of modulus k. Such a transformation of functions of 
one modulus of that of another, related modulus is called a 
modular transformation. Cayley gives the whole theory of 
such and similar transformations in his treatise on elliptic 
functions.*4 Unfortunately, Cayley only discusses odd functions 
in detail, and for these he gives ready formulae in art. 372 of 
his book. However, the general transformation seems to take 
the form 


(250) 


oe Es Uu 2 
Ep sn Sargasso 


n S=[n/2] 
= (—yeat Il sn {fl — e(n)dps]u + Ups kt 


s=—[n/2] 
(251) 
SK e(n) 
where Ujs = Ts 2 + 1s] [(n + 1)d95 —— 1] 
for sl nf2he b> ete tee) etn) 


The transformation can be illustrated by the following graphical 
exercise. The contour (or relief) of sn (such as illustrated in 
Jahnke and Emde ‘Tables of Functions’, page 92) is considered. 
For simplicity let us assume that Cen) 1S made unity, so that 
K, = K/nand K; = K’ and K; is an integral part of K. Then it 
can be seen that the general pattern of sn (u, L) or sn (u + Ky, L?) 
can be reproduced exactly by shifting sn (uv, k) along the real 
axis m times, from the origin in the case of odd n and from the 
distance K/n from the origin in the case of even n. 

Further transformations are simple. Making use of formulae 


snK=1, sn(u+ K) =sn(K — yn) 
and sn (u + v) sn (u — v) = (sn? u — sn? v)/(1 — k? sn? u sn? v) 


noting that uwog reduces to e(m)K, the transformation (251) can 
be expressed as 


n [n/2] 
a: (— yma (sn u, kK)? IT sn (u + ugs, kK) sn (u — ups, k) 
s=1 


1 (21 k sn? (u, kK) — k sn (us, k) 
es o(n) > SS? 
pe Oe Ne Dae) = 1 
and the corresponding argument wo, is defined from eqn. (251) 
in a simpler form by 


(252) 


- 2s — en) 
n 


Ugs (253) 


for s = e(n), 1, 2, 3,.. . [n/2]. ~ 
As follows from eqn. (252), the characteristic function (and 


iis zeros and poles) is given by 


[n/2] Q2 a3 Q2 
= — Qo(n) eS ay 
eS See a, 


Q =V/ksn (u,b) . (254) 


» here 
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thus ~Qoo= 5 = V/k sn (us, K) = Vk sn Bathe k| 


s=e(n), 1, 2, 3,..% [n/2] 


The frequency of the maxima in the pass-band Q,, and the 
minima (2,,, in the attenuation band, are given by 


Oe eee /k sn (uns, k) = /k sn ae k| . (255) 
Qus _ 


San O(71) lee een 


[It may be noted in Fig. 6 and eqns. (251) and (252), that the 
maxima are situated (—1)"K/n apart from the corresponding 
zeros.] The level L being given by 
[n/2] ~ IES == Il [n/2} 5 
L =+/k* II sn (eae K, i) = Sk IT [en Q3, + on) Q2,,] 
s=1 s=1 


(256) 


(9.1.2) Relations between Insertion Loss, Discrimination and the Hypo- 
thetical Filter Functions. 

Up to now, we have completely defined the pass and 
attenuation band of hypothetical characteristic y-functions, and 
all their parameters; however, complete solution of the problem 
requires determination of the roots of the discrimination function 
and a proper relation to voltage and power ratio, from which the 
polynomials A and B can be evaluated in the usual manner, 
and proper impedances and ladder coefficients found, as described 
in the general theory. The discrimination function can be 
formed according to the general theory, provided there exists a 
suitable transformation T,,n) from ys to ¢. It may be observed 
in Fig. 6 that one such odd transformation results in % being 
always identical with ¢ (this we have named the identical trans- 
formation). However, for even n, other transformations apart 
from the identical one must exist if the prescribed insertion-loss 
ladder network with resistive termination is to be realizable by 
reactive elements, implying infinite insertion loss at infinite 
frequency. It was shown in Section 5.4 that a bilinear trans- 
formation of the frequency variable gives some satisfactory 
results. Hence the discrimination function can be written as 


|B(p)|? = 1 + Hg? = 1 + Tey? 


Uu 


=1 4+ U»,H?2Lsn? + e(n)K,, L? (257) 
(e) 


Ce(n) 
where one ©, = 1, and Tem) exists. It can also be shown 
that existence of transformations €,,,, permits us to state the 
discrimination levels Da, = D, and Dys = D, as if Tey = 1; 


we shall assume this for further investigations. Thus, for 
Ten) = 1 and T) = 1, we have 
E@)2.cxo0<ca<o,=1+H7L. (258) 


The attenuation band can be analysed as the reciprocal of the 
pass band, which was postulated in eqn. (219). Making use of 
transformation such as sn (u, k) = 1/[k sn (u + jK’, k)] we can 
express eqn. (257) explicitly for Ce~m = 1 in the suppression 
range : 


af HL? 
|[E(p)|? = 1 + 


(259) 
I*sn? {re “+ Ser + iK | pi 
K n J 


1 
/k sn (u + jK’, k) 


Thus, for real values of (uv + jK’) and neighbouring complex 


where QO 
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values, sn (u + jK’, L*) varies between +1 for small L, which 
is the case of an ordinary filter with small variations within the 
pass band. From eqn. (259) it follows that minimum discrimina- 
tion within the suppression band is given by 


= s _ HH? 
[S(p)|2,na>o, = 1+ 7D (260) 
and, as follows from eqns. (65), (66), (258) and (260), 
ee ] 
Dy, = 10 log (1 +4 a) dB, 
H2 
thus 7 = 102Pa/10 — | 5 ; : (261) 
Das = D, = 10 log (1 + HL?) dB 
thus HI? = 10P 910. _ fj J 


The relations between the discrimination levels D,, Da, the 
level L and the constant H are given by 


2 i in 2 D,/10 Dal10 
L? = af (epg). H? = viCoPel® — 1aoPete — 1] 
(262) 


Since L is usually very small, it follows from the definition of g 
given in eqns. (240) to (242) that g” = q, ~ L*/16 and hence 
that nlogg ~ log (Z4/16). From this relation very useful 
formulae concerning the discrimination D, and D, and the 
number of branches can be derived, e.g. 


D, = 10flog (1072!!° — 1) — nlog qa — 1:2] dB (263) 
where gq) is found either from tables or from eqn. (240) for 
known k. [Egqn. (263) is given also in graphical form in Fig. 2(c), 
for n = 3, 4, 5, 6 and 7.] 


(9.1.3) Determination of Root Parameters of the Discrimination Func- 
tion and hence of the Power and Voltage Ratio. 

The advantage of the Chebyshev pass-band and the attenuation- 
band parameters lies not only in the superior insertion-loss 
characteristic function, but also in the mathematical form, which 
permits of fairly automatic extraction of the roots for the power 
or voltage ratio. The roots are obtained by a general scheme, 
from equating the |&(p)|?-function to zero. Thus for Tem = 1, 


ts 4 o(n)Ky, B| =0:. (264) 


[S(p)|? = 1 + H2Z? sn? [ 
Ce(n) 


where py, = + j/k sn (uy,, k) for s = e(m), 1, 2, . . . [n/2]. 


The complex roots of the power ratio or the discrimination 
function must be somewhat related to the roots of the charac- 
teristic function, and it is therefore logical to define Wee in 
complex conjugate form as : 

U+s5 = Uds oe Jen) (265) 
where u,(,) is some real constant which must be determined in 
such a way as to satisfy the physical conditions for the roots for 
even or odd n. Replacing wu, by [up, + JU] in eqn. (264), it 
can be observed that the argument takes the form 


Uu, R u 
—* + e(n)K, + j-—@ 
Con) Ce(n) 
4 2s — e(n 
Since Ce(n) = aK and uo, = cael K 


the argument becomes 


us 
<*) + e(n)Ky = 2sKy +7 
Co(n) e(n) 


Noting that 
sn (v + 2sK) = (—1)’ snv and sn (jv, k) = j tn Gy, k’) 
we have 


|\E(p)|? = 0 = 1 + HZ? sn? kee 2| 


e(n) 


From which it follows that 


= 1 — H?L? tn? ee / — L4| . (266) 
Cen) 
1 Ue(n) 4 | 
ine AnVAG iy & 
bathe é [we vi ) 


‘ 1 
Ye(n) le i 
a |. se | AGES SDs tlie) 
One of the methods of determining 4(,,) will be illustrated in 
the following analysis. The inverse function Us| Cecny is defined, 


according to the theory of elliptic functions, by the expression 
(267), from which 


1/0 +21?) 


Thus (267) 


Ucn) “6 dt 
Ce(n) Ad =H = C= 1)7} 
0 


1]/(.+ HL?) 


i dt ses 
eee 
oe? etl sy 
wt Py/(1 + =) 


Inspection of the term under the square root in the integral 
reveals that 

4,2 4/2 2 

rae KS uaa = = ~ 1[Q—Dal/10 

1—7 Lo Plat VA+HeL) H? 


(268) 


since D, is usually large, say 20 or more decibels, this term is 
considerably smaller than unity, and the square root can be 
expanded and approximate integration performed retaining, say, 
three terms, so that 

LA? 3 EL 


L422 \-1/2 
I = Sas = 
( i 2) 21 — 77) ' 8a — #) 


where O(L'?) is the order of the neglected terms. Approximate 
integration gives the following formula: 


E 1 
Loy = (1 = a) are tanh lsat | 


JV He) 3b eee) 
4H? 32H2 


+ OL) 


(269) 


[Observe that arc tanh 1/,/(1 + H?L?) = arc sinh 1/HL.] 


For practical purposes, for small D,, this can be approximated 
further 


1 _ DPV + HL 
eres 1 a 


1 
is l= 
are sinh s 


l2 


Ten are tanh) 


Dee i 


2 


(270) | 
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Since (271) 


Un) =a Cony lecn) a KI ¢n)[nKy 
and for small L, K; ~ $n(1 + L4/4) or, approximating still 
further, Ky ~ 47 giving 


2KI(n) 


ni 


De (272) 

We have thus determined the constant Uecnys at least approxi- 
mately in term of known quantities such as H, L, K and n. 
[uecny can be determined by several other methods derivable from 
eqn. (267).] Once this constant is calculated the roots of the 
discrimination function and hence of the power and voltage 
ratio can be determined. 

Noting that 


Onur fSeg = IN h-SIt ty s'k) 
ie Vk sn (wos ae Jeans k) 


and making use of the addition formulae for sn u of complex 
argument, given by 


Drs a 
(273) 


sn (Ups ae jUenys k) a 

dn (uccnys k’) 

cn2(uecny, k’) 
1 — k? sn? (ugs, k) tn? (gy, kK’) 


sn (Uys, K) + j tn [Ug k’] on (gs, K) dn (os, K) 


(274) 
Defining the quantities occurring in these formulae by 
Pecny == Vk tn [uccnys kel 


ieee aes een 
* =V/[l+ Rok +k“! + Boy)] . 275 
en? (ue¢ny, K’) VILL + Beale + 2] - @75) 


Wen aa 


and in general 
cd, = cn (u,, k) dn (u,, k) = y/[I 


the general expression for the root parameters of the discrimina- 
tion function, the voltage-ratio function or power ratio are 
given, from eqns. (273) to (275), as 


OG ~k-*? — OD) 


ey eC Poemedos + jQ0s Ween 
are ee 


P+s5 = 
Hence 


276) 
a PonyV [1 ( 


O%( + ko! 
1+ Py Q2, sali 
fons — e(n), 1,2)... [n/2]. 


Q5;)] ‘ b Be Ren) ai ore 
1 + Rn OB, 


The real root for odd x is obtained for s = 0, i.e. Qo = 0 and 
oy = po = Vo 


The prescribed insertion-loss voltage ratio in terms of given 
root parameters takes the general form of 


{n/2] 2 2 
py + 2a,p 4 2) 
H | () {] 
Taco] Ve (4 ao)” : ( pr. a= il | 


i (277) 


Note that kp =Q,/Qu = B,/Ba< 1, for low-pass and band-pass, 
‘while for high-pass and band-stop kp, = B,/B,<1. The 
/pormalizing constant for all the cases is defined by fz = 
4, (B,B,)/Qz, where we assumed Og = V(Q,Q) = 1. 

For a symmetrical filter there is always one transformation 
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such that €,(2);1) = 1. Once the parameters of the insertion- 
loss voltage ratio are known, the design impedance function, and 
hence the ladder coefficients can be evaluated in the usual way. 
It may be observed that A’ or B’ for basic networks are obtained 
from 


[u/2] 
e(nA’ + on) B’ = Toml/ ner’ UW (p? + 03,)] 
s=1 


while the sign of H’ is determined as described in the general 
theory. The actual inverse-impedance network with a prescribed 
response for equal or unequal terminations is treated in Section 
5.4, where two suitable Mobius transformations of the frequency 
variable are included. It may be added that @, = 1 leads toa 
hypothetical filter, realization of which implies some sort of 
physical transformation; the response of such a filter will no 
longer be that prescribed for the hypothetical filter. The con- 
ventional band-pass characteristic insertion-loss function (which 
may be of interest for construction of special filters), defined by, 


say, d, can be readily formed from any low-pass ¢-function by 
frequency transformation. This is, in general, given by 


He — Tem AY) |=) pp i (278) 


where Q = (O)gp = on(7 ) * o0(* = 3 
and fe) =F and Q, ~2 


[see also eqn. (11)] and for eqn. (82) Hg will take the form 


[1/2] w wv v v 
I (QQ? — 06, 1+ (Q? — 08,2) 


— ~ 


ag - (= a Bee 


& m wv v v 4 
Q CPO TT OP? ~ Qos, NOP = 92.5.2) 
ta 
(279) 
7 : e's m 
where Hea HOge ee We O23 
pas 
where also 2,5, 102,5,2) ae 


and the particular frequencies Q,., must satisfy the relations 
0< Gee < Qa =< Qi < Qo. <1< Qos, 
= ‘p2 ae Qa aa 05,2 < 0 


Any one of these or other wanted frequencies can be computed 
by means of known low-pass normalized frequencies Q,, the 
mid-band frequency fp and the normalizing constant fg. Thus 


Ose Ee iak = [1 ie ( Bay 4 rn 
os fo 202 20z 
Hence, for given normalized low-pass frequency, i.e. 
AD =e Rayos pe Ons Ont Ont ese) 
the corresponding band-pass frequencies 
fe,1,0= Sos, 1,25 So1,23 Sa1,23 feos,1,25 fns,1,23 fus,1,23 fs,1,2) 


can be computed and the model function Hd readily formed. 

Similarly, the band-stop conventional function can be modelled 

from which another unconventional filter can be formed. The 

problem of more general band-pass, band-stop networks can 

also be solved by application of special frequency transforma- 

tions such as Q = (aw? + b)/(cw? + d) into eqn. (278).3 The 
10 
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realization procedure for these and other unconventional band- 
pass networks is not so straightforward as those given in this 


paper. 


(9.2) Derivation of General Ladder Coefficients 


To demonstrate the way in which formulae for ladder 
coefficients can be obtained, consider an appropriate impedance 
Zy or admittance Yy = 1/Zy. This may be any one design 
impedance given in eqn. (32). Expanding such a normalized 
impedance or admittance into continued fractions, one obtains 
the following relation: 


zZ 
ae or YnRr) 


(i ko cide 


(281) 


in which ¢, =1/02,, and particularly ( = 1/025 =0. 
Dividing eqn. (281) by p, and for further convenience replacing 
p* in the even function and in the continued-fractions expansion 
by —1/¢, the F(Q) function is obtained, given by 


Is 
ree AL 


a) 
pRr Pp 


[PINE 
ad an 
fis 1 
43 ‘4 a4 1 
G > C as =p siege 
(282) 


(These continued-fractions expansions serve here only to derive 
the ladder coefficients for the ladders, e.g. in Fig. 2.) 
Obviously, when € = ¢,, the denominator in the continued- 
fractions expansion is infinite and 
a, =F). (283) 


The next ladder coefficient, a,, can be obtained by dividing 
eqn. (282) by (¢, — 4) and transferring a,/(¢, — © to the left 


side of the equation. Thus 
FAC ee 1 
eens 1 
ax = a3 | 1 
6-6 afl, — 9 1 
Ca G3 DG 
a = c lie ce! 67 co 

(284) 

Thus, again, vat Be AGN, . (285) 


a2 Citra’ 


using now the notation given in eqn. (61), a, can be defined in 
terms of %, 


C=t1 


a = —1/H,, (286) 
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To determine the coefficients beyond a, we write 


(287) 


F(Q =a3+ 


a4 1 
Bee Onc 


Pee! 


and these ladder coefficients are found in exactly the same 
manner as a, and a>, namely 


ey (288) 
paws 6 | Soaeare ie 


It is now only necessary to express F (Q in terms of known 
quantities F(¢) and #,. From inspection of eqns. (282) and 


(289), F(O can be written as 
Bae [FO a ay\(Cy a) a 
FO) 7 Foal? O aa 


Rearranging this expression and using the notation H,, defined 
in eqn. (61) we obtain 


(290) | 


ae F (ly) — F(G) 


Fb) ya (Z, mF Wes 
a, a & ro bi 
a HH | 
(f We se (291) 
ei ae 
F (C) wm 3|G—G> 


This undetermined quantity can be evaluated by de I’H6pital’s 
rule; thus 


Jka — 9 
. da Oe Sal 
dl bi = 6 =a (Aa) Z (=o 
_ AG = $= af FO - a] 


(Ge ae + afF(f) — a? 


es Se 
KH (HH. — Hs) 


Proceeding in the manner illustrated by a,, a) and a3, a4, after 
considerable manipulation with known quantities and the 
reduced network functions, one can evaluate, step by step, 
further ladder coefficients in terms of %, and €,. 

The actual problem is to find the law by which %, and ¢, }} 
determine these ladder coefficients in general. This problem is 
already solved by Darlington.» Here we shall demonstrate | 
some aspects of this solution. 

Writing expressions for, say, a7, a, ds, etc., in terms of & 
and #,, as found by a step-by-step method, we can readily 
detect the characteristic relation 


(292) & 
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KH yyH UW 
=F) =, — 4 =  — TF 
Ze 
Bete. 255 = Uy = 1; Wo = Hy, -2) and 77 =V, =1 
1 
—1 —S2 
ay Bo Ul, where 4, =%, 
Ke, UW, 
a; = (C, — OF ee an WH, = (¢, eye 3 
where Hy =W, and Vn =H, — Hy, 
= MH? _ = 3. 
6° LH — HD) UT,’ 
where Uy =H Hy, — 433, 
fe UH Hy, — H yA) UW. 
as = (# l>) TU, iis Ws mn A) (f3 (ey) ee > 
where A, = 44); — H 3H r, 
2 — I} 
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This holds true down to a3. 
down to a;, one can write 


Procuring an artificial consistency 
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aC, ty Muha = Has + Hey 
g pe VU, —W; + As) 
mar =(f, — f3) AR > 
where Ay = —{%4)[% (a. — Hy) + LyX — Hr3)] 
+ #y[H3{4 1 — #2) + #1 x(Ao3 — #3) 


+ HylAy(4, — 411) + Ai x(Hy2 — H np) 
Rage) 
isi OAs 
UW, 
Azs44 = (Cs Jaaaa— 
pest = (Goes ie 
sad 
42(841) = UUs s4 


The actual solution, i.e. general form of W,, /% and W,, implies 
a knowledge of how to express the sum of products in a fairly 
concise and a logical form. Once this stage is achieved, even if 
only formulated up to ag, ds, a4, etc., the general law and the 
formulae can be induced. The determinant forms of Y,, V, 
and W, are given in eqn. (64). 
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THE EFFECT OF THE GROUND CONSTANTS, AND OF AN EARTH SYSTEM, ON 
THE PERFORMANCE OF A VERTICAL MEDIUM-WAVE AERIAL 


By G. D. MONTEATH, B.Sc., A.Inst.P., Associate Member. 


(The paper was first received 15th June, and in revised form 12th October, 1957. It was published as an YNSTITUTION MONOGRAPH in January 1958.) # 


SUMMARY 


The compensation theorem is used to determine the effect of finite 
ground conductivity, and of an earth system, on the performance 
of a vertical aerial, such as is used for medium-frequency broad- 
casting. The characteristics affected are the input impedance, the 
ground-wave field strength for a given aerial current and the vertical 
radiation pattern. The first two of these together determine the 
efficiency, which is the most important consideration in the design of 
earth systems. When the effective height of the aerial exceeds 0-1, 
little can be gained by the use of an earth system exceeding 0:2) in 
radius when the ground is highly conducting and 0-3 or 0-4, when it is 
poorly conducting. The effect of the earth system on the vertical 
radiation pattern is shown to be unimportant practically, but results 
are given for one case in order to compare with experimental radiation 
patterns. The agreement is quite good. 


LIST OF PRINCIPAL SYMBOLS 


A = Terminals of the aerial under investigation. 

B =A second pair of terminals. 

F 4, = Ground-wave attenuation factor between A 
and B. 

f = Complex height-gain factor. 

G = Ratio in which the ground-wave field for a 
given aerial current is changed by the 
presence of the earth system. 

H,, H4, Ho4 = Tangential magnetic field due to unit current 
into terminals A when surface impedance is 
7, 7’, and 0, amp/m. 

Hz, Hz = Tangential magnetic field due to unit current 

into terminals B when surface impedance is 
7 and 7’, amp/m. 

Ig = Hog/27r = Total surface current at radius r when surface 
impedance is zero, amp. 

J, = Bessel function of the first kind and the first 

order. 
= Radial distance from base of aerial, m. 
ro = Radius of earth system, m. 
R’, Ro = Input resistance of aerial when surface impe- 
dance is 7’ and 0, ohms. 
Z’, Zo) = Input impedance of aerial when surface impe- 
dance is 7’ and 0, ohms. 
Z4p, Zag = Mutual impedance between A and B when 
surface impedance is 7 and 7’, ohms. 
z, = Height of centroid of aerial, m. 
« = Angular height of top of vertical aerial, 
rad. 
= 27)/X. 
- Intrinsic propagation coefficient of the ground. 
= Surface impedance in simple system whose 
properties are known, ohms. 
= Surface impedance in a more complex system 
under investigation, ohms. 
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Ng = Intrinsic impedance or surface impedance of } 
the ground, ohms. 
Nw = Surface impedance of radial-wire earth system, 
ohms. 
Np = Parallel combination of yn, and ,, ohms. 
No = Intrinsic impedance of free space, ohms. 
§ = Angle to the vertical, rad. 
6) = Value of 8 for minimum radiation, rad. 
€) = Permittivity of free space, farads/m. 
€ = €,€y) = Complex permittivity of the ground, farads/m. 
A = Wavelength in free space, m. 
[ig = Permeability of free space, henrys/m. 
€ = Efficiency, as defined in Section 6.1. 
p = Br = Angular distance from the base of the aerial, 
rad. 
po = Angular radius of earth system, rad. 
o = Conductivity of the ground, mhos/m. 
ws, 9 = Angular distances defined in Fig. 5, rad. 
Ei = Exponential integral, defined in eqn. (12). 


(1) INTRODUCTION 


This paper is concerned with vertical aerials* for medium- 
wave broadcasting, of which the simplest is a vertical mast- | 
radiator, usuaily driven between its. base and earth. Where 
fading is important, the effective height!» is usually about 4A, 
since this gives the optimum vertical radiation pattern; but a 
slightly smaller physical height may be made to give the same 
result by the addition of top capacitance, by series loading | 
or by a combination of these methods. The adverse effect of 
feed current on the vertical radiation pattern may be avoided by 
loop feeding, i.e. by inserting an insulator near the current 
antinode and energizing it at that point while the base is earthed | 
through a reactance.?_ Double feeding,” in which a power higher 
than that radiated is supplied at the current antinode, the excess | 
being recovered at the base, may be used to overcome the effect — 
of imperfect reflection at the ground. Where fading is not | 
important the principal consideration affecting the height is the | 
efficiency, since the radiation resistance of a very short aerial 
may be comparable with the resistance associated with losses. 
It is therefore usual to increase the radiation resistance of a 
short aerial by adding a considerable amount of top capacitance, 
so that the aerial takes the form of a T. 

If the ground were a perfect conductor, its influence could 
readily be determined by the method of images, but each of the 
principal characteristics of the aerial is influenced—in general, | 
for the worse—by the fact that the ground conductivity is 
imperfect. These effects may be mitigated to varying extents | 
by the use of an earth system, which effectively improves the | 
conductivity in the area it covers. 

Both the resistance and reactance of an aerial will be 
affected by the ground constants and earth system, but the resis- 
tance is the more important component, since it determines the 


. * 4g . . 
* In the paper the term ‘vertical aerial’ will be restricted to aerials in which the f 
lower end is at ground level. 
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power required to maintain a given current. The attenuation of 
the ground wave depends on the ground constants over an area 
including the entire path of propagation, but the regions near the 
transmitter and receiver are of particular importance.4 It there- 
fore seems reasonable to expect that an extensive earth systern 
could cause an appreciable reduction in the attenuation, even 
though the proportion of the path it occupies is small. 

The vertical radiation pattern,” which determines the degree of 
fading caused by reflection at the ionosphere, is adversely affected 
by imperfect ground conductivity. A mast radiator with an effec- 
tive height greater than 0-5A has a vertical radiation pattern 
with a minimum at an angle depending on the height. Imperfect 
conductivity results in a reduction in the reflection coefficient at 
the ground, and the minimum field is thereby increased. It has 
commonly been supposed that the installation of an earth system 
about 4A in radius would result in a radiation pattern substantially 
the same as that corresponding to a perfectly conducting earth, 
but this belief has proved unfounded. 

Until recently, little has been published on earth systems, and 
several of the early theoretical papers, which are reviewed in 
Sections 4.1 and 6.3, appear to be erroneous, probably because 
of the complexity of the methods of analysis used. However, 
a preceding paper* outlined an extension of the compensation 
theorem to 3-dimensional systems and proposed its application 
to the problems under consideration. The comparative simplicity 
of this method enables the physical significance of approximations 
5 be appreciated so that their validity can be assessed. One of 
the results enables the change in the mutual impedance between 
two aerials, or in the self-impedance of one aerial, due to a 
change in surface impedance, to be expressed as a surface integral. 
This work has provided a basis for investigations carried out by 
Wait, Surtees and Pope,®® and by the author respectively. 
Wait, Surtees and Pope have shown that it is possible to derive 
some individual results from the wave equation, but their deriva- 
tions are less simple. Although some of the expressions derived 
below have already been published, there appears to be scope for 
a more unified treatment of earth systems. Moreover, the 
validity of the approximations used requires more discussion than 
it has hitherto received, while the physical significance of some 
aspects of the results requires explanation. 

The input impedance and the ground-wave field for a given 
input current are considered separately in Sections 4 and 5, and 
the results are combined to obtain the efficiency in Section 6. 
The effect of the earth system on the vertical radiation pattern 
is discussed in Section 7. Some numerical results are given 
for illustration, but to save space only one frequency, 1 Mc/s, 
will be considered. 

Rationalized M.K.S. units will be used, and the time factor, 
eJ!, will be suppressed. 


(2) BOUNDARY CONDITIONS 


(2.1) General 


In order to determine the characteristics of an aerial above 
an imperfectly conducting surface partly covered by an earth 
system, use is made of the concept of surface impedance. ‘This 
is an approximate procedure, analogous to the use of circuit 
impedance in the analysis of networks. The application of 
surface impedance to the ground was considered briefly in 
‘Keference 5, but further discussion of the validity of this 
procedure is required, particularly in the presence of an earth 
‘system. 

If the components of electric and magnetic field tangential to 
“ surface are mutually perpendicular, and if their ratio is sub- 
stentially independent of the sources, being peculiar to the 
surface, the ratio is termed the surface impedance. It is necessary 


to show that in the present problem the properties of the ground 
can be adequately described by assigning a surface impedance, 
modified locally by the presence of the earth system, to its surface. 
Consideration will be given first to the boundary condition at the 
surface of homogeneous ground, and earth systems will then be 
considered in increasing order of complexity. 

The ground may be specified in terms of its permeability, yu, 
and permittivity, €; 4s takes its free-space value, to, and € may be 
written as € = ege,, where €9 is the permittivity of free space. 
Conduction will be taken into account by assigning to ¢, an 
imaginary part, equal to —j60Ac. 

In Great Britain the conductivity usually varies between 10~3 
and 10~?mho/metre, so that at 1 Mc/s the imaginary part of e, 
lies between —j18 and —j180. The real part is not easily deter- 
mined, but for the low and high values of conductivity quoted it 
seems reasonable to assume values of 5 and 20 respectively. 

The intrinsic impedance and propagation coefficient, i.e. the 
field impedance and the propagation coefficient in the direction 
of propagation of uniform plane waves, are given by 


1p Wg Os ners eee 
y= jor/(Lo€) Sel okt et hy ep PACES (2) 


For the extreme conductivities quoted and at 1 Mc/s, the quan- 
tities considered are given in Table 1. 


Table 1 


TYPICAL GROUND CONSTANTS 


For 1 Mc/s 


| 
Ng | 26 
| ci 


ohms 

5 —j18 OST S155) 0-05 + j0-07 

20 —j180 | 20+ 718 | 0:19 + j0-21 
| 


Med | 


For uniform plane waves propagated within the ground, 4(y) 
and #(y) represent respectively the rate of phase retardation in 
radians per metre and the attenuation in nepers per metre. 

Suppose that the xy-plane represents the surface of the earth, 
and let the electric and magnetic fields have components E,, E,, 
H,, and H,, tangential to it. If all sources are above ground, 
and if H,, and H, do not vary too rapidly over the surface, there 
is a surface impedance 7,, so that* 


Ex = Nel, (3) 
Ey = — nell 5 

The standard of length by which the rate of change of H, and 

H,, over the surface is to be judged is |y|~'. 

In so far as eqns. (3) are true, the surface behaves as an impe- 
dance sheet having an impedance 7, between opposite edges of 
any square, backed by a slab of material of infinite permeability. 
H,, and H,, may be associated with components of surface current 
density flowing in the sheet, perpendicular to the tangential 
magnetic field and (using rationalized units) equal to it in magni- 
tude. The fact that the electrical properties of the ground will 
generally vary with depth may be ignored, since a surface impe- 
dance can nevertheless be assigned it, although it may not be 
equal to the intrinsic impedance of the uppermost layer. 

* In ground-wave propagation theory a more accurate approximation is often 
used; it is applicable when the fields are set up by plane waves at grazing incidence. 


The effect of this is the same as if €, were increased by unity, and is negligible in the 
present application. 
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(2.2) Perfectly Conducting Earth System 


Fig. 1(a) shows a vertical aerial with an idealized circular earth 
system, a circular cylinder of perfectly conducting metal em- 
bedded in the ground. The surface of the earth system will 


\ U4 


(a) (6) (c) 
Fig. 1.—Earth systems. 


(a) Perfectly conducting earth system. 
(b) Metal disc. 
(c) Radial-wire earth system. 


clearly exhibit zero surface impedance, since the electric field 
cannot possess a component tangential to it. It remains to show 
that the ground outside the earth system will also exhibit a surface 
impedance, equal to that which it would possess if the system 
were absent. This proposition has not been established by the 
arguments so far advanced, which were applicable only when the 
properties of the ground were uniform. A further difficulty 
arises from the fact that if the radius of the earth system is small 
the tangential magnetic field will vary rapidly from point to point 
in its neighbourhood. 

Eqns. (3) are exact if the fields within the earth correspond to 
any type of transverse electromagnetic waves travelling vertically 
downward. Let the magnetic field at a point on the surface 
whose distance from the axis is r be H; if H, which will be tan- 
gential to circles centred on the axis of symmetry, is associated 
with a radial surface current, we may write J = 27rH for the 
total surface current crossing a circle of radius r. Now the fields 
within the ground would correspond exactly to TEM waves if I 
were independent of r. It follows that the condition for the 
approximate validity of eqns. (3) is that J should vary but slowly 
as a function of r; as before, the standard of length by which 
the slowness of variation is to be judged is |y|~!. Reference to 
Table 1 shows that, even in the case of the poorly conducting 
ground, |y|~! is equal to only 10m, i.e. to 0-033A. The total 
surface current is found to vary quite slowly in this distance. 

The circular sheet-metal disc laid upon the ground, shown in 
Fig. 1(6), may be thought of as a radial-wire earth system with 
an infinite number of wires; it is a convenient arrangement for 
small-scale models (see Section 7). The sharp edge leads to a 
difficulty that did not arise with the system shown in Fig. 1(a). 
In its vicinity the tangential magnetic field and the total surface 
current must vary rapidly with the radial distance, since all field 
components must be small at points under the disc and not too 
close to the edge. An alternative view is that the radial current 
flowing in the metal sheet must leave it near the boundary and 
spread out into the ground; within the region in which the 
spreading out occurs the tangential electric field will be greater 
than it would be if the earth system were cylindrical. As a 
result, the assignment of a surface impedance to the ground 
outside the earth system will lead to an error. 

By using the dual integral equation method? to investigate the 
fields in the vicinity of the edge, it is found that, in addition to 
the surface impedance, ,, of the ground outside the earth system, 
a line impedance, s, should be assigned to the edge: this is 
given by 


aa Fey Reece ac 


Whatever the property of the aerial being studied, the error 
associated with the edge effect is equal in magnitude, but not 
in phase, to the change associated with a change of 1/2|y| in 
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the radius of the earth system. In practice, the error is negligible 
for systems exceeding 0°05, in radius. 


(2.3) Radial-Wire Systems 


Fig. 1(c) shows the type of earth system usually installed, 
comprising a number of radial wires buried a few inches below 
the surface. It will be taken into account by assigning to it a |; 
reactive surface impedance 7,, varying with the distance from 
the centre, and combining this in parallel with the surface } 
impedance of the ground. It will be assumed that the surface } 
impedance at any particular radial distance is the same as that |) 
of an infinite grating of parallel wires at the same spacing. This 
is given by the well-known formula!® 


where d is the spacing and a is the wire radius. ; | 
Eqn. (5), and its application to a radial earth system, is based } 
on the following five assumptions: 


(a) d> 27a. This is always true in practical systems. } 
(b) In a lossless medium in which the wavelength is A1, d< A4. X 
In a dissipative medium this condition may be generalized to | 
d <2n/|y|. By deriving a more accurate expression for the surface § 
impedance of a grating in the interface between two media, it is | 
found that eqn. (5) is applicable to practical systems if d < a/|y|. | 
There will be an appreciable error only when d is so large that the |) 
earth system has little effect. r 
(c) The fields must not vary too rapidly from point to point of / 
the grating. Eqn. (5) will be sufficiently accurate provided that I(7) ) 
does not vary rapidly with r, taking d as the standard of length by 
which the rate of change is judged. a 
(d) The angle between adjacent wires must be a small fraction of 
a radian. It is believed that sufficient accuracy will be obtained if | 
there are at least 36 equally spaced wires. } 
(e) Any small area of a radial earth system behaves like part of } 
an infinite grating. This will not be true near to the ends of the | 
wires, where the current must fall to zero. The ends may be thought | 
of as giving rise to reflected waves of current, which will be propa- { 
gated backwards with a propagation coefficient y. Appreciable { 
error will therefore occur only within a distance 1/@(y) of the ends. | 
The effect should usually be negligible in Great Britain, but might 
be Gas where the soil behaves substantially like a lossless - 
ielectric. 


Fig. 2 shows the surface reactance of the earth system as a 
function of the wire radius and the spacing, both expressed in 
wavelengths. The wire radius is not important, and corrosion 
is normally the major consideration in specifying it. Fig. 3 
shows the surface impedance of the combination of the earth 
system and the surface of the ground in parallel, assuming a 
frequency of 1 Mc/s and No. 12 s.w.g. wires. 


(3) METHOD OF ANALYSIS 


(3.1) Basie Formula 


The problem is to determine the effect of a finite surface 
impedance 7’, in general varying from point to point, on 
the properties of an aerial. The procedure will be to begin 
with a simpler system in which the surface impedance of the 
ground is uniform, and then to determine approximately the 
effect of a change in the surface impedance over part of the 
surface. 

In Fig. 4, A represents the input terminals of the aerial, and B 
a second pair of terminals, whose significance will be considered 
later. Let unit current impressed between terminals A, terminals 
B being open-circuited, result in a component of magnetic field 
H, tangential to the surface of the ground. Let the correspond- 
ing magnetic field for unit current impressed between terminals 
B be Hg. Let the mutual impedance between A and B be Z AB 
Now suppose that the surface impedance of the ground A 
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Fig. 2.—The surface reactance of a radial earth system. 
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Fig. 3.—Surface impedance of the ground and earth system in 
parallel at 1 Mc/s. 
Broken curves indicate regions where approximations fail. The numbers on the 
curves indicate the spacing, in wavelengths, between the 12s.w.g. earth wires. 


(a) o = 10-2mhos/m; e, = 20 — 180. 
(6) o = 10—3mhos/m; e, = 5 — j18. 


A AB 
ETE. 
Fig. 4 


changed from 7 to 7’ (in general and 7’ may be functions of 
osition) and that, in consequence, H,, Hz and Z4, change to 
2, H; and Z4,. Eqn. (7) of Reference 5 is essentially 


Cee An {J Ors Hs . HgdS 


where dS is an element of the surface, the integration being 
sx-ended over all parts of the earth’s surface making appreciable 
“gatributions to the integral. The use of this result is referred 
“© as the compensation-theorem method. 


(6) 
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Eqn. (6) will be used to determine the effect of a change in 
surface impedance from 7 to 7’ on the input impedance, the 
ground-wave field and the vertical radiation pattern. When 
considering the ground wave, B will be regarded as the ter- 
minals of a short dipole placed near the ground in order 
to measure field strength. Similarly, when considering the 
vertical radiation pattern, B will be supposed to be the terminals 
of an aerial which is raised to each angle of elevation in turn. 
Self-impedance will be regarded as a special case of mutual 
impedance, and terminals B will be regarded as a second pair 
of terminals connected in parailel with A. The mutual impe- 
dance between A and B will then be equal to the self-impedance 
at either. 

(3.2) Approximation 


Eqn. (6) is exact, apart from the approximation inherent in 
surface impedance. But in its exact form it is useless, since the 
right-hand side contains H%, a primed quantity applicable to 
the more complex system whose properties are under investiga- 
tion. However, if n’ — 7 is small, Z43 — Z4p will be small, 
so that a small error in it can be tolerated. It follows that Hi, 
may be replaced by an approximation, the resulting error in Zp 
being a second-order small quantity. The approximation that 
will be made is to replace Hi by Ho4, the magnetic field that 
would exist if the ground were everywhere perfectly conducting. 
In other words, ground-wave attenuation, as modified by the 
earth system, will be neglected in computing H4. 

Eqn. (6) becomes 


Zin —Zan= {| Cy —Hoa-HedS . . @) 


The fact that it is necessary to use an approximation for H%, 
in eqn. (6) renders it important to make the best choice of 7, 
the surface impedance in the simple system, the characteristics 
of which can be evaluated by known methods. Only two 
alternatives are practicable: in the first, 7 is taken as zero, so 
that Z4, — Z.4p, is the change in mutual impedance due to finite 
ground conductivity; in the second, 7 is constant and equal to 
Ng, SO that Z4, — Z,4p is then the change in mutual impedance 
due to the presence of the earth system. 

When considering the input impedance the first alternative 
will be adopted, since the impedance over imperfectly conducting 
ground cannot be determined by elementary methods. It is 
permissible to neglect ground-wave attenuation and use eqn. (7) 
instead of eqn. (6), because the input impedance depends on the 
conductivity only in the immediate neighbourhood of the aerial, 
where the horizontal magnetic field (the quantity measured by 
conventional field-strength measuring equipment) is not greatly 
affected by conductivity. 

A similar approach cannot be made when considering the 
ground-wave field strength, because significant contributions to 
the integral would be made by regions of the surface in the 
vicinity of the entire path of propagation, and over most of this 
area ground-wave attenuation is too important to be neglected. 
The second alternative is therefore adopted; 7 is taken to be 7, 
and eqn. (7) is used to determine the change in the ground-wave 
field strength caused by the presence of the earth system. Since 
the integration is confined to the area covered by the system (else- 
where 7’ — 7 is zero), it is again permissible to ignore ground- 
wave attenuation. 

Either of the alternative starting-points may be used in com- 
puting the vertical radiation pattern. 


(3.3) The Surface Current 


In eqn. (7), Ho, is the tangential component of magnetic field 
due to unit current impressed between the terminals of the vertical 
aerial when the ground is perfectly conducting. It is convenient 
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to replace Ho4 by Ip/2mr, where Jo may be regarded as the total 
surface current crossing a circle of radius r. 

In the first place it will be assumed that the aerial is sufficiently 
thin for the current distribution to correspond to a sinusoidal 
standing-wave pattern. Since Jp is the total surface current for 
unit input current, it is necessary to specify the position of the 
input terminals, and these will be assumed to be placed at the 
current loop or antinode. This arrangement is sometimes used 
for an anti-facing mast-radiator,? whose base is then earthed 
through an appropriate reactance. The fact that loop feeding is 
impossible on an aerial less than 0-25A high is unimportant, since 
the results can be scaled for any feed point. In any case, it is 
customary to refer radiation resistance to the loop, whether or not 
it exists; results relating to other properties of the aerial may be 
expressed in a form independent of the feed point. 

The total surface current is given by!! 


Ip Hole — Cos Ge 78] ae 1) 


where «, p and ys are defined in Fig. 5. 


Fig. 5 


In the limit, as p — 0, Jp —> sin «, which equals the current in 
the aerial at the base. At great distances its magnitude tends to 
a constant value proportional to the moment of the aerial, i.e. 
the line integral of the current along it. 

The total surface current near to an anti-fading mast radiator is 
smaller than that at a great distance, but the reverse is true of an 
aerial less than 0-25A high. It follows that the surface impedance 
of the ground in the immediate vicinity of the aerial (at distances 
less than 0-1A) will have most effect on its performance if the 
aerial is short. 


(3.4) Aerials of Finite Thickness 


Up to this point consideration has been restricted to aerials of 
infinitesimal thickness, on which the current distribution is a 
sinusoidal standing-wave pattern. The different current distribu- 
tion on a practical aerial will modify the distribution of surface 
current over the ground, and will therefore influence the effect of 
the ground constants and the earth system. If extremely thick 
aerials, such as self-supporting towers, are excluded, the effect 
of finite thickness may be ignored for heights less than 0-3A. 
The remainder of this Section will therefore be concerned only 
with anti-fading mast radiators having a height of about 0-5X. 
An approximate approach will be outlined briefly, and some 
numerical results will be given in Sections 5-7. 

It is well known that finite thickness modifies the current 
distribution approximately as follows: 2>!2 


(a) The standing-wave pattern is vertically compressed, corre- 
sponding to a velocity less than that of light (a factor of 0:9 is typical), 
(b) In addition to the co-phased standing-wave pattern, which may 
be termed the primary current, there is a component of current 
known as the feed current, in phase quadrature with it. : 
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When the aerial is loop-fed, feed current may be neglected. | 
On a typical base-fed anti-fading mast-radiator the feed-current } 
distribution resembles—sufficiently closely for practical pur- 
poses—the current on a thin base-fed 1) aerial, being a maximum 
at the base and tapering to zero near to the antinode of the} 
primary current distribution. (The loop value of the feed 
current is typically about 25% of the loop value of the primary } 
current.) Feed current may therefore be taken into account by 
combining results computed separately for a loop-fed anti-fading |) 
aerial and a }, aerial. The fields of the two component aerials} 
are added as vectors, and the powers radiated are added in order }j 
to obtain the effective resistance of the combination. Feed) 
current on a doubly-fed aerial may be treated similarly, but 
with a reversal of sign. 

The vertical compression of the primary current distribution) 
due to reduced velocity may be taken into account by assigning {| 
a fictitious height to the aerial. It is believed that the best # 
choice for this is the height of a thin aerial having a similar] 
vertical radiation pattern (the usual criterion is the angle to the} 
vertical of minimum radiation). This v.r.p. height is usually |) 
known, since it is the first consideration in the design of an anti- § 
fading aerial. Where numerical results for anti-fading aerials 
are given later in the paper, the heights quoted should be regarded 
as the v.r.p. heights rather than the physical heights. 


(3.5) Loaded Aerials 


Various modifications are commonly made to the simple! 
vertical aerial in order to reduce the vertical height required. 
Anti-fading mast radiators are frequently fitted with capacitive | 
tops and may be series loaded. These forms of loading will be! 
taken into account automatically, with sufficient accuracy for | 
practical purposes, if the computation is performed for an} 
equivalent thin unloaded aerial having the same v.r.p. height. } 

Short aerials are often heavily loaded with top capacitance, § 
usually to form a T aerial, in order to increase the radiation } 
resistance. In this case the vertical radiation pattern is unaffected / 
by the loading, being insignificantly different from that of a very : 
short vertical doublet. A simple method of treating this case is | 
to consider an equivalent simple vertical aerial having the same f 
total moment for a given current at the base. The total surface | 
currents for the loaded and equivalent aerials will then be the 
same both near to the base, and at infinity. 


(4) THE INPUT IMPEDANCE 


(4.1) Previous Work 


Barrow! considered an infinitely-thin vertical half-wave dipole, | 
fed at the centre and elevated above ground. In the limit, when’ 
one end of the dipole approached ground level, the dipole { 
corresponded to a vertical aerial without an earth system.’ 
The analysis was very involved, and the result appears to be} 
wrong, having incorrect dimensions. Since much of the work- | 
ing is omitted from the paper, it is not possible to determine 
how the errors have arisen. 

Hansen and Beckerley!*: !> have calculated the radiation resis- | 
tance of an aerial above imperfectly conducting ground by| 
expanding the fields in an orthogonal series of wave functions. . 
There appears to be an error* equivalent to the neglect of the | 
interaction of the aerial’s local storage fields with the ground. 
Among aerials for which numerical results are given is a. 
vertical quarter-wave. Now since the analysis can take no 


* In eqn. (11) of Reference 14 the upper limit of the inte: 
14 : gral should be 0, not k. 
In the subsequent paragraph it is explained that for / > k the time-average of the 
Poynting vector is zero; in other words, the complex Poynting vector is imaginary. 
pee ec true for the cross-product terms containing the reflection coefficients | 
2 3. 


In eqns. (15) and (16) of Reference 15 th imi i ico, 
as HEL) oa € upper limit of the integrals should be ico, 
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account of an earth system, it must be supposed that current is 
forced into the earth at a point on the surface. But the power 
dissipated in the neighbourhood of this point would be infinite, 
and the input resistance of the aerial would therefore be infinite 
also. Nevertheless, Hansen and Beckerley show it to be finite 
and considerably less than it would be if the earth were a perfect 
conductor. Another case treated numerically is that of a very 
short vertical doublet placed just above the ground, and again 
the finite conductivity of the ground is wrongly supposed to 
cause a reduction in the radiation resistance. (This case of a 
doublet has also been considered by Sommerfeld and Renner.!® 
Their result disagrees with that of Hansen and Beckerley, but 
agrees with a result obtained by the compensation-theorem 
method.°) Norton! has applied the results to the determination 
of the field set up by a 0-25 aerial for a given input power. It is 
thus made to appear that, at a distance of 2A, the fields for a 
given input power can be increased by as much as 15°% through 
the imperfect conductivity of the ground. In fact, there would 
be a decrease. 

Bekefi!? has employed a variational method to derive an 
approximation to the input resistance of a vertical aerial above 
a conducting circular disc laid on the ground, and has compared 
the results with those obtained by the compensation-theorem 
method. The complexity of the analysis was such that it was 
necessary to restrict consideration to very large earth systems 
and to ground behaving as a lossless dielectric. Bekefi con- 
s:dered the two methods to be in satisfactory agreement, although 
the agreement was good only for small values of «,, being perfect 
for e, = 1 (the ground then behaving like air). In this condition 
the approximations inherent in the use of the compensation- 
theorem method [the replacement of eqn. (6) by eqn. (7) and the 
use of surface impedance] break down, so that the agreement 
must have been fortuitous. For large values of e,, the dis- 
crepancy between the two methods is believed to be due to a 
bad choice of trial function in the variational method. The 
choice made implies propagation along the ground with a 
velocity considerably greater than that of light. 

Wait® 7-8 and his collaborators have carried out extensive 
computations based on eqn. (9). Their results are particularly 
useful in connection with long-wave aerials which are short in 
comparison with the wavelength. 


(4.2) The General Result 


It will be assumed that the impedance of the aerial over 
perfectly conducting ground is known. The object is to deter- 
mine the change in impedance resulting from a change in surface 
impedance from zero to 7’. The analysis is therefore based on 
eqn. (7), with 7 = 0 and Hz replaced by Hog. Since A and B 
will be regarded as terminals connected in parallel (see Sec- 
tion 3.1) Hp, and Ho, are identical, so that the equation may be 
written as 


ioe) 


’ , n/Ig¢dr 
0 


For values of r equal to a few wavelengths the integrand in 
sgn. (9) will decrease with distance approximately as 1/r and 
will be retarded in phase approximately as e/*". It follows 
fat the integral will converge rapidly, and that the precise value 
xf the integrand at distances exceeding a few wavelengths will 
not be important, provided that any error varies slowly. This 
‘act justifies the approximation inherent in the use of eqn. (7) 
aher than eqn. (6). 

Eqn. (9), which is accurate to the first order in 7’, has a simple 
Weysical significance: ’dr/2mr is the impedance of an annulus 
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of the surface between radii r and r + dr. Z’ — Zo is obtained 
by adding the impedance of all the elementary annuli, weighted 
in both amplitude and phase in proportion to the squares of the 
currents flowing across them. 


(4.3) Perfectly Conducting Earth Systems 


Attention will first be directed to the idealized earth system 
shown in Fig. l(a). The correction necessary to apply the results 
to the sheet-metal system in Fig. 1(b), which is discussed in 
Section 2.2, is negligible in most practical cases. 

In eqn. (9), n’ = 0 for r < ro, but at greater radii it is constant 
and equal to 7,, so that the equation becomes 


(10) 
ro 

For a sinusoidal current distribution on the aerial, Ig may be 

obtained from eqn. (8), and the integral can then be evaluated in 


closed form. The result, expressed in terms of «, Po, and to 
(defined in Fig. 5), is 


if IS iz {e~ 2/0 Bi [ —j(2yby — 2a)] + £2 Bi [jy + 20)] 


— 4.cos xe Ei [— jlo — & + po)] 
~ 4 cos we! Ei [— j(}o + & + po)] + 400s « Ei[— s(ho + po)] 
+ 2 cos? « Ei (— 2iPo)} (11) 
where 
f : . et 
Fi (— jx) 24 AL dt = Ci(x) —j Si@).+ja/2. (12) 


Wait and Surtees® have published a more general and more 

complex result taking account of loading with top capacitance. 
In Fig. 6, (Z’ — Zp) is plotted on the Argand diagram as a 

function of p9/27, the radius of the earth system in wavelengths, 
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Fig. 6.—Z’ — Zo for a 0:25) aerial over highly conducting ground 
(ec, = 20 — /180). 


Perfectly conducting earth system. 


for a 0-25A aerial over highly conducting ground at 1 Mc/s 
(e, = 20 — 7180). In order to convert this result for different 
ground constants or frequency, the Figure may be expanded in 
proportion to ||, and rotated according to the change in 
arg (7). 

Owing to the complexity of eqn. (11), its physical significance 
cannot be appreciated on inspection, and it is instructive to 
consider limiting cases. For large radii it may be shown that 
Z’ — Zp is inversely proportional to the radius of the earth 
system, and suffers a phase retardation which increases by 27 
for an increase of $A in the radius. The nature of this result 
suggests that Z’ — Z) may be regarded as a measure of the 
reaction upon the aerial of waves reflected from the boundary of 
the earth system. This view is discussed in Reference 5 in 
relation to an elevated doublet. 
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Fig. 7.—Relative increase in resistance due to finite ground conductivity. 


Poorly conducting ground (e, = 5 — j18). 


(a) Perfectly conducting earth system. 


For small radii it may be shown that Z’ — Zp varies logarith- 
mically with the radius, so that the curve in Fig. 6 exhibits a tail 
extending to infinity. In this region each annulus of the ground 
behaves like an impedance connected in series with the base of 
the aerial. 

The component of the impedance having most practical 
importance is the resistance, which determines the power required 
to maintain a given current. The most convenient method of 
expressing the effect of imperfect ground conductivity on the 
resistance is in terms of (R’ — Ro)/Ro, which is independent of 
the choice of feed point. Curves giving Ro, the loop radiation 
resistance for perfectly conducting ground, assuming a sinusoidal 
current distribution, are given in Reference 20. In Fig. 7(a) 
(R’ — Ro)/ Ro is shown as a function of ro/A for highly conduct- 
ing and poorly conducting ground and for aerials of three 
heights, 0-1A, 0:25 and 0°55A. A striking feature of these 
results is that the imperfect conductivity of the ground outside 
the earth system can sometimes cause a reduction in the resistance 
of the aerial. An increase in the radius of the system may then 
increase the power required to maintain a given current. 


(4.4) Radial-Wire Earth Systems 


For a radial-wire earth system the integral in eqn. (9) must be 
evaluated from zero to infinity, but it is convenient to divide this 
range into two parts, so that Z’ — Z) is obtained as the sum of 
two contributions. One of these, due to the ground outside the 
earth system (r > rg), is obtained from eqn. (11). The contribu- 
tion due to the region covered by the earth system (0 < r < ro) 
is obtained by substituting 7,, the surface impedance of the 
ground and the earth system in parallel, for 7’ and carrying out 
the integration numerically. The integral converges at r = 0 in 
spite of the factor 1/r, since 7, diminishes more rapidly than r. 

(R’ — Ro)/Ro is shown in Fig. 7(6) for the same ground con- 
stants applicable to Fig. 7(a). The number of radial wires is 72, 
so that the intervals are 5°; this provides a compromise between 
cost and performance in most cases. The wire size is No. 12s.w.g., 
but the results may be applied without appreciable error to any 
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-—--- Highly conducting ground (e, = 20 — j180). 
(b) 72 radial wires. 


size between Nos. 18 and 6s.w.g. Results for a 0:25A aerial and. 1 


various numbers of wires have been published by Wait and Pope.’ 


Comparing Fig. 7(6) with Fig. 7(a), it will be seen that the % 
radial-wire system behaves substantially like a perfectly conduct- & 
ing system for radii up to 0-1 or 0-15A, being effective out to a | 
greater radius when the ground is poorly conducting. If its |} 
radius exceeds about 0-25A, the input resistance is very nearly | 
the same for conductivities of 10-2 and 10~3mho/m, even § 
though it may differ appreciably from the resistance for perfectly 


conducting ground. 


(5) THE GROUND-WAVE FIELD STRENGTH FOR A GIVEN 


INPUT CURRENT 
(5.1) General 


The theory governing ground-wave propagation is not simple, } 
but it has been made easy to compute the field strength at the { 
surface of the earth, provided that the transmitting aerial is | 
short, the current distribution on it is known and the ground is | 
The field strength is obtained as the product of | 
two factors: the field strength for a plane and perfectly conducting | 


homogeneous. 


earth and the attenuation factor, which depends upon the 
ground constants, the distance and the radius of curvature. 
The attenuation factor may be obtained conveniently from 
numerical results such as those published by Norton.!7; 18,21 


Unfortunately, this procedure is not applicable to a high aerial, — 
such as an anti-fading mast radiator, or an aerial having an 


extensive earth system. In order to extend it, it is convenient 


to express the vertically polarized component, £, of field strength 


in terms of four factors as 


E — FoF 43fG . 


strength is increased by the finite height in the absence of an 
extensive earth system, and G is the ratio in which the field 


(13) ° 
where Ep is the field strength that would exist if the earth were. 
plane and perfectly conducting, F4, is the ground-wave attenua-— 
tion factor for a short aerial, f is the ratio in which the field 
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strength for a given aerial current is increased by the presence of 
the earth system. 

The merit of eqn. (13) is that F ‘4p, Which depends on the 
ground constants in the vicinity of the entire path of propagation, 
is independent of the characteristics of the aerial or earth system. 
Its determination will be regarded as a propagation problem 
outside the scope of the paper. On the other hand, f and G, 
which depend on the height of the aerial, are affected by the 
ground constants only in the vicinity of the aerial. These last 
two factors will therefore be regarded as properties of the aerial 
system, affecting its efficiency. 


(5.2) Height Gain 


(5.2.1) The Height-Gain Factor of an Elevated Doublet. 


There has been a tendency for the use of height-gain factors at 
medium frequencies to be discouraged by doubt regarding the 
conditions under which this procedure is valid. For example, 
Norton’s?! expression and curves for the height-gain factor of 
an elevated doublet are equivalent to those derived below, but 
the prescribed conditions render them almost useless at medium 
frequencies.* This difficulty is believed to have been occasioned 
by the complexity of the method of derivation. 

A considerable simplification can be effected by considering a 
receiving aerial in the first instance, and then using the reciprocity 
principle, which implies that the height-gain factor is the same 
whether the aerial is used for transmission or reception. The 
problem is then reduced to the determination of the variation of 
vertical electric field with height, supposing the fields to be set 
up by a distant transmitter. It will be shown that this can be 
done without entering into the complexities of ground-wave 
propagation theory. The compensation-theorem method will not 
be used in the derivation. 


Oise .2 
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In Fig. 8, P and Q are two short doublets, P being near the 
ground while Q is at a height z. It will be supposed that radia- 
tion takes place from P. In order to determine the height-gain 
factor for Q, it is necessary to investigate the variation with the 
height of the vertical component of field, E,. Now by combining 
eqn. (3) with Maxwell’s equations, and eliminating all field com- 
ponents other than £,, it is found that 
BED SB (<p (14) 

z=0 70 

Eqn. (14) is well known as a boundary condition; it states the 
rate at which E, begins to change as z increases from zero. In 
order to use it one must show that the rate of change 0F,/0z 
remains constant up to a sufficient height, i.e. that 07£,/0z? is 
sufficiently small. Now the second derivatives of any Cartesian 
field-component with respect to x, y and z are related by the 
wave equation, and it can be deduced that 02E,/dz* must be smail 
W the phase velocity in horizontal directions is close to the 
velocity of light and the attenuation per wavelength is small. 
These conditions are satisfied if the ground is flat and homo- 
geneous for a distance of many wavelengths round the aerial 
+nder consideration, and if the second aerial is not too close. 


The most severe restriction is p > 20. For a conduc- 


* ° . (18). 
pceerence 21, dn , this implies that the distance must exceed 350km, 


tivity of 10-2mho/m at 1 Me/s, 
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(As already stated, the earth system is assumed to be absent 
when considering height-gain.) 

The error resulting from the neglect of 07E,/0z? has been 
assessed by deriving the horizontal phase velocity and attenua- 
tion from the complex attenuation factor. It was found that, 
for heights corresponding to an anti-fading mast radiator, the 
error in the height-gain factor does not exceed 2°%, provided that 
the distance exceeds 25. At shorter distances 0?E,/0z would 
effectively increase the height-gain factor. 

Neglecting 0*E,/0z*, it follows from eqn. (14) that 


E, = E,(1 + jB2/70) = Exo + jBzer 7). (15) 
where E. is the value of E, when z = 0. It follows that 
f(@) = E, [Egg = 1 + jBzez "2. (16) 


In order to avoid confusion, f(z) will be termed the ‘complex 
height-gain factor’, while the term ‘height-gain factor’ will be 
reserved for its magnitude. Although f(z) is linear, | f(2)| is not. 
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Fig. 9.—The height-gain factor for a vertical doublet. 


In Fig. 9 | f(z)| is given as a function of Bzle,|~!2 and b. The 
parameter b has the same significance as in Norton’s papers, !”> 18: 21 
being defined by 


¢, = |e,| exp (ib — jn/2) (17) 


(5.2.2) Height-Gain Factor of a Vertical Aerial. 


The fact that the complex height-gain factor of an elevated 
doublet varies linearly with the height enables that of an aerial 
of finite length to be expressed very simply: it is equal to f(z,), 
where z, is defined by 


y ie ee j 


where /(z) is the current in the aerial at a height z, and h is the 
total height. The height-gain factor is therefore the same as 
that for a doublet placed at the centroid of the current 
distribution. 

For a sinusoidal standing-wave pattern with a velocity equal to 
that of light, the height of the centroid is given by 


__ Bh —sin Bh 
aes 1 — cos Bh 


In Fig. 10 z./A is plotted against h/A. 

For an anti-fading mast radiator, departures from the idealized 
current distribution assumed above may be taken into account 
by the methods outlined in Section 3.4. If the current distribu- 
tion is co-phased (loop feeding), the height of the centroid is 
closely correlated with the vertical radiation pattern. A scale 
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Fig. 10.—The height of the centroid of a vertical aerial with sinusoidal 
current distribution. 


of 05, the angle to the vertical of minimum radiation, has there- 
fore been marked on Fig. 10. If this scale is used, reduced 
velocity may be ignored. 

When feed current has to be considered, it is convenient to 
calculate the moments of the primary- and feed-current distribu- 
tion, and the heights of their centroids, separately; z, is then 
obtained in a manner similar to the calculation of the position 
of the centre of gravity of two unequal weights. Since the 
moments of the two distributions are in phase quadrature, z, is 
complex, so that it does not, in fact, represent a physical height. 

Height-gain factors are given in Table 2. With double feeding 


Table 2 
HEIGHT-GAIN FACTORS 


0-55A aerial 
| 0-250 


aerial 


€r 


Base fed 


Loop fed pou 


20 — 7180 (high-conduc- | 0-973 0:926 | 0-911 
tivity ground) 
5 —j18 (low-conductivity | 0-927 | 0-868 | 0-816 | 0-766 


ground) 


of the 0-55A aerial it is assumed that the feed current is the same 
as for a base-fed aerial but reversed in sign. 

Feed current increases the height-gain factor, and reversed feed 
current obtained by double feeding reduces it. This fact is of 
importance only when the conductivity is low, but it does imply 
that the use of double—as opposed to base—feeding in order to 
improve the vertical radiation pattern may entail some sacrifice 
of field strength. This effect is associated with wave tilt; over 
imperfectly conducting ground energy is propagated obliquely 
downwards at a small angle to the horizontal. Now the presence 
of the feed current when transmitting implies that a base-fed 
vertical aerial behaves to some extent as a travelling-wave aerial, 
so that it is particularly well suited to receive waves tilted down- 
wards. The reverse is true of a doubly-fed aerial; although this 
too is a travelling-wave aerial, the direction of travel is 
unfavourable. 


(5.3) The Effect of an Earth System 
(5.3.1) General. 


In Fig. 11, A and B represent respectively the terminals of 
the transmitting aerial under consideration and those of a distant 
receiving aerial at ground level. The problem is to determine 
the ratio in which mutual impedance between A and B is changed 
when the transmitting aerial is provided with an earth system. 
For this purpose eqn. (7) is used, and Z4, and Z4p are respec- 
tively taken to be the mutual impedance in the absence of an 
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earth system, when the surface impedance in the neighbourhood 
of A is 7, and that in the presence of one, when the surface 
impedance is 7’. The integration may be restricted to the area, 
S, occupied by the earth system. 
The reduction of eqn. (7) to a form suitable for computation 
will be outlined briefly. If B is sufficiently distant from A, then, 
at all points within S, H will be very nearly perpendicular to 
AB and constant in magnitude, its phase variation from point 
to point corresponding almost exactly to propagation with the 
velocity of light. Taking polar co-ordinates (r, #) as shown in 
Fig. 11, and writing H,(A) for the value of Hz at A, we have 
Hy4. Hg = Ho4Hp(Aje/™ © + cos & . (20) 
In this equation Ho4, which is equal to /o(r)/2zr, is a function 
of r only, while H,(A), the magnetic field at A due to unit 
current in aerial B, is independent of both r and ¢. It is con- | 
venient to express H(A) in terms of the mutual impedance, | 
Z 4p, between A and B in the absence of the earth system. In 
doing so, small corrections for wave tilt and height gain will be 
neglected, since any error resulting will be a second-order small 
quantity. Eqn. (7) becomes 


ZAB 


Tae ihe (7 — ng)o(r)ei*r 8 cos ddrdb (21) 


Zip Zip a 


where / is the effective length of the aerial, i.e. the line integral 
of the current for unit input current. Since the mutual impe- 
dance is proportional to the ground-wave field at B due to unit 
current in A, eqn. (21) may be expressed in the form 


1 
= ee ae i ee jRr co: 
G-1 OHink dbs (1! — Heo(rei*" os? cos dbdrdb — (22) 


where G is the complex ratio in which the ground-wave field is 
changed by the installation of an earth system, the current in 
the aerial being held constant. 


(5.3.2) Circular Earth Systems. 


If the earth system has circular symmetry, the integration 


with respect to @ in eqn. (22) can be performed, when the — 
equation becomes 4 


. a 

Gas Z| (n — ndlo(r)3,(Br)dr (23) 
To ~O 

where ro is the radius of the system. The integration with respect 

to r must be performed numerically. 

The first-order Bessel function provides a clue to the physical 
significance of eqn. (23), since it occurs also in the expression for 
the field of a circular loop carrying a uniform current. Consider- 
ing an elementary annulus of the surface having radii r and r + dr, 
the effect of reducing the surface impedance from Ng to 7’ is to 
reduce the series impedance presented to the surface current by 
(nN, — 7')dr/27r. The compensation theorem for networks 
suggests that a similar result would be achieved by cutting a 
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Fig. 12.—Variation of complex ground-wave field with radius of earth 
system. Perfectly conducting earth system and poorly conducting 
ground («, = 5 — /18). 

(a) 0-12 aerial. 
(b) 0-55A aerial. 


Points are plotted at 0-1A intervals but in (4) the points for ro = 0 and ry = 0-10 
are coincident. 
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which would not radiate in its own plane. The cycloidal form 
of the curves suggests that the change in ground-wave field 
caused by the earth system is the sum of two components, one 
increasing steadily as the radius of the system increases, the 
other decreasing slowly in magnitude while its phase becomes 
progressively more retarded. The first component is associated 
with the elimination of ground-wave attenuation along that part 
of the path of propagation passing over the earth system; the 
second is the result of reflection from the discontinuity occurring 
at the boundary of the system behind the aerial. This explana- 
tion is confirmed in Section 5.3.3 by considering a semi- 
circular earth system oriented to produce either component 
separately. 

The general trend of the locus of G as a function of r is con- 
nected with the way in which the ground-wave attenuation factor 
varies with distance at short distances. As might be expected, 
the earth system tends to overcome the attenuation and phase 
retardation caused by finite ground conductivity. 


ie) 


(a) 


(b) 
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Fig. 13.—Variation of magnitude of ground-wave field with the radius of the earth system. 


— Poorly conducting ground (e€ = 5 — /18). 


(a) Perfectly conducting earth system. 


narrow annular slot and connecting generators across it so as to 
assist the flow of surface current by maintaining the appropriate 
potential difference. Now the radiation field resulting from the 
excitation of this slot may be calculated by treating it as a mag- 
netic conductor carrying a magnetic current.?*__In this way the 
right-hand side of eqn. (23) may be thought of as the summation 
of the fields of a large number of elementary annular slots 
simulating the effect of the earth system. 

Although the magnitude of the field strength is of greater 
practical importance, consideration of the phase in a simple case 
assists in understanding the results. In Fig. 12, G is plotted on 
the Argand diagram as a function of the radius of a perfect 
earth system, for 0-1A and 0-55, aerials and poorly conducting 
around. The most striking result is the fact that the ground- 
wave field strength does not change steadily as the radius of the 
arth system is increased; in fact, G traces out a locus resembling 
4 cycloid, becoming stationary at each cusp. The radius corre- 
‘ponding to each cusp is equal to the radius of a loop aerial 


—--- Highly conducting ground (¢€, = 20 — /180). 
(b) 72 radial wires. 


Fig. 13 shows |G| as a function of rg for three aerial heights, 
poorly conducting and highly conducting ground, and both per- 
fectly conducting and radial earth systems. The way in which 
positive and reversed feed currents influence the variation of |G| 
with the radius of the system is illustrated in Fig. 14, but to save 
space only the case of a perfectly conducting system and poorly 
conducting ground is considered. 

The oscillatory component evident in the curves of Figs. 13 
and 14 is due to reflection at the boundary. If it is ignored, the 
way in which the general trend of the curves varies from one 
aerial to another is found to be related to the height-gain factor. 
The earth system tends to overcome the effect of height gain; 
this might be expected, since the height-gain factor depends on 
the ground constants in the immediate vicinity. Thus |G| 
increases with r more rapidly for a high aerial than for a low 
one, and more rapidly when a mast radiator is doubly fed than 
when it is base fed. If the phase of the radiated field is con- 
sidered, the earth system is again found to offset height gain. 
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Fig. 14.—The effect of feed current. 


Aerial height 0-55A. , : 
Perfectly conducting earth system and poorly conducting ground (e, = 5 — j18). 


Thus Fig. 12 shows that the earth system advances the phase of 
the field of a high aerial less than that of a short one. 


(5.3.3) Semicircular Earth Systems. 


There are three reasons for considering semicircular earth 
systems. First it was desired to test a possible explanation, 
discussed in Section 5.3.2, for the cycloidal shape of the curves in 
Fig. 12. Secondly, an experiment with a semicircular system 
enabled theoretical and experimental results to be compared. 
Finally, it has been suggested that on a site of limited area it 
might be desirable to favour particular directions by means of an 
asymmetrical earth system. 

In eqn. (23), which is applicable to a system with circular 
symmetry, the Bessel function J,(8r) was introduced as a result 
of integration from 0 to 27 with respect to ¢. It is not difficult 
to restrict the integration to any range of angles, so as to obtain 
a result for a sectoral earth system, but the first-order Bessel 
function is replaced by an infinite series. In the particular case 


DIRECTION OF 
PROPAGATION 


a 
1 


AERIAL 
(a) (b) 
Fig. 15.—Semicircular earth systems. 


of a semicircular system oriented as shown in Fig. 15(a), J,(Br) 
is replaced by the function L(8r), defined by 


hey = 41 ce A 3509 — 25 2m) | (24) 


1 4m2 —1 
If the earth system shown in Fig. 15(a) is rotated through 180°, 
so that the initial portion of the path of propagation no longer 
passes over it, the sign of .“L(6r) is reversed. 

If J,(6r) is replaced by L(6r) in eqn. (23), the integral may be 
evaluated numerically. As an example, Fig. 16 shows G on the 
Argand diagram for an aerial 0-1A high with a perfectly con- 
ducting semicircular earth system. The ground is assumed to 
be poorly conducting (€, = 5 — j18), so that the result may be 
compared with that for a circular earth system shown in Fig. 12. 
This result confirms the tentative explanation given in Sec- 
tion 5.3.2 for the cycloidal form of the curves in Fig. 12. It is 
seen that the contribution to the total field caused by the forward 
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Fig. 16.—The complex ground-wave field strength as a function of the 
radius of a semicircular earth system. 
0-1) aerial. 
Poorly conducting ground (e, = 5 — /18). 
Earth system oriented as shown in Fig. 15(q). 
~~—-- Earth system oriented in reverse direction. Points plotted at 0- 1A intervals. 


half of a circular earth system increases steadily in magnitude 
with the radius. The spiral form of the broken curve, corre- 
sponding to the backward half of a circular earth system, is 
consistent with reflection at the boundary. 

A more practical form of asymmetrical system is shown in 
Fig. 15(b). The effect of this may be obtained by adding the 
complex values of (G — 1) for the two semicircular portions. 
One of these, corresponding to the portion extended in the 
forward direction, is read from the continuous curve in Fig. 16; 
the other is read from the broken curve. An earth system of 
this type was investigated experimentally at 500 Mc/s, the ground 
being simulated by a 0-6% salt-water solution having a complex 
relative permittivity of 80 —j36 at the operating frequency. 
The large real part of the permittivity had the advantage of 
causing a rapid initial rate of ground-wave attenuation. Hence 
the effect of the earth system on the ground-wave field was greater 
than for a typical broadcasting site. 

Two heights of aerial were used, 0-55A and 0-1A, r; and r, 
being 0-1 and 0:5, respectively. The earth system was made 
up of a cylindrical box 0-1A in radius, which formed a mounting 
for the aerial and a container for the matching circuits, and a 
semicircular sheet 0-5A in radius. The latter could be screwed 
to the cylindrical box in either of two opposite orientations, 
without causing any other change in the system. The object 
was to determine the forward/backward ratio, i.e. the ratio of 
the field strength obtained with the orientation as in Fig. 15(b) 
to that obtained with the reverse orientation. The results are 
compared with the theoretical forward/backward ratios below: 


0-1A Aerial 0-55A Aerial 
Theoretical 1-05 1-015 
Measured 1:07 1-00 


It is possible that errors of 2° could occur in the measure- 
ments, and the result is therefore inconclusive as a test of the 
method of analysis. Nevertheless, the practical conclusions 
reached theoretically are confirmed, namely that an asymmetrical 
earth system tends to favour the direction in which it is extended 
furthest, but that the effect is too small to be of practical 
importance. 


(6) EFFICIENCY 


(6.1) Definition 


In spite of the fact that aerials extending down to ground 
level have been in use for 60 years, no satisfactory definition 
of their efficiency appears to have been laid down. The 
difficulty is to distinguish between ground losses associated 
with the aerial, which reduce the efficiency, and losses asso- 
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ciated with the path of propagation, which do not.* Williams2° 
has suggested a definition giving 100% efficiency for a lossless 
aerial with a perfectly conducting circular earth system 0-5A in 
radius. This definition is, however, arbitrary, and it does not 
facilitate the calculation of field strengths. An alternative 
definition is proposed below: 


The efficiency is equal to the square of the ratio in which the 
field strength at a distant point for a given input power is 
reduced by finite ground conductivity and other losses, divided 
by the square of the ground-wave attenuation factor, i.e. the 
ratio in which the field strength of a short vertical doublet near to 
the surface and carrying a given current would be reduced by finite 
ground conductivity in the absence of an earth system. 


This definition makes a convenient distinction between the 
effect of earth losses on the efficiency of the aerial and their 
effect on the characteristics of the path of propagation. More- 
over, it enables the ground-wave field strength, E, to be computed 


as the product of three factors, as follows: 
fps) apes 23 2 (25) 


* B.S. 204: 1943, No. 4225 defines ‘radiation efficiency’ as the ratio of the power 
radiated to the total power supplied. 
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where 


Eo = The field strength that would obtain if the ground were 
perfectly conducting and the aerial were lossless, the input power 
being unchanged. 

F4p = The ground-wave attenuation factor, defined above. For 
homogeneous ground this may be obtained from Norton’s 
papers. 17,18,21 

& = Efficiency. 

The definition proposed can lead to an efficiency in excess of 
100% if the earth system is sufficiently large. It would not be 
practicable to define efficiency so as to make this impossible, 
since the field at a sufficiently distant point could in principle 
be increased almost without limit by extending the earth system. 


(6.2) From the Impedance and the Ground-Wave Field 


If losses in the aerial conductors, insulators, etc., which fall 
outside the scope of the paper, are ignored, the efficiency, as 
defined in Section 6.1, may be deduced from the height-gain 
factor, the ratio in which the ground-wave field for a given input 
current is increased by the presence of the earth system, and the 
ratio in which the input resistance in the presence of the earth 
system is increased by imperfect conductivity. It is given by 


The meaning of ‘radiated’ is, however, obscure fe 2 2 , 26 
when earth loss can occur very near the aerial. eS == |fG| Ro/R ( ) 
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Fig. 17.—The efficiency as a function of the radius of the earth system. 


Perfectly conducting earth system. 


—---— 72 radial wires. 


(a) Highly conducting ground (e, = 


20 — j180). 


(b) Poorly conducting ground (e = 5 — J18). 
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f, G and R’/Rp have been considered in Sections 5.2, 5.3 and 4 
respectively. 

In Fig. 17 the efficiency is shown as a function of the radius 
of the earth system for aerials of three heights, one with three 
methods of feeding. The feed current on the doubly-fed aerial 
is assumed to be equal in magnitude but opposite in sign to that 
on the base-fed aerial. 

It will be seen that it is sometimes possible for the efficiency 
to be reduced by a small extension of the earth system, and it is 
believed that this effect is associated with a small change in the 
vertical radiation pattern. 


(6.3) The Absorbed-Energy Method 


Brown and his collaborators, !!> 23:24 and later Abbott,*> have 
assessed the efficiency of earth systems in terms of the extent to 
which they reduce the absorption of energy. They assumed that, 
if an improvement in earth system reduced the absorption of 
energy in the region covered by it by 1 kW, the resulting increase 
in field strength would correspond to an increase of 1 kW in the 
transmitter power. Even if this assumption were justified, the 
absorbed-energy approach could not lead to an estimate of the 
efficiency, but it would permit the calculation of the change in 
efficiency resulting from a given change in the earth system. 

The absorbed-energy method can be justified by the conserva- 
tion of energy provided that the earth system has little effect 
on the vertical radiation pattern, or on the way in which the 
surface current varies with distance outside it. Since its use 
would reduce the labour of computation in certain problems, it 
is desirable to check its accuracy. 

The power, dP, absorbed in an elementary annulus of ground 
haying inner and outer radii r and r + dr is given by 


dP = (1/4zmr)|I(r)|?B(,)dr (27) 
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Fig. 18.—The efficiency of a 0-25, aerial computed by three methods. 


Perfectly conducting earth system and highly conducting ground (er = 20 — 7180). 
(a) Complete theory. 
(b) Considering input impedance only. 
(c) Absorbed-energy method [scaled to fit (a) at small radii]. 
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Eqn. (27) agrees with Brown’s method if the real part of the 
permittivity is neglected in computing 7. 

In order to take account of a radial-wire earth system, Brown? 
used a formula (derived in an unpublished thesis) whose accuracy 
is suspect. The correct procedure is believed to be to replace 
Ng in eqn. (27) by the surface impedance of the ground and 
the earth system in parallel. This method was proposed in 
Reference 5 and has also been put forward independently by 
Abbott.?> 

Fig. 18 shows the variation of the efficiency of a 0-25A aerial 
with the radius of a perfectly conducting earth system. The 
efficiency has been computed by three methods, namely 


(a) From the impedance and the ground-wave field [eqn. (26)]. 

(b) By ignoring the effect of the system on the ground-wave field 
for a given current, and considering only its effect on the input 
impedance. 

(c) By the absorbed-energy method. Since this method gives only 
relative rather than absolute efficiencies, the curves have been scaled 
for the best fit with curve (a) at small radii. 


Methods (a) and (6) agree to 1% for radii up to 0-13 and 
(a) and (c) agree to 1°% for radii up to 0:44. Consideration of a 
0-55A aerial leads to approximately the same conclusions. 
Since, however, practical earth systems have far less effect near 
their outer edges than have perfectly conducting ones, it is con- 
sidered that the absorbed-energy method can safely be employed 
for radii up to 0:5A at least, i.e. to all systems at present used for 
medium-wave broadcasting in Great Britain. It would, however, 
be necessary to use the method given in Section 6.2 to calculate 
the efficiency for one earth system. This should preferably be 
perfectly conducting and of small radius—say 0-05A—so that its 
effect on the ground-wave field can be neglected. Once the 
absolute efficiency for one earth system has been obtained in 
this way, the efficiency for others may be derived by using the 
absorbed-energy method to compute differences in efficiency. 

Abbott”> used this method to deduce the number and length 
of the radial earth-wires that would be desirable on economic 
grounds, neglecting the cost of land and balancing the cost of 
buried copper against that of r.f. power. This approach indi- 
cated an optimum radius exceeding one wavelength in some 
cases, but the failure of the method at large radii is believed to 
have led to an over-estimate. In any case, it would be necessary 
to take the value of land into account in Great Britain. 


(7) VERTICAL RADIATION PATTERN 


This Section will be concerned mainly with anti-fading mast- 
radiators having an effective height slightly greater than 0-5A. 
The vertical radiation pattern exhibits a minimum at an angle to 
the vertical depending upon the height. The imperfect con- 
ductivity of the ground affects the field in the neighbourhood of 
this minimum in two ways: the minimum is moved to a greater 
angle from the vertical, and the minimum field is increased. The 
latter effect is undesirable, and it is of interest to know to what 
extent it is reduced by the earth system. 

Before this problem was approached theoretically, an experi- 
mental investigation with small-scale models had shown that a 
useful improvement could not be effected by the use of an earth 
system of practicable size. In any case, it was found in practice 
that the unevenness of the ground contours in the neighbourhood 
of the station had a far more serious effect than imperfect 
conductivity. Nevertheless, it is desirable to compare theoretical 
and experimental results in order to check the compensation 
theorem in its application to earth systems. 

The method of analysis employed in Section 5.3.2 can be 
extended so as to obtain the effect of the earth system on the 
radiation pattern, the principal modification being the replace- 
ment of J,(Br) by J,(8r sin @), where @ is the angle to the vertical. 
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Fig. 19.—The effect of an earth system on the vertical radiation pattern. 
0-55) base-fed aerial of characteristic impedance 245 ohms. 


-—-—-— Perfectly conducting ground. 


Imperfectly conducting ground, e, = 80 — /36. 


——— Imperfectly conducting ground with perfectly conducting earth system of ?, radius. 


This change is almost self-evident, since J,($r sin @) corresponds 
.o the vertical radiation pattern of a horizontal loop of radius r. 
Some simplifying approximations can be made if consideration 
is restricted to perfectly conducting earth systems at least one 
wavelength in radius, and angles to the vertical less than 50°. 
An isolated point on the vertical radiation pattern can also be 
obtained at 90° (horizontal) by using the results obtained for the 
ground-wave field in Section 5.3.2. To save space the analysis 
will be omitted. 

In Fig. 19 theoretical and experimental vertical radiation 
patterns are compared for a 0:55A aerial with a perfectly 
conducting earth system of A radius. In the experiments, which 
have already been described,* imperfectly conducting ground 
was simulated by a solution of salt in water having a relative 
permittivity of 80 — /36. At angles exceeding 70° to the vertical 
the measured pattern was affected by the finite distance (9-4). 
A correction for this effect has therefore been applied to the 
theoretical curves. 

The three theoretical patterns are scaled for the same aerial 
current, and the experimental patterns are scaled to fit the 
theoretical patterns exactly at 90°. 

The agreement between the theoretical and experimental results 
is quite good. It will be seen that the effect of the earth system 
is beneficial, since the sky-wave field strength is reduced over the 
important range of angles (20°-40°) while the ground-wave field 
has been increased. It must, however, be borne in mind that an 

earth system which is perfectly conducting to a radius of A is 
hardly practicable in Great Britain. The effect of a system 0° 5A 
in radius has been found to be insignificant. 


(8) CONCLUSIONS 


In practice, the importance of the earth system at a medium- 
‘wave transmitting station resides solely in its effect on the 
| ficiency of the radiating system. A system extensive enough to 
\efect a useful improvement in the vertical radiation pattern 
' would not be practicable in Great Britain. 

‘Efficiency is difficult to measure accurately, and direct experi- 
| mental evidence in support of the theoretical results is therefore 
| l-cking at present. Nevertheless, such experiments as have been 
‘ carried out have confirmed the general order of magnitude of the 


predicted increase in efficiency resulting from an extension of 
the earth system. Moreover, an extension of the theory to the 
vertical radiation pattern has enabled the method to be checked 
experimentally. 

The results of most practical importance are contained in 
Fig. 17, which shows the effect of the radius of the system on 
the efficiency. Although only three heights of aerial are con- 
sidered, it should be possible to determine the earth system 
required in most cases. 

It is always beneficial to erect a transmitting aerial on a site 
of high conductivity, say 10~-*mho/m. In this case, at low- 
power stations where the effective height of the aerial is between 
0-1 and 0-25, there is little to be gained by installing an earth 
system more than 0:2A in radius. Should it be possible to 
reduce the area of the site required, by curtailing the length of 
some of the earth wires to, say, 0-1A, the saving of land would 
justify the small loss of efficiency. An earth system of 72 wires 
is believed to offer a reasonable compromise between cost and 
efficiency in the majority of cases. 

For low-power stations on sites of low conductivity 
(10-3 mho/m), an earth system 0-3, in radius is sufficient. 

At high-power stations with anti-fading mast radiators it has 
been the usual practice to install an earth system about 0-5A in 
radius. Fig. 17 shows that this radius is unnecessarily great on 
a site of high conductivity, where there is little to be gained by 
a radius greater than 0-:2A. A radius of 0-4, is, however, 
desirable for a site of low conductivity, particularly if loop feeding 
or double feeding is adopted. 
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A RAPID METHOD OF ANALYSING THE M.M.F. WAVE OF A SINGLE OR 
POLYPHASE WINDING 


By R. F. BURBIDGE, B.Sc., Graduate. 


(The paper was first received 16th August, and in revised form 22nd October, 1957. It was published as an INSTITUTION MONOGRAPH 
in January, 1958.) 


SUMMARY 


The usual method of evaluating the harmonic components of the 
m.m.f. wave of a polyphase winding is to perform a Fourier analysis. 
This can, however, be a long and tedious process, especially for stepped 
waveforms, and further it is common practice to perform the analysis 
for two limiting current-vector positions, to provide a check on the 
results. 

The method described here is exceptionally simple to apply, and 
makes use of the well-known standard winding factors. It is shown 
that, by simple substitution, the magnitudes of the Fourier fundamental 
and harmonic components of the m.m.f. in the air-gap can be found 
directly, although no indication is given of their relative phase angles. 
The mathematics of the proof has been fitted as closely as possible to 
the conditions prevailing in a real machine winding, whilst at the same 
time maintaining generality of treatment. 

The value of the method is exemplified in the last Section of the 
paper, by carrying out the analysis for an m.m.f. wave of some com- 
plexity. The ease of the method is at once apparent. 


LIST OF SYMBOLS 


C = Number of coils per phase. 
c =A particular coil of a winding (used as a suffix). 
N, = Number of turns comprising coil c. 
2a, = Span of coil c. 
8B, = Angular displacement of axis of coil c from arbitrary 
datum. 
2e = Small angular spread of each coil. 
a = Number of similar parallel paths into which each phase 
is divided. 
r = Radius of armature. 
§ = General electrical angle measured from arbitrary datum. 
m = Order of a harmonic in armature m.m.f. distribution 
and conductor distribution. 
n = Order of a harmonic in resultant flux distribution. 
F(@) = M.M.F. distribution as a function of @. 
(6) = Conductor distribution as a function of @. 
B = Flux density. 

Bon = Peak magnitude of nth harmonic component of air-gap 

flux density. 

w = Angular velocity of fundamental flux component. 

V, = Instantaneous e.m.f. induced in a phase winding by 
nth harmonic component of flux density. 

Vom = Peak value of the e.m.f. induced in a phase winding by 
mth harmonic component of flux density. 

V,, = Peak value of e.m.f. induced by the mth harmonic 
component of flux density in a hypothetical phase 
winding, consisting of a single concentrated coil with 
an equivalent span equal to the mth harmonic pole 
pitch, and with the same total number of turns and 
parallel paths as the actual winding. 

Kym = mth harmonic winding factor. 
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i, = Instantaneous phase current. 

N, = Turns in series per phase per pole pair. 

‘omp = Peak value of mth harmonic component of m.m.f. for 
one phase alone. 

Fom = Peak value of mth harmonic component of m.m.f. for 
a complete 3-phase winding. 

Kam = Distribution factor. 

kypm = Coil-pitch factor. 

Km = Connection factor. 


Note.—This analysis is performed for a hypothetical winding 
of one pole-pair per phase. As the purpose of the analysis is 
to calculate a factor which will apply to each pole, whatever the 
number of poles, the ultimate result will not be affected, but a 
constant multiplier in the proof is avoided. 


(1) INTRODUCTION 


By the orthodox method of Fourier analysis, both the magni- 
tudes and the relative phase angles of the harmonic components 
of an m.m.f. wave can be found, but in practice it is usually only 
the magnitudes which are significant, because a study of the 
relative values of these will indicate, for example, whether or not 
an induction motor is likely to crawl or to be noisy in operation. 
This method gives the magnitudes in a very simple manner, as 
follows. 


ARBITRARY 
DATUM 


oe ROTOR CORE 
LO yj PME 


LI STH ie 
STATOR CORE 


Fig. 1.—Typical coil of phase winding. 


Suppose that each phase winding is represented by a finite 
number of coils, C, each of N, turns of pitch 2«,, and displaced 
by an angle £. from an arbitrary zero, as shown in Fig. 1, where 
B, is different for each coil. The coils are assumed to be con- 
nected in series-parallel with a similar parallel paths. 
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To obtain the required results, expressions are first derived 
for two related quantities. One quantity is the space distribution 
of the magnetizing force exerted by the conductors when carrying 
current, which is directly related to the waveform of flux in the 
air-gap; the other is the space distribution of the conductors 
themselves. The resultant e.m.f.’s induced in the conductors by 
the component fluxes are next deduced, and this enables the 
winding factors of the machine, for the various harmonic com- 
ponents, to be derived. These are then combined with the first 
two expressions to calculate the various component m.m.f.’s in 
terms of the winding factors. 

The result for one phase-winding having been obtained, the 
last Section of the paper shows how to analyse the resultant 
m.m.f. wave of three phase-windings when combined to form a 
single polyphase winding. 

Some previous authors have been aware of the methods of 
calculation developed in this paper, a leading example being 
Alger.* In all cases of which the present author knows, 
however, the result has been obtained or quoted under some 
restricting condition, such as dealing specifically with 3-phase 
windings, or ignoring harmonics of even order or triple har- 
monics. This proof is believed to be the first logical treatment 
in general terms, starting from first principles. 


(2) FOURIER SERIES FOR THE M.M.F. DISTRIBUTION AND 
CONDUCTOR DISTRIBUTION GF A PHASE WINDING 

It is proposed to derive an expression for the m.m.f. distribu- 

tion and conductor distribution of the winding in terms of a 
Fourier series, developing this from the series for a single coil. 

The m.m.f. distribution of a single coil is shown in Fig. 2(a). 


| 


1 ! 


Ne CONDUCTORS | Ne CONDUCTORS 


CONDUCTORS PER 
UNIT LENGTH OF 
PERIPHERY 


Fig. 2.—M.M.F. distribution and conductor distribution of a phase 
winding. 


(a) M.M.F. distribution (with unit conductor current). 
(6) Conductor distribution. 


The vertical scale of this graph is arbitrary, since it depends on 
the current flowing in the coil. The corresponding conductor 
distribution is shown in Fig. 2(b). The coil sides are assumed 
to be spread over a small angle 2e which tends to zero in the 
limiting case. 


hee P. L.: ‘The Nature of Polyphase Induction Machines’ (Wiley, 1920), 
pp. 68-79. 


The Fourier series for the m.m.f. distribution of a particular 
coil c, when carrying unit current and when 2« — 0, can be shown 
by the usual methods to be 

em 
F.(0) = 2Ne 5 (A) cos m(8 — B,) 
T m=1 mM 
where f, is the angular displacement of this coil from the datum 
position. The m.m.f. distribution will so set itself about the 
horizontal axis that the positive and negative areas are equal, 
and therefore no constant term appears in this equation. 

The corresponding expression for the conductor distribution 

can be shown to be 


£(0) = gil y sin ma, sin m(8 — B,) 
i 


ae 
Making a summation for all the coils, the Fourier series for the 
m.m.f. distribution of the complete phase winding becomes 


DSN 8 


6 
F(@) = 2Ne SS ed) cosm@—B,) . () 


icra / 


and that for the corresponding conductor-distribution becomes 


C co 
(0) = ave DS DS sinmecsin m0 —"8 ee 


Tc 1 


(3) E.M.F.’S INDUCED IN A PHASE WINDING BY THE 
COMPONENT FLUXES 
To simulate the actual conditions present in an induction — 
machine, each harmonic flux component will be supposed to 
have a synchronous speed inversely proportional to the order 
of the harmonic, i.e. the mth harmonic will rotate at 1/nth of 
the synchronous speed of the fundamental flux wave. 4 
Only the magnitudes of the e.m.f.’s due to the component | 
harmonic fluxes are required, so that the directions of rotation 
assigned to the component fiuxes are unimportant. For sim- 
plicity, therefore, they will all be assumed to have the same 
direction of rotation, although in a real induction motor the 
direction of rotation depends on the order of the harmonic. 
Let the nth harmonic of the rotating flux be represented by 


B, = Bo, cos(n8 + wt + ys). . . . QB) 


where 7, is arbitrary and n can have any one integral value. 
(The flux wave contains an infinite number of harmonic com- 
ponents, of peak magnitudes B,,, each rotating at its own angular 
velocity w/n.) 

Using the flux-cutting rule, and assuming unit length of con- 
ductor, the total instantaneous e.m.f. induced by the nth har- 
monic flux component in a small segment (68) of the conductor 
distribution, containing [f(9)]8@ conductors, is 


Av, = B,(=)r£(6)80 Sk 


where B, is the magnitude of the mth harmonic fiux density at 
angle 0; w/n is the angular velocity of this component of flux 
density; and r is the radius of the armature. 

Substituting in eqn. (4) for B, from eqn. (3), and for f(@) 
from egn. (2), it follows that 


At = 


im onl 


G feo) 
Pe 2 Ne sin ma, sin m(@ — B,) cos (nf + wt + s,)d0 
(5) 


Now, the conductors in each phase are series-parallel con- 
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nected with a similar parallel paths, and so the net instantaneous 
e.m.f. induced in the complete phase winding by the nth harmonic 
component of flux density is obtained by integrating with respect 
to 0 right round the armature. 


Therefore VU, = - Av,d0 . SARL tere 1s: > (0) 


Substituting for Av, from eqn. (4) and rearranging, it follows in 
general, that 


2Bwor eG (© : 
et DS N, sin ma, 
QnT c=1m=1 
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t sin m(@ — B,) cos (n8 + wt + ,)d0 . (7) 
0 


When x is given one particular value, numerically equal to m, 
this can be reduced to 


ey wr 


ae OM ar 


i = a a3 N, sin mo, sin (mB, + wt + p,) 
When z is not equal to m, v,, is always zero, as simple integration 
will show. 

This establishes, in the most general terms, the very important 
fundamental principle that only the mth harmonic component 
of flux can induce a net e.m.f. in the mth harmonic component 
of conductor distribution. The remaining harmonic components 
of the flux, of orders other than m, will induce zero net e.mf. 
m the mth harmonic component of conductor distribution. 

Where n is equal to m, the instantaneous e.m.f., v,,, can be 
rewritten as 


2B cor © : : 
v, = ——%— JN, sin ma, sin mB, cos (wt + o,) 
am c=1 
2B,,wr 
— 22 3 N, sin mx, cos mB, sin (wt + wp) 
Oh ord 


The peak value of this is given by 


Cc 2 
Hea x N, sin me, sin mB) 
o— 


= 
om am 


G 2 1/2 
a ( > N, sin me, cos mB.) | . (8) 
c=1 


(4) THE HARMONIC WINDING FACTORS OF A 
PHASE WINDING 

The winding factor of a machine, as the term will be understood 
here, is the product of its pitch (or chord) factor and its distribu- 
tion (or spread) factor and a further factor, which is unity in 
most common cases, and which can be called the “connection 
factor’. This latter factor is exemplified in Section 7. 

The mth harmonic winding factor, ky,,, of a phase winding 
can thus be defined as the ratio 

Vom 

y’ SSO rt eck e)) 


om 


k win 


where these terms have the exact meanings defined in the list of 


symbols. C 


The total number of turns in the winding is »» N, since 
c= 


g 
and therefore there are 2 >) N, 


*here are N, turns per coil; 
c= 


2 
conductors in all, and - Ss N, conductors in series. 


Gc=1 
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The denominator, V,,,, of eqn. (9) can therefore be written as 


: CN ee 
Va a7 Bom( — r= >» ING 


ras Sy 
OMLtame ae eae » N. aS ae SO) 


G=1 


Substituting from eqns. (8) and (10) in eqn. (9), the expression 
for the harmonic winding factor becomes 


or, rearranging, 


1 e ; , o 
kwm = ~E—— ( > N, sin mx, sin mB.) 


c=1 


Cc 2 1/2 
oh ( > AN, sin ma, cos mB) | foe. 6 Wl) 
c=1 


(5) THE COMPONENTS OF M.M.F. DUE TO ONE 
PHASE-WINDING 
Assuming an instantaneous phase current, i ‘p> the conductor 
current will be i,,/a and the product of this current and the m.m.f. 
distribution, eqn. (1), gives an expression for the m.m.f. wave, i.e. 


FO) Se Nae ease pO R) ETDS 
at C= Pre 
The mth harmonic component of m.m.f. is therefore 
F,(0) = 22% No cos mG — 8). . (13) 


ici 


The peak value of this m.m.f. component is given by 


Ep = ZG au N. sin. MX, sin mB, y 
21/2 
+ ( S N, sin mo, COs mB.) | . (4) 


c=1 


By substituting the expression for the winding factor, k,,,,, given 
in eqn. (11), eqn. (14) can be reduced to 


Cc 
>} N. 
. c= 
omp ~—_ Sint? a oes (15) 
6. 
Y Ne 
But ae are the total turns in series per phase = N,; and 
Cc 
»; NG 
has are the turns acting on the centre of a single pole = N,/2. 
4 N,i 
Therefore Fomp = wm EP (16) 


But N,ji,/2 is a constant, equal to the space maximum of the 
m.m.f. of one phase, in ampere-turns, which acts on the centre 
of each pole; and the corresponding values of the fundamental 
and the harmonic m.m-.f.’s can thus be obtained by determin- 
ing the product 4k,,,,/n7. This quantity is always easy to 
calculate, k,,,,, in the commoner cases being merely the product 
of the spread and chord factors. 


(6) THE RESULTANT M.M.F. OF A SYMMETRICAL 
3-PHASE WINDING 
All phases of a symmetrical 3-phase winding are identical, and 
each is ordinarily displaced from the adjacent phases by 27/3 
electrical radians. It will be shown here that the magnitudes of 


310 


the fundamental and harmonic components of the m.m.f. wave 
of the complete winding when supplied with a balanced 3-phase 
current, and their directions of rotation, can be simply determined 
from the magnitude of the fundamental and harmonic com- 
ponents of the m.m.f. wave of one phase of the winding. 

The distribution of the magnetizing turns, N, due to the phases 
A, B and C respectively, acting at any angular position @ around 
the air-gap, may be represented by the expressions 


A 0 
co 
N, B+} = > N,,cosms 0— 2n/3 (17) 
C Se 47/3 
and the current in each phase may be represented by 

A 0 ] 

i; B+ =Ihoos 4 wt — 2nf3 (18) 
G 4r]3 


J 


Now the m.m.f. of each phase is found from the product of 
eqns. (17) and (18), taking each phase separately, i.e. 


A 0 e 0 
iN; Be =Ipcos< wt— 27/3 + > N,,cosm 6— 2n/3 
C 4nf3 |" | 4/3 
(19) 


The resultant m.m.f., (iN),,,, is found by summing the three 
separate phase m.m.f.’s of eqn. (19), i.e. 


Ge 


= as Nm COS (mO + wt) + ¥ N,, cos (mb — wt) 


CN)m = 


== i4N4 + ipNg + icNc 
A, B,C 


+X Nm cos [mO + wt — (m + 1)27/3] 

+ Nm cos [m — wt — (m — 1)27/3] 

+ 3 Nm cos [mb + wt — (m + 1)47/3] 

+ ¥ Np cos [m9 — wt — (m — 1)47/3]$ 
Since cos ¢ + cos (fb + 27/3 + 270) + cos (¢ + 42/3 + 2770) 
where o is any whole number, is always identically zero for all 


values of ¢, it follows that terms involving m0 + wt vanish 


where m = 1, 3, 4, 6, etc.; and that terms involving m@ — wt 
vanish where m = 2, 3, 5, 6, etc. 
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The harmonic components of the resultant m.m.f. can thus be 
expressed in terms of those of the phase m.m.f.: 


[iN]; = [oi] cos (m@ — wt) 
[iN], = $[IoNo] cos (nO + wt) 
[iN]; = 0 
[iN], = 3[foN4] cos (mO — wt) 
[iN]; = $[ZpNs] cos (m8 + wt) 
[iN]e = 0 


(20) 


with a similar sequence of results for all higher-order harmonics. 

Thus all the harmonics of orders 1, 4, 7, 10, 13... (3A + 1) 
. . . rotate in the forward direction; those of orders 2, 5, 8, 
11...(@A—1)... rotate in the backward direction; and the 
triplen harmonics, of orders 3, 6,9... 3A are completely absent. 
(A = 1, 2, 3, 4, etc.) Further, those harmonics (except triplen) 
which are present in the phase m.m.f. waveform are also present. 
in the resultant 3-phase m.m.f. wave, but each is increased in 
magnitude by the factor 3/2. 

It ought to be added that all even harmonics are commonly 
absent from phase m.m.f. waveforms; but in the uncommon 
cases when they are present, they are reproduced in the resultant 
m.m.f. waveforms to the same scale, except where their order 
is a multiple of 6. These last harmonics, of order 6A, vanish 
completely from resultant m.m.f. waveforms. : 

Using the result already obtained in eqn. (16) for the harmonic 
components of a single phase-winding, it follows from. this. 
Section that the harmonic m.m.f. components of the resultant 
of three phase-windings, forming a single 3-phase winding, are: 
given by 


ky 


6 
Eonar On 


Nolp . 
2 

with the restriction that for m = 3, or any multiple of 3, the 

corresponding harmonic component is always zero. 


(7) EXAMPLE OF ANALYSIS BY THIS METHOD 


One of a number of unorthodox windings which the author 
has recently had occasion to analyse will be used to exemplify 
the method. The arrangement and directions of the coils in one 
phase of the winding are shown, together with the corresponding: 
m.m.f. wave, in Fig. 3. It will be observed that this is one phase 
of an orthodox 8-pole 60°-spread 120°-coil-pitch winding in a 
48-slot stator, but with the second four consecutive coil-groups. 
reversed in direction. The winding would, of course, occupy 
parts of two layers; it is shown diagrammatically in one layer. 


(a) COIL GROUP NUMBERS 
\ 1 2 3 4 > 6 U 8 
\— te = AL C =a — | + eae A— > |_—————+ 5 | aA, | ——_»~——_,, 
28 | ©© oy ©©06® ©0600 e000 | 6000 000 ooo ©0, 
i M77 ' —t— 
oo oe 
\ \ ; REVERSED SECTION OF WINDING 
’ Le = t mat ata =i | | 
(b) . ! | 
oe : ieee 

T | 

ie) 


27T 


Fig. 3.—Example of m.m.f. analysis. 


(a) Coil groups and winding directions of o 
(b) Air-gap m.m.f. wave of one phase-winding. 


ne phase-winding, shown in one layer, 
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The wavelength of the winding, after which it repeats itself, is 
equivalent to an electrical angle of 27, and is thus equal to the 
length of the complete section shown. It follows therefore that 
calculations have to be made on a 2-pole basis rather than on an 
8-pole basis; i.e. a 6-pole m.m.f. is a 3rd harmonic, and so on. 


On this basis, the chord factor or coil-pitch factor for the mth 
harmonic is 


ye | Saree Gas the fundamental 
Beis 4 coil-pitch angle 


and, since there are 2 slots per coil group, the spread or distribu- 
tion factor is 


These two factors, Kym and kg,, are common to all polyphase 
motor windings and their product normally constitutes the 
winding factor. In this example, however, an additional term 
arises Owing to the unusual method of connection of the coil 
groups; this connection factor can be derived in a manner 
similar to the familiar derivation of the spread factor. 

Let the maximum e.m.f. per coil be v. Then the resultant 
e.m.f., Vy234, for the first four coil groups is v; — v, + v3 — v4 
having regard to the directions of the coils. Rearranging this in 
the form v; + v3) — (vz + v4), it can at once be seen from the 


vector diagram, Fig. 4, that it is equal to 4v sin = cos a 


Now, %1234 and the resultant e.m.f. for the second four coil 
. ZLOUPS, Vs5¢7g, are separated by an angle m7 and are in opposi- 
tion. They are thus additive for odd flux harmonics and of 
opposite sign for even harmonics, so that the resultant e.m.f. for 
all the coils is 


mT , 


ne CAME mr 
v, = 8v sin cee cos a sin 


2 


(v, will be zero for m = 2, 4, 6, etc., and equal to 2v,734 for 
Ti olewss Ss CLC) 
The connection factor is therefore 


kon (=) exsin cos sin. 
HNC i 8 4 2 
The complete winding factor, then, is 
Ae MAM UT Tr AT 5 ATT. 
Km = KymKamKem = Sin 17 00% ag Sin -g- cos sin > 


With NV, turns in series per phase and a peak phase current 
of J,, the space-maximum of the mth harmonic component of 
air-gap m.m.f. for one phase alone is, by substitution in eqn. (16), 

4 IN, 


f= ere Sin nT cos sin i 
omp ma 2 12 48 8 4 2 


Fig. 4.—Vector diagram of coil e.m.f.’s in winding used as an 
example. 


oT. mr 
01234 = 4v sin = cos = 


where 0 = U% = U2 = 03 = 4 


Further, if the spacing between the three phase-windings were 
27/3 the space maxima of the harmonic components of the 
resultant air-gap m.m.f. could be found by substitution in 
eqn. (21). 

Simple substitution from trigonometrical tables in this formula 
will show that the Fourier coefficients of the m.m.f. wave of one 
phase of this winding are 


Fundamental (2 pole) = 0-044 6/,N, 
3rd harmonic (6 pole) = 0-096 7I,N, 
5th harmonic (10 pole) = 0:0764/,Np 
7th harmonic (14 pole) = 0-021 6/,Np 
9th harmonic (18 pole) = 0-011 4/,Np 
11th harmonic (22 pole) = 0-007 6/,Np 
13th harmonic (26 pole) = 0-005 7/,N, 


etc. 


These results have been verified by orthodox methods. 

With a spacing of 27/3 between phase windings, measured on 
the fundamental 2-pole scale, those of the above harmonics 
which are multiples of 3 will not appear in the resultant m.m.f. 
wave. The rest will each be increased by the factor 3/2, remain- 
ing unchanged in relative magnitude. 
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SUMMARY 


The electromagnetic diffraction problem is formulated in terms of 
the determination of the currents induced on a reflector-scatterer by a 
primary source. All field quantities are readily determined therefrom. 

An approximate solution ignores the interaction of currents on the 
reflector-scatterer in that it relates the surface current to the incident 
magnetic field. This is the geometrical-optics current. For the strip 
and circular reflector with line source at its centre, corrections to the 
geometrical-optics currents are obtained by an approximate analytic 
technique. In each case this yields an equivalent line current at the 
edges. 

The field of the line current is non-isotropic; its directional gain is 
determined by appealing to the Sommerfeld half-plane solution. The 
line currents do not greatly affect the total pattern; this indicates that 
the main character of the diffraction can be obtained from the 
geometrical-optics currents. 

Measurements of the diffracted field of a circular cylindrical reflector 
with line feed at its centre were made in a parallel-plane device. A 
description of some of the features of the equipment is given. The 
results confirm that geometrical-optics currents are themselves satis- 
factory, but are inconclusive with respect to the correction line currents. 


(1) INTRODUCTION 


The usual procedure for the calculation of scattered fields is 
first to determine the currents induced on the scatterer by the 
primary sources, and then to calculate the scattered field from 
these induced sources. Suitable approximations are often 
resorted to in order to simplify the work. 

In the design of cylindrical reflectors, if the surface current 
densities be taken as equal to twice the tangential incident 
magnetic field, and the secondary field be evaluated by the 
principle of stationary phase, the final result is identical with a 
ray-optics treatment.! Indeed, geometrical optics is widely 
employed as a basis for reflector design. However, improvements 
on the geometrical-optics result are often required. Clearly, 
this may be achieved by means of corrections to the approximate 
value of induced current, by improved evaluation of the field 
integral, or both. 

It is a matter of interest to learn the seriousness of the above- 
mentioned approximations. The field integral can always be 
evaluated rigorously, although numerical techniques may have 
to be resorted to. However, determination of the currents set 
up on a reflector normally leads to an integral equation? which 
cannot be solved. We are usually forced to make the geometrical- 
optics approximation, and this leads to the question of the error 
involved. 

Moullin and Phillips? provide an answer to this question for 
the case of an infinite strip. They discovered that, for a strip A 
or greater in width, the current distribution due to a normally 
incident plane wave is very nearly the geometrical-optics value 
except near the edge. In that region the exact solution compares 
very closely with the Sommerfeld solution for a half-plane. 
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Although the current at the edge becomes infinite it exceeds the 
geometrical-optics value only within a; of the edge. This 
result led to an improved characterization of the surface currents 
in terms of geometrical-optics currents everywhere plus a line 
current at each edge. The field set up by these currents is pre- 
dominantly determined by the geometrical-optics currents, 
provided that the field integral is evaluated rigorously. The 
‘edge line currents’ contribute only a minor modification. 

The strip is re-examined here by a method suggested in the 
Moullin—Phillips paper; a more general mathematical technique, 
however, is used. Extension to arbitrary incidence and to the 
circular strip, with a line feed at its centre, is then readily accom- 
plished. In addition, the spatial character of those currents 
which contribute to the edge line currents is taken into account, 
its far-field directional gain being thus determined. 

An attempt is made to connect the equivalent edge line current 
of the plane or circular strip with the Sommerfeld distribution at 
a half-plane edge. This is analogous to the supposition that the 
Sommerfeld half-plane solution would approximate the currents 
in the vicinity of an arbitrary edge. Such an approach was 
originally suggested by Braunbek.* In his solution to the problem 
of the scalar diffraction by an aperture of a plane wave he obtains 
a value for the induced sources on the screen by applying the 
Sommerfeld theory as if the screen had locally a straight edge. 
The resulting expressions for the circular aperture are more 
accurate than the Kirchhoff formulae. This assumption should 
be even more accurate when applied at a 2-dimensional edge. 
Some papers making use of this or an analogous approach are 
given in Reference S. 

Measurements were made of the near-zone field of a circular 
cylindrical reflector with a line source at the centre. This was 
performed in a parallel-plate device of the type described by 
Row and others.° The plate spacing is chosen less than 4A; 
this insures TEM propagation only, so that the fields are 
2-dimensional in character. Close tolerance in plate spacing is 
required, and this was achieved by using a bonded honeycomb 
material which is very light yet requires no stiffeners. The device 
comprises a large turntable set flush with the lower surface; this 
permits of field measurements along circular arcs or the taking 
of azimuthal field patterns. 

The measurements confirm that good results can be achieved 
by the use of geometrical-optics currents for the type of problem 
considered. The equivalent line currents somewhat improve the 


agreement between the calculated and measured fields, but not — 


sufficiently to be conclusive. 


(2) DERIVATION OF EDGE CURRENTS 


(2.1) Edge Currents for Half-Plane Diffraction by an Incident 
Plane Wave 


Consider a plane wave incident on a half-plane as shown in 
Fig. 1. The origin is chosen in the half plane a/k from the edge; 
k = 27]/X. If the entire plane were present the surface current 
would be given everywhere by K,,. = 2(f x H,,,,). This is the 
geometrical-optics condition. 
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Fig. 1.—Plane wave incident on half-plane. 


The half-plane of Fig. 1 is then thought of as resulting from 
removal of that portion of the full plane for which x > aJk. 
This operation produces a change in the currents on the remaining 
half-plane; we call this change Kp (deviation from geometrical 
optics). If the electric field is to vanish over the conducting 
surface it is clear that the field, E°, produced by the ‘deviation 
currents’ must be the same as that which was produced by the 
geometrical-optics currents on the removed half-plane. For any 
a, E® is related to the sources producing it as follows: 

ry alk St oe) 
E® = = | KpH}k\x|)dx = a i cee yah) 
alk 


Substitution of the value of K, ,. from its related value of incident 
magnetic field yields 


Fo = | cae PeotHPde . 2. . 


Kal 6D) ; é 
C, = aed aa Tn peitcosd, kx =v 


where 5) 


__ We now make use of an integral representation for the Hankel 
function: 


oe ie 
Hv) = | eee as is ose (3) 
Je 0 


Egn. (3) is inserted in eqn. (2) and the order of integration inter- 
changed. By considering k as having a vanishingly small negative 
imaginary part, the upper limit in the v integration contributes 
nothing. The result is 


IC, i) ge Ja(cosh t + cos ») 


E° (4) 


al dt 
mk J cosht + cos ¢ 
This integral can be evaluated in terms of an asymptotic 
expansion (see Appendix). The result is 


ips 2Ca.,--ja cos gee: 
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If we impose the condition 


Vacos § > V/3 Sw ae ee re CC), 
higher terms in eqn. (5) may reasonably be neglected. This 


restriction can similarly justify use of the leading term in the 
asymptotic expansion of H(q@ for large a. If the latter 
operations are carried out with respect to eqn. (5) we finally have 


: F Ee, alk 
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E® is consequently equal, asymptotically, to the field of a 
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line current at the edge of strength —j(2/k) tan(/2). Put 
another way, the deviation currents, Kp, can be replaced by 
an equivalent line current /6(x — a/k), so that eqn. (7) is satis- 
fied if J = —j(2/k) tan ($/2). d( —a/k) is a normalized 
impulse function that vanishes everywhere except at the edge. 
A more useful form results if we put 


2 
<= 0-159K2,.A 


Ko is the geometrical-optics current that would result if the 
incidence were normal (i.e. K2, is a function not of ¢ but of 
H,;,, only). Then: 


1 = ~j0-159AK2, tan $ 5 oe ee 


If ¢ — 180°, then J > 00 from egn. (8), but note that under 
these conditions the maximum yalue of a from eqn. (6) also 
becomes infinite. 


(2.2) Edge Currents for Half-Plane Diffraction by Incident Wave 
due to a Line Source 


The above procedure may be followed for the case where the 
incident field is set up by a line source (see Fig. 2). If the 


y 


b 
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Fig. 2.—Half-plane in presence of line source. 


restriction that i > 10 be imposed, the field at the origin due to 
the currents on the ‘removed half-plane’, asymptotically for 
large a, will be 


ae: alk 
tO ee Se) = | KpHPElx))dx - 0) 


Eo = - 
k 1+ cos dy 


As before, the criterion for sufficiently large a is the satisfaction of 
Vacos ©! 2514/3 2 ee ee 


Again we may consider Kp to be a line current of strength J’ 
at a, where 


1/ = ~j0-159AK;.,, tan SE otra ck. 


K;.,. is the geometrical-optics current at the edge, if the line 
source were located on a perpendicular to the edge. That is, 
ey is related to an incident field at the edge which is locally 
plane and at normal incidence. But this is precisely the definition 
of K?,; the results are consequently identical. It is thus 
reasonable to believe that the actual surface currents in the 
vicinity of the edge as produced by a line source are given to a 
good approximation by the Sommerfeld currents due to a plane 
wave whose angle of incidence at the edge is the same as that of 


the cylindrical wave from the line source. 
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(2.3) Diffraction by a Circularly Curved Strip due to a Line Source 


at its Centre 


The techniques used for the half-plane problem can be applied 
equally well to a circular cylindrical reflector illuminated by a 
line source at its centre. The current that would flow on a 
complete cylinder is denoted by the constant K,; we take the 
incident electric field at the cylinder to be +/(j/¢). In this case 
Kp is the ‘deviation current’ from K,, i.e. (K, + Kp) is the 


Fig. 3.—Circular strip with line source at its centre. 


actual current on the reflector. Referring to Fig. 3, the boundary 
conditions at the origin will be satisfied if 


bb K,H6 m _K.Ae® 4, i & AP) 
“We | TQ) “Lat 
le ay __ KpHP) _ 
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(12) 


where p = 2rsin 0/2, v = kp, 2kr = R, a, = kp, ay = kpp. 
We can show that asymptotically for large a and small a/R 
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If, now, we assume Kp to be the sum of a constant current Kc 
and a line current at each edge J,, eqn. (12) will be satisfied by 
separately satisfying two identical equations, one in a, and the 
other in a. If we let a represent either of these, and the sub- 


stitution of eqns. (14) and (13) into (12) is made, this equation 
can be written 


a (13) 
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This leads to 
K,=2—Ky; Jq=j0-159AK,., (16) 
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The final result is thus of the same form as for the half-plane. 
That is, the boundary conditions, except near the edge, are 
satisfied asymptotically by geometrical-optics currents every- 
where plus a ‘line current’ at each edge. Here again there is a 
strong suggestion that the actual current distribution near the 
edge is that given by the Sommerfeld solution for the half-plane. 

In order for the error implied by the use of the asymptotic 
expression of eqn. (13) to be reasonably small, the following 
criteria is suggested: 


—~<-, az>o. (17) 
This is related to the criterion of eqn. (6), but in addition involves 
a restriction on the maximum central angle for the circular 
reflector (~ 60°). 


(3) ANALYSIS OF THE SOMMERFELD SOLUTION 


The restriction imposed by eqn. (6) suggests that the deviation 
currents which are responsible for the ‘line current’ are substan- 
tially localized in the region of the edge of width +/3/cos (#/2). 
If this were true, then the requirement that a> »/3/cos (#/2) 
simply assures that the field point is sufficiently far from the 
detailed structure of Kp in order that Kp may simulate a line 
current. 

This concept can be examined for the half-plane by an analysis 


INCIDENT 
WAVE 


P 6 (FIELD POINT) 
Fig. 4.—Sommerfeld half-plane geometry. 


of the Sommerfeld solution. For the geometry of Fig. 4, the 
current distribution can be expressed as? 8 


fh. (4 op 
— Sia p el(2—kr cos $) (ee SN islenh; | 
2 V/(2kr) cos (42) 


/ 1 
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The geometrical-optics current can be separated out, being 


essentially the first term of eqn. (18). The remaining expression 
for Kp, if evaluated by means of asymptotic expansions, is 


eo 


(18) 


sin Be (ar—4) 
Kp © —- Sa DT ee 
D Vnykrs? cos? (b)D)' LV (kr) cos (¢/2) > 6] . (19) 
The field at a/k can be found by summing the contribution of 
Kp from the edge to b/k(Mo), from b/k to a/k(M,), from a/k to 
co (M,). Calculation of M, and My yields the following approxi- 
mate results: 


 Exeezi ir laces 
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where Exc is the field of an edge line current. 
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Ifa > b, V/(bmin) cos (f/2) = 4/3, then the current contributing 
to the field of the equivalent line current lies substantially within 
mins to an error of approximately 16%. Dini, is the smallest 
distance of a field point from the edge in the sense of the con- 
dition imposed by eqn. (6). It is thus fairly reasonable to link 
the fictitious edge line current with the actual deviation currents 
over the b,,,;, region including the edge. 

The far field of the equivalent line current should then be 
related to the field of the Sommerfeld deviation currents inte- 
grated from the edge to an appropriate b ~ b,,in. If the more 
accurate form for Kp is used [eqn. (18)] the far field is given by 


Ep = Exc 


2 cos (cos p sin £) 


oy es) el e—i2b sin2 $ 
cos 8 + ¢ Lh 3/2 
at VEXED) cos $ sin? g 
Z 2 
(22) 


to a small error, provided that 


Vb cos § > 4/3, V/bsin 5 > V/3. (23) 

If R is the distance to the field point from the edge, then 
R> 8n7b?A for the field point to lie in the far zone. 

The quantity in the bracket of eqn. (22) is the directional gain 
for the equivalent line currents of the previous work. Eqn. (23) 
actually implies very little restriction on 6 and ¢ since we normally 
take R very large. However, eqn. (22) cannot be used when 
6=0; 6=7. It is of interest to note that the region about 
6 = 7 + d must be avoided in the asymptotic solution of the 

_ total field as obtained directly from the Sommerfeld solution,® 
thus differing from the result obtained here. 


(4) EXPERIMENTAL EQUIPMENT 


(4.1) General Description 


The parallel-plate device consists of Sft x S5ft plates spaced 
0-5in apart. Operation is at X-band. A turntable, 28in 
diameter, is located at the centre of the lower plate; with the 
help of spring contacts it forms a portion of the lower electrical 
surface. The turntable is a machined aluminium casting and 
rides on a 3-point ball-bearing support. 

Pick-up devices can be inserted into the rotating plate at four 
different radii. One may, alternatively, locate reflectors at these 
points; this permits rotation of the reflector with respect to its 
incident field. For the latter case, a fixed detector, located in the 
3tationary part of the lower surface, measures the secondary 
field pattern. Devices for measuring either magnetic or electric 
fields are available. 

A probe feed is attached to the upper plate through a double 
eccentric mechanism; this permits the probe to be adjusted so 
that it is concentric with the turntable axis. The probe itself is 
interchangeable, thereby allowing for variation in shape or size. 

Details of some features of this device follow; other parallel- 
plane devices which have been constructed involve differences in 
design according to their special needs.° 


(4.2) Absorbers 


In order to eliminate reflections from the edge of the parallel- 
plate region, radially oriented wedge-shaped resistor cards were 
placed around the circumference of a 2-Sft radius circle. To 
facilitate the design, experiments were first conducted in a 2ft 
diameter parallel-plate model. A waveguide feed was located at 
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Fig. 5.—Electric field between round parallel plates, along a radius, 
with an open waveguide feed at the centre. 


@ Microwave absorbers placed round edges of parallel plates. 
x Radiation into free space from parallel plates. 


the centre, and the absorbers were arranged along a radial and 
spaced over a large arc of the outer circle. 

Fig. 5 shows the results of such measurements with and 
without absorbers. As can be noted, a v.s.w.r. of 1-40 was 
obtained without absorbers. This compares with a calculated 
value of 1-47 for infinitely thick plates, i.e. radiation into half- 
space.? The curve satisfies the prescribed 1/p variation and 
proper wavelength spacing. 

With wedges 6in long, tapered over Sin of their length, and a 
circumferential spacing of 0-8 in, a v.s.w.r. of 1-035 is measured. 
This value remains unchanged if the feed is moved off centre 
along a radius. However, if the absorbers are set skew to the 
radial direction the v.s.w.r. increases, as would be expected. 
For a rotation of about 15° a v.s.w.r. of 1-07 results. 


(4.3) Discontinuity due to Turntable 


A clearance of ;3;in was allowed between the turntable and 
the lower sheet opening in which it rotates, spring contacts being 
employed to cover this gap. The springs were cut out of long 
strips, bent and cut as shown in Fig. 6. A metal tape was run 
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Fig. 6.—Detail of spring contacts at turntable. 


around the circumference of the turntable to hold the springs in 
place. The spring material consisted of 0:003in shim stock; 
this made it possible to achieve a very smooth transition. The 
turntable support is adjustable for vertical movement, thus 
facilitating proper levelling of the turntable. 

In the parallel-plate model a step of 0:032in was introduced 
by insertion of a concentric plate. This produced a measured 
reflection coefficient of 5%; a calculation yields 34%.9 This 
makes clear the necessity for close tolerance in the turntable 
assembly. 

The overall result is revealed in Fig. 7. This shows the mag- 
netic field along a fixed radius in the parallel-plane device. The 
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Fig. 7.—Measurement of magnetic field between parallel plates with 
dipole feed at centre. 


For 360° rotation of 5:5in radius pick-up. 
Frequency, 9 375 Mc/s. 

Maximum deviation, approximately 0:09 dB. 
Accuracy of readings, 0:03 dB. 

x No tension in strongback. 

® Tension in strongback. 


combined effects of the absorbers, turntable transition, etc., 
cause a field variation of no greater than +0-09 dB, and even this 
perturbation is caused, mostly, by variation in plate spacing. 


(4.4) The Plates and their Spacing 


The plates must be spaced less than 4A in order to attenuate 
modes other than TEM. A spacing of 0:50 in allows insertion of 
X-band guide (and horns), and with a tolerance of 0-500 + 0-100 
and —Q-000 the attenuation is greater than 12 dB per wavelength 
to the next higher mode. 

A closer tolerance in spacing is desired for some other reasons. 
First, if a reflector is fixed to the upper plate and makes sliding 
contact with the turntable, close tolerance in spacing results in 
greater uniformity of contact. Secondly, since the value of the 
field is a function of the spacing, significant errors may develop 
with too wide a tolerance. If the change in spacing is not too 
abrupt, a perturbation of 0-012 inch in 0-500 inch causes a 
0-1dB change in the field. This effect is probably the major 
cause of the field variation in Fig. 7. 

The parallel sheets are made of 0-030in seamless aluminium 
sheet bonded to a lin thick aluminium honeycomb. The sand- 
wich is very light and at the same time extremely strong. There 
is no perceptible sag when supported at its edge and consequently 
no stiffening members are required. The upper sheet is easily 
removed for access to the interior; indeed the entire set-up is 
readily assembled or disassembled. 

The sheets arrived reasonably flat (within 0-030in over the 
entire sheet). A strongback was used to vary the spacing, 
somewhat, in the region of the reflector. As indicated by Fig. 7 
the overall result is satisfactory. 

Metal pins located around the edge have 0-500in shoulders 
and are responsible for the spacing. At the same time the pins 
fit through holes in the upper plate so as to index the upper sheet 
relative to the lower. This feature is important since it ensures 
that the probe in the upper plate will remain concentric with the 
turntable, once an initial adjustment has been made. 


(4.5) Field Detection Devices 


Two pick-ups were constructed, one for electric and the other 
for magnetic field measurements. The former is simply an 
adaptor for holding a standard electric probe in one of the four 
mounting holes located in the turntable. 

The magnetic pick-up consists of a small slit in the surface of 
a plug that fits one of the turntable pick-up holes. This couples 
magnetic field parallel to the slit into a waveguide behind the 
slit. Since the slit is in the centre of the guide with its long 
dimension parallel to the long dimension of the guide, TEj9 is 
favourably excited in the pick-up guide. A slit dimension of 
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0:280 x 0-025 x 0:060in deep is used. This was designed on 
the basis of Bethe’s!® formula in conjunction with Cohn’s!! 
experimental value for the equivalent magnetic polarizability of 
a rectangular slot; a value of 36-6dB coupling was calculated 
and 33-9dB measured. 

The above results are for a matched load as is required in the 
Bethe theory. The thickness of the slot is taken into account by 
assuming it equivalent to a corresponding length of guide 
operating beyond cut-off. For the dimensions given, this results 
in at least 6dB separation between the interior of the parallel- 
plate region and the detector for the dominant mode. Because 
of this isolation it is permissible to tune the effective shunt 
susceptance on the detector side of the slit and thereby obtain a 
larger power output; ie. in this manner a conjugate load is 
presented to the slit. This procedure improved the output by as 
much as 21dB. Field patterns were not affected by the presence 
or the degree of tuning. The disadvantage of such tuning is 
the increased frequency sensitivity of measurements, and close 
monitoring of signal-generator frequency is required. 

A fixed standard electric probe pick-up is located in the 
stationary part of the lower surface. This is used for obtaining 
azimuth patterns when the scatterer is fixed to the turntable. 


(4.6) Reflectors 


For the measurements described in the first part of the paper 
several types of reflector were considered. Their cross-sections 
appear in Fig. 8. No significant difference was detected in the 
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Fig. 8.—Types of reflector considered. 
(a) Non-contacting reflector. 
(b) Choke reflector. 
(c) Contacting reflector. 
fields they produce, except that with the contacting type of 
Fig. 8(c) the field along the reflector was somewhat erratic due 
to mechanical unevenness in the spring contacts. 


By means of a special tool, the radius of the reflector relative 
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to the centre of rotation can be checked. In this manner the 
reflector can be correctly positioned before being tightened in 
place. 


(S) EXPERIMENTAL RESULTS 


Measurements were made of the magnetic field due to a cir- 
cular cylindrical reflector fed by a line current at its centre, with 
fieid points taken along a circle of the same radius as that of 
the reflector. 

Fig. 9 shows the magnetic field plotted as a function of the 
indicated angle a, as computed both with and without inclusion 
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Fig. 9.—Tangential magnetic field for circular reflector and line feed 
at its centre: frequency, 9100 Mc/s. 


Calculated from geometricai optics. 
——R, Includes equivalent line current at edge. 
OOO Measured points. 
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Fig. 10.—Tangential magnetic field for circular reflector and line feed 
at its centre: frequency, 9375 Mc/s. 

Calculated from geometrical optics. 

——-— Includes equivalent line current at edge. 

OOO Measured points. 


of the edge line currents, and as measured. Fig. 10 is similar 
but for a different frequency. The computed field was obtained 
ia terms of Fresnel integrals; the integral evaluation is exact. 

A measurement of the magnetic field for a complete 360° 
“averse is given in Fig. 11 and includes the interesting region in 
font of the reflector. The moderately smooth response tends to 
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bear out the notion of the predominance of the geometrical- 
optics currents. If the edge behaved like its tangent plane the 
magnetic field would change by 6dB in going from a point in 
the aperture to the asymptotic value along the reflector. The 
measurement in Fig. 11 shows a value of about 5:7dB, which 
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Fig. 11.—Resultant magnetic field for circular reflector and line feed 
at its centre. 


bears out fairly well that the edge of the reflector does behave 
locally like a plane surface with an incident plane wave. 

The reference signal level for Figs. 9, 10 and 11 was chosen as 
the average field strength just off the edge of the reflector in the 
aperture. This was arbitrarily assigned a —6dB level. The 
previous paragraph provides a rationale for this procedure. 

The main character of the field is quite adequately given by the 
geometrical-optics currents. Furthermore, the edge line currents 
as corrections to the geometrical-optics current appear to have 
some validity, since the shape of the calculated field is brought 
into closer agreement with the measured values. This would 
tend to confirm the results of the analysis pertaining to circum- 
stances under which geometrical optics assumptions should be 
satisfactory, i.e. where correction currents are small. But the 
corrections introduced by the edge currents are smaller than the 
remaining difference between measured and calculated values, 
so that the above conclusions must be considered as tentative. 
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DISCUSSION ON 


‘THE EFFECT OF MAGNETIC SATURATION ON THE D.C. DYNAMIC BRAKING 
CHARACTERISTICS OF A.C. MOTORS’* 


Professor F. G. Heymann (South Africa: communicated): An 


X2 + 2X,,X> 
alternative way of calculating the maximum torque for a parti- its 124 ee Fe "I ) 
cular value of J,,, the magnetizing current, is presented below. z 
Ae Ae The maximum torque will be 
Eqn. (19) may be rewritten in ter { eae eee 
el ay a wees adi T = mIb/(Z3 — X3) 
thm _ Zh — ZHXR + 2X Xp + 2X3) where «/(Z3 — X3) = R,/S 
m dl. ‘SA. B} - ; 
ue 2X3 — ZX + 3X9) This method seems to involve a little less labour than the 
The factor Sige is equivalent to a reactance X. Insertion on of the paper, but of course the underlying 1deqsisii a 
m f 
of this value yields the following equation: Dr. O. I. Butler (in reply): The modification proposed by 
MN GPa By age Prof. Heymann for establishing the maximum torque conditions 
Z4 — Z2A — 2X3X =0 , 
; is an alternative to the use of eqn. (24) of the paper. In both 
where A = X? + 2X,,X_ + 2X3 — X,,X — 3XoX cases, J, must be known or assumed. 
Z2 must be positive, so that In general, the solution is obtained most directly by tabular 


computation, which does not require the plotting of ¥,, and X 

Dot 2 : as 
a Zy = 4[A + V/(4? + 8X3X)] functions of J,,. Bearing this in mind, it appears that a. worth- 
This is the value of Zj at maximum torque and may be obtained While reduction in the labour of computation is obtained by 


by plotting Y,, and X as functions of J,,. using the proposed modification. 
The currents J, and J; are easily found: It may be of interest to note that when the calculation of 
oe running-down time is the main objective, a much simplified 
ee ee procedure is permissible. * 
Zi eae 
* Butter, O. I.; Monograph No. 206 U, November, 1956 (see 104 C, p. 185), Braking Tee the dnerloan REE. 1h) We Pt One vith 
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January, 1958.) 


SUMMARY 


A polyphase induction motor provided with balanced windings on 
both stator and rotor can operate as a synchronous motor at a certain 
specified speed if each of these windings is connected to a balanced 
polyphase supply. Under the conditions of such double supply it can 
maintain this specified speed over a range of mechanical power output, 
thus exhibiting a synchronizing torque similar to that associated with 
the conventional synchronous machine. 

In addition to this synchronizing torque, there are present also 
torques which, being proportional to the speed of rotation, may be 
regarded as damping torques and which under certain circumstances 
may be negative, i.e. they may act in such a direction that a deviation 
from synchronous speed, though initially very small, will increase 
exponentially, thus making synchronous operation impossible. It is 
to the investigation of these damping torques that the discussion in 
tuis paper is directed, and they are considered in relation to the case 
which seems to present the greatest practical interest—that in which 
the stator and rotor are connected to the same busbars and in such 
sense as to give a synchronous speed which is twice that corresponding 
to the busbar frequency. Operating in this way the machine exhibits 
a negative damping torque which, in general, decreases with increase 
in rotor or stator leakage reactance but becomes positive over a small 
range of values of the coupling coefficient. It appears from the 
investigation that it is possible to design a motor for operation at the 
double synchronous speed which shall have a large positive damping 
torque and which will therefore be stable in operation. 


LIST OF PRINCIPAL SYMBOLS 


Ls = Cyclic total inductance of stator per phase, henrys. 
Lr = Cyclic total inductance of rotor per phase, henrys. 
I, = Inductance per phase connected in series between rotor 
and points where Vp is kept constant, henrys. 
Lrp=Lat+ L. 
M = Stator-rotor or rotor-stator cyclic mutual inductance per 
phase, henrys. 
p = Number of pairs of poles. 
Rs = Stator circuit resistance per phase (measured from 
terminals where V; is kept constant), ohms. 
Rp = Rotor circuit resistance per phase, ohms. 
R = Resistance in series with rotor per phase to the points 
where Vp is kept constant, ohms. 
Rp= Ret Rk. 
5 = (ws — w)/ws = Slip with reference to stator field. 
51 = (Wr + w)/we = Slip with reference to rotor field. 
SS for wr = — Ws. 
S=s, = — 1 for w = ws. 
Vs = Stator applied voltage per phase, volts (r.m.s.). 
Vp = Rotor applied voltage per phase, volts (r.m.s.). 
Xs; = Lsws = Cyclic total reactance of stator per phase at 
stator frequency, ohms. 
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Xsr = Lswr = Cyclic total reactance of stator per phase at 
rotor frequency, ohms. 
Xp = Laws = Cyclic total reactance of rotor circuit per phase 
at stator frequency, ohms. 
Arr = Lrwr = Cyclic total reactance of rotor circuit per phase 
at rotor frequency, ohms. 
Xm = Mwy, = Cyclic mutual reactance per phase at stator 
frequency, ohms. 
XmR = Mwpr = Cyclic mutual reactance per phase at rotor 
frequency, ohms. 
—a = Angle between geometric axes of homologous phases on 
stator and rotor at instant when ¢ = 0, electrical rad. 
%, = a/p, mechanical rad. 
p= a + wt = Angle between geometric axes of homo- 
logous phases on stator and rotor at any instant f, 
electrical rad. 
ws = Angular velocity of rotating field caused by stator 
currents, with reference to stator winding, electrical 
rad/s. 
Wp = Angular velocity of rotating field caused by rotor currents 
with reference to rotor winding, electrical rad/s. 
w = Angular velocity of rotor in space, electrical rad/s. 
W,, = Angular velocity of rotor, mechanical rad/s. 


(1) INTRODUCTION 


The performance of induction machines under conditions of 
double supply presents certain features of practical and theoretical 
interest. By suitably arranging the supply connections it is 
possible to obtain a speed of synchronous operation equal to the 
sum, or the difference, of the synchronous speeds corresponding 
to the supply frequencies. Thus, for instance, a machine with 
both stator and rotor connected to the same supply could have 
a synchronous speed equal to twice that corresponding to the 
frequency of the supply, and operating at this speed would have, 
for given conditions of electric and magnetic loading, a shaft 
output double that which it could give with the stator, or the 
rotor, supplied alone. The higher synchronous speed appears to 
answer two particular needs at the present time, namely as a 
generator where gas turbines are the prime movers and as a 
motor for centrifugal-pump drive. Experience shows, however, 
that the machine, operating at a synchronous speed higher than 
that corresponding to the supply frequencies, is likely to be 
unstable, and this instability may be traced to the presence of 
large negative damping torques—torques which act in such a 
direction as to increase any deviation from the synchronous 
speed. 

The behaviour of machines under conditions of double supply 
has been studied for steady-state conditions by Kassjanow,! 
Messing? and Arnold.3 Later Herschdorfer,* Tscherdanzev,° 
and Leonhard® analysed the steady state, and also considered 
the pulling-in phenomena. Kloss’ and Steudel® studied steady- 
state as well as oscillatory conditions. Hannakam? considered 
suppression of oscillations using a starting motor. A\ll the earlier 
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workers, including Kron, Concordia and Crary,'® who used 
tensorial methods have employed leakage reactances in their 
analyses. 

In the present paper the general equations for the machine 
are derived using the principle of superposition, and may be 
applied with relevant modifications to treat all conditions of 
operation under double supply, but special attention is directed 
to the case in which the machine operates synchronously at a 
speed twice that corresponding to the supply frequency. 

This condition is achieved by feeding both stator and rotor 
from the same supply but with dissimilar phase sequences. In 
such a case, were the rotor stationary, the stator and the rotor 
would produce two fields rotating in opposite directions at the 
speed corresponding to the supply frequency. Rotation of the 
rotor at twice this speed in the direction of the stator field would 
then cause the field due to the rotor supply to rotate at syn- 
chronous speed in space in the same direction as that of the field 
due to the stator supply, thus bringing these two rotating fields 
to rest relative to each other, which is the condition for syn- 
chronous operation. 

In applying the principle of superposition it is necessary to 
assume that the circuit equations are linear and contain only 
constant coefficients. This requirement might seem to impose a 
disabling limitation when circuits containing iron are to be 
considered, but the difficulty can be overcome if the equations 
are expressed in terms of constants which can be measured 
under conditions of saturation closely analogous to those 
obtaining under operating conditions. For this reason, and also 
because of the difficulties which present themselves when attempts 
are made to measure separately the rotor and stator leakage 
reactances, the constants which have been chosen are the total 
inductance of the stator and of the rotor and the mutual induc- 
tance between stator and rotor. The constants are expressed as 
cyclic quantities which in the case of self-inductance relate the 
stator (or rotor) current per phase to the total flux linkage 
produced in the stator (or rotor) phase by the rotating field 
generated by all the stator (or rotor) phases acting together; and 
in the case of mutual inductance, relating the rotor (or stator) 
current per phase to the total flux linkage produced in a stator 
(or rotor) phase by the rotating field generated by all the rotor 
(or stator) phases acting together. 


(2) THEORETICAL CONSIDERATIONS 


(2.1) Analysis 


The analysis is developed for the general case where the rotor, 
the field due to the stator supply, and the field due to the rotor 
supply, considered relative to the rotor, all rotate in the same 
direction; i.e. ws (angular velocity in space of field due to stator 
supply), w (angular velocity of rotor in space) and we (angular 
velocity of field due to rotor supply relative to rotor) are all 
assumed to be positive. 

Certain other assumptions are necessary. Harmonics, both 
of time and space, are neglected, which implies that voltages and 
currents as well as field distribution are sinusoidal. Variations 
in saturation over the working range are neglected. It is assumed 
that hysteresis and eddy-current losses in stator and rotor are 
met by their respective supplies, and hence are independent of 
rotation. The pulsation loss depends on the speed of rotation, 
but the torque due to the eddy-loss part of it, which affects 
damping, is small compared with the main developed torque due 
to induction-motor action and is neglected. 

The operation of the machine is treated as the result of the 
superposition of two hypothetical conditions of operation, one 
with the stator supplied and the rotor short-circuited, the other 
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with the rotor supplied and the stator short-circuited, the same 
speed and direction of rotation being maintained in each case. 

In the first case let the stator be given a supply which produces 
a field rotating with an angular velocity ws. If, then, the rotor 
is rotating with angular velocity w, the angular velocity effective 
in the rotor is (ws; — w). The current in the A-phase of the 
stator can be written as 


is ad Is sin (West is fs) : (1) 


where ¢s is the angle of lag of is behind the voltage vs applied 
to the A-phase, namely 


(2) 


The relative magnitudes of the stator and rotor e.m.f.’s es; and 
€r1 induced in the corresponding A-phases due to i, are given by 


Us = Vs sin wet . 


CS eae LSS os (3) 
er, M(ws — ) Se ana 


To define the phase angle between es, and egy, it is assumed 
that at time f= 0, the A-phase of the rotor is geometrically 
behind that of the stator by an angle « as shown in Fig. 1. At 
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DIRECTION OF ROTATION 
OF STATOR FIELD 


STATOR 


ROTOR 
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OF ROTOR 1 — DIRECTION OF ROTATION 
WHEN t=O OF ROTOR 


PHASE A OF ROTOR 
Fig. 1.—Relative angular positions of rotor and stator windings. 


any subsequent time the angle between the A-phases is therefore 
(wt — ~), and this represents the time lag between es, and ep, 
corresponding to any rotor position defined by r. Hence 


d 5 
Ca Ls Us sin (wet ord bs)] 


— Ls@sl sy COs (west = ds) 


(4) 
and 


1 
Gi = Ss py sostsi COs [west as dbs = (wt a x)] 


M (ws — w)Is; cos (ws —w)t —ds +a] . (5) 


The rotor current is driven by eg; and lags behind it by dr 
and behind vs by some angle 6 + wt (say), thus giving 
ip = Tr sin [(ws a w)t =F | ° (6) 

where @ and ¢p are related by de =O —(bs —& + 7/2), 
which is independent of time. This is made clearer with the 
help of a vector diagram for the A-phases (Fig. 2). The angle 6 
represents the amount by which Jp; would lag behind Vz if Ip, 
were given an additional speed w. Thus 6 varies with «, i.e. the 
position of the A-phase on the rotor relative to that on the stator. 
Directing attention now to the e.m.f.’s eg) and eg, induced in 


the rotor and stator due to the rotor currents, it will be noticed 
that the ratio of e.m.f.’s becomes 


Cr2 _ Lr(ws — w) | 
€52 Mos p2 


(7) 
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Ys 


or 
Velost = (Rg + jars s)Igye@s'— 69) + jMarsI pest Ve — ie 
(14) 
0 = [Re +i (ms — w)LplIgyeis— ot 81 
+ jM(ws _— w)I5,E/s—o)t—dsleie (15) 
If (15) is multiplied by ¢/* it yields 


0 = [Ra + j(ws — w)LalIp ei@st-© 
+ jM(ws — w)I 5, E@st— ds) gi% (16) 


where Ip,eost—®) as a vector is the result of giving the vector 
represented by Jp,e/(@s—*)t—-6] an additional speed of rota- 


eri dis tion w. 
: dt Eqns. (14) and (16) can now be written in vectorial form 
Fig. 2.—Vector diagram of rotor and stator quantities. giving 
while es leads eg. by (wt -- «). Thus V5 = (Rs + jmshs)Is, + JMasIpye™ (17) 
d ‘ ; 
CRI aa Le Ales sin [(ws — w)t — ay} 0 = [Re + is — )LelIp1 + iJM(ws — w)Isye* (18) 
= — La(ws — wp, cos [(ws — w)t — | (8) | which when solved give 
fe = [Re + Js — w)LelVs (19) 
[RsRr — LswsLp(ws — w) + M?*(ws — w)ws] + j[ReLsws + RsLR(ws — )] 
—jM(ws — w)Vse!* 
and Ip, = : 20 
AI" [RsRr — Lswshgws — @) + M%ws — w)ws] + i[ReLsws + RsLaws — @)] oe 
‘and In the second case, when the rotor is supplied and the stator 
1 short-circuited, let the rotor be fed from a supply producing a 
€s9 = — —Lalpi(ws — &) cos [(ws — w)t — 6 + (wt — a] rotating field having an angular velocity wp relative to the rotor. 
Pa If w is the angular velocity of the rotor, the angular velocity 
= — M(ws — w)Ip, cos(wst —8—a) . . . . (9) | operative in the stator will be (wr + w). Reasoning similar to 


The Kirchhoff’s law equations can now be written with reference 
to Vs: 


d : 
Vs sin Wst = (Rs a Ls) Isi sin (West a ds) 


the above yields for the vectorial equations, if the stator and 
rotor applied voltages are in phase, 


0 = [Rs + j(wr + @)LslIs2 + jM(@R + w)Ipe* = (21) 


d : 
and 0= (Re ar Le) Try sin [(ws = w)t — 6] 


d Vr = JM pl 5n&/* -/- (Rr + jorLrylr2 (22) 
meigl dt [Tp1 sin (wst — @ — a] (10) | which give on solution 
F — jM(wp + w)Vpe* (23) 
52°" [RsRr — Ls(wa + @)Lawe + M%Xwr + op] + j[ReLs(wr + w) + RsLRwpl] 
flea [Rs + jr + w)LelVe (24) 
R2°" [RsRe — Ls(we + @)Lawe + MWe + w)wr] + j[ReLs(wr + w) + RsLRwr] 
By the principle of superposition the total currents are 
Ts = Is, + Isp - (25) 
and Ip = Tr SP Tr (26) 


d : 
Ee MoAlsi sin [(ws — w)t — ds + oJ} (AD 
Writing them in complex form yields 
: d attra d Petes beet 
: Vyeiost = (Rs aL Ls) T5,e4st és) + M Alpe! ost OF ja 
(12) 


de tates ipenie > a ee 
i= (Re Je Lea) Tp eles o)t—@] + MF Asie s—o)t osl\ gia 
(13) 

Vor. 105, Part C. 


If Ep, and Eg, are the vectors of induced e.m.f.’s in the rotor 
due respectively to Is, and Is, the total generating torque per 
phase is given by 


1 pEx eal | 
In, + I kg-metres 
9-81 FE rye ory, || Re enue 
pepsi saints fev 


as suggested by Lyon and Edgerton,'! where Er} and Ep§ are 
conjugates of Ep, and Ep, respectively. 


To=- 


Il 
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Eqn. (27) yields general expressions for the four component 
torques which are shown in the Appendix. 

Attention is drawn particularly to the double-synchronous- 
speed operation, the condition for which is 


Ly EUS, 


For this case the general expressions given in the Appendix 
take a more compact form since 


8 = (@s — @)/ws = (Mr + w)/OR 
Thus, if Tg = 7; + T,2 + 73 + T, in kilogramme-metres, 
then 


lip 3pve SRRX pi n 
1" 9-8lws (RsRp — SX5Xp + 5X2)? + (RrXs + SRsXp)* 
. (28) 
ow v2 sRsX2 
se 9-8lwes (RsRpr — 8X5Xp + sX,2)? + (RsXp + sRrX5)7 
(29) 
Or, writing 
Hl SS RsRpr a SX5Xp + Ske 
is RrX5 + SR5Xp 
and D= RsXpR + sRRX¢5 
3pVesRrX3 
a F- asian mos 
fa 9-81w.(A2 + B?) ee) 
3pVesRsX2 
. (29 
ta = ~ 9.810(42 + DD) ae) 
(pe 3pMV5Vp 
3 9-81(42 + B2)(A2 + D?) 
{s(RrXs + RsXp)[(A* + BD) cos « — (AD — AB) sin «| 
+ [RsRe—s?XsXp][(AD — AB) cos « + (4? + BD) sin J} 
(30) 
and 
Ts 3pMV Vp 
- 9-81(42 + B2)(A2 + D?) 


{s2X2[(AD — AB) cos « + (42 + BD) sina]$ (1) 


T; and T, can be grouped together into the form 


Tea Ts 
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the machine when acted upon by a small increment of mechanical 
torque, AT,, may be written 


Tip, + C\%n Oem ede (33) 
where J = Polar moment of inertia of rotating parts, kg-m?. 
c», = Mechanical angular displacement with respect to a 
steady-state reference vector, rad. 
C, = Electrical torque opposing velocity, 
mechanical rad/s. 
C, = Electrical torque opposing displacement, kg-m per 
mechanical rad. 
The solution of eqn. (33) is of the form 


kg-m_ per 


Om = P + Qe—™ sin (bt + B) (34) 
2 
where "a Oy, (35) 
% Cy Cy\? 
and b= he -(G | (36) 


and P, Q and f are constants. 

If C; is positive, A is positive and the machine is stable since 
any oscillating displacement decays exponentially. If C, is 
negative any oscillating displacement, however small, will 
increase exponentially and the machine is unstable. This form 
of instability is generally described as being due to the presence 
of negative damping. 

It is to be noted that C, and C, can be regarded as constants 
only if «,, is so small as to make «,, ~ sin «,,; and &,, so small 
as to make the ratio «,,/w,, small compared with unity. 

For the machine under conditions of double supply and 
operating at double synchronous speed the total electrical 
generating torque is given by 


Nig Uy ae My ap is ae Tin 


T, and T, are complicated functions of the slip and therefore 
of «,,, While T; and 7, are functions of «,,, and are also sine and 
cosine functions of «,,. 

Plotted to a base of w,,, Tg can be represented, in the region 
of the operating speed, by a family of curves such as those 
shown in Fig. 3, for various values of «,. If the excursion &,, 
is small the curves to be considered lie close together and may 
be assumed to be equally spaced for equal increments «,, and 
may also be assumed to be sensibly parallel to each other where 
they cut the ordinate defining the operating speed. Further, if 


INGE + ays + 4387 + ays? + ass‘) cos « + (by + bos + bys? + bys? + bss*) sin 


(d, + ds ++ d3s? +. d,s? + dss*) 


as shown in the Appendix, where the meanings of all the constants 
are explained, and 
ot 3pM Vs Vr 


3 9-81 


the coefficient 3 referring to a 3-phase machine. 


(2.2) Stability 
When discussing the oscillations of synchronous machines it 
is usual to assume that the total electrical torque can be divided 
into two parts, one directly proportional to the angular dis- 
placement of the rotor from a reference vector rotating syn- 
chronously, another directly proportional to the velocity of this 
displacement. On this assumption the equation of motion of 


(32) 


Oy is small the curves at the operating speed may be replaced by 
their tangents at that point. On these assumptions 


oTG 
(Ore ees HG 
® Ohm GF 
Oh 
and GC 2% 
aa Ti) (38) 
The case treated here is that in which s = — 1, so that 
_ OoTG P) 
a cs hone fe 1 a aie aie (39) 


and, in kilogramme-metres per mechanical radian per second, 
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R2Z2 
22 Domes Deine ORES: 
Ty, = 2th PT _ _ 30 VBKBRe [89 + 08 ~ xt - | 
cee Nay Ws 9-81we R2Z2 ©) 
eee + 2XARsRp + s[RX% + (X32 — Xsx0"} 
where Zz = Ri+ X2 
22 2- 2 __ (Re + XAR, 
ee ee Pe SP VeXoks [a = 32 
Gee Nea Ws 9°81w%  ((R% + X2)R2 3 eh 
at eames + 2XARsRp + s[RRX2 + (X32 — xx} 
T STs ry) pods + 1, 
al aa 1 ea ia aa = Sse Sa yes 
m iS Os y 
_ 3p?M aie + 2a35 + 3ags* + 4ass3) cos « + (by + 2b35 + 3b4s + 46,53) sin x 
9-8luws (dy + dys + dys? + d,s} + d,s4) = 


= (dy a 2d35 + 3d,s* + sacs) 


It is difficult to generalize when the winding constants 
such as L, R and M have a wide range of values, but for 
normal values of these quantities and for the double synchro- 
nous operation it may be said that 07;/dw,, and d7>/dw,, 
are large and negative, while 0(T; + T,)/dw,, may be positive 
or negative. At or near no load the value of 0(73 + T,)/dw,, 
ts negative, and hence this is the worst condition so far as stability 


oTa1 D*(2yZ2 — 2X2Xs) — [y?Z2 
cae a ne 


ae A, Rp 


‘is concerned, but the actual magnitude of this negative value is 
negligibly small compared with the sum of d7,/dw,, and 07>/dw,». 
Thus at no-load the damping characteristics are mainly deter- 
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OPERATING 
SPEED 


EXCURSION &m 


Fig. 3.—Diagram illustrating assumptions made in deriving syn- 
chronizing and damping-torque coefficients. 


mined by 07,/dw,, and d7>/dw,,, and it may be worth while to 
examine these expressions more closely. Considering 07;/dw,, 
for instance, 


pa 3p? VERRX in 
feo; 9-81w2, 
RAzZz2 
| naxg + cg — Xora? ~ MEE) 
ee 
RRZS 2 22 2 2 
eral + 2X2RsRr + s[R3XR + (Xin — XsXp)"] 
2p2x2 
Putting A, = 3p Vs¥in and y = Xp, writing 7, as a function 
9-81w% 


ef y, and noting s= — 1, 


(a, + ays + ays? + ays? + ass4) cos & + (by + bys + b352 + bys? + bss*) sin “|| (42) 


(d, + dys + dys? + d,s3 + d,s*)2 
Ty, = — A,Rp 
y?Z2 — y(2X2X 5) + (XA — R3Z2) 
[y?Z2 — y(2X2X5) + (XA + RZZ2Z — 2X2RsRp)]? 
Putting D for the denominator and differentiating T,, with 
respect to y, the result is 


= W2XFXs) + (Xm — RRZQI\(2D)(2yZZ — 2X7AXs) 


(43) 


(44) 


D4 


Equating 07,,;/dy to zero yields the conditions for maxima and 
minima for 7,;, as the total reactance Xp of the rotor is varied, 
The conditions are 


(yZ2 — X2X5)[y?Z2 — y(2X2X5) 
+ X4—3R2Z2 + 2X2RsRpe] = 0 (45) 
The values of y are obtained from 
yZ2 — X2X%,=0 (46) 
and y?Z2 — y(2X2X5) + XA — 3RZZ2 + 2X2RsRe=0 (47) 


This equation gives two negative maxima of y, while eqn. (46) 
gives a positive maximum and the shape of variation of 7, with 
Xp would be of the form of the full line in Fig. 4. The results 
are perhaps most easily studied in relation to a practical case. 
Taking reasonable values for a small induction motor as 


Rs = 3 ohms; Re = 0:3 ohm 
Xs = 132-4 ohms; X,, = 28:18 ohms 
Xp = 6-62 ohms (inherent). 
Vs = 400 volts and Vp = 150/\/3 = 86-7 volts 
_ X2Xs5 _ (28-18)7(132-4) 
a 72 2 (ia 43) 
y(132-42 + 32) — y[2(28-18)?(132-4)] + [(28-18)* 
— 3(0-3)2(132-42 + 3%) + 2(28-18)7(3)(0-3)] = 0 
y? — 12y + 35-81 ~ 0 


~ 6 ohms 


i.e. 
or y ~ 6 + 0:436 ohms 
or y; ~ 5:564 ohms 

y2 = 6°436 ohms 
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Fig. 4.—Variation of inherent damping-torque coefficients with total 
rotor reactance. 


These values substituted for y in eqn. (43) give 


(Tipp ae 0158.) 
(Tai)y= 2 = 153 kg-m per mechanical rad/s. 
(Tavy=y, ~ + 9442 


It may be noticed in passing that the inherent total rotor 
reactance for the machine considered is 6°62 ohms, which is 
beyond the second negative maximum. 

Also, portions of Fig. 4 corresponding to Xp < y3 have no 
physical significance, since when Xr = y3 the coefficient of 
coupling k is unity, where k = M?/LsoLp = X2/X5Xep. 

The values y, and ys for which 7, is zero are obtained by 
equating eqn. (47) to zero. Thus 


y°Z2 — y(2X2Xs) + (XA — RZZD =O 
y?(132-42 + 32) — y[2(28-18)7(132-4)] 
+ [(28-18)* — (-3)?(132-42 + 3%)] =0 
Therefore y = 6-0 + 0°3 ohms 
V4 sobms 
ys ~ 6°3 ohms 


The approximate value of 35 indicates the limit for the value 
of the total rotor reactance below which the damping is positive 
and the coefficient of coupling, k, is less than unity. The shape 
of the curve suggests that 

(a) The negative damping could be greatly reduced by putting 
reactance in series with the rotor windings. 

(5) By designing the machine in such a way that the rotor 
reactance lies within the range defined by y3 and ys it should be 
possible to avoid the negative damping effects altogether. 

Point (a) is illustrated by the right-hand curve of Fig. 5, which 
was obtained by adding algebraically 7, and Tj. The variation 
of Tz for the same region of variation of Xp can be shown by 
similar reasoning. 


Eqn. (41) can be written, at s = — 1, 
OT, _ 2 3p’ VEX2Rs 
ge WW», 
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Fig. 5.—Variation of total inherent damping-torque coefficient with 
total rotor reactance. 


Writing A, for 3p2V2X2/9-8l1w2, neglecting R% in com- 

parison with X?, and differentiating with respect to y, 
A,R 
9 pe AD *eXE + — 2% 5X] 
— (2D) [y?X2 + y(—2X 5X3) 
+ RAXZ + XAl2yX2 + (—2XsKD]} 

Equating this expression to zero yields the maxima and minima 
of 7, with variation in y: 
[2yX2 — 2XsXAll—V?XF + VAX sX A) 


Therefore 2yX% — 2X5X2 = 
Xin 
or {es Xe 


which is the same value as y;3 in the first case. 
y?X2 — y(2X 5X2) + R2X2 + XA + 2X2ZRsRR = 0 

i.e. y2(132-4)? — y[2(132-4)(28-18)?] 

+ (0:3)?(132-4)? + (28-18)* + 2(28-18)2(3)(0:3) = 0 
or, approximately, 
y* — 12y + 36:17 = 0 
y~ 60+ +7 -- 0:17 ohms 
The values of y are complex. Thus 7, has one maximum at the 


value y3 and this is obtained from eqn. (37) and gives a negative 
maximum as shown below. 


At a rotor reactance of 6-00 ohms 


so that 


Tz2 = — 3-796 kg-m per mechanical rad/s. 


The parts of the curves for values of Xp < 6:00 ohms have 
no physical meaning since the coefficient of coupling for 
Xr = 6-00 ohms is unity. In an actual machine, therefore, 
attention must be directed to the region between points repre- 
sented by y3 and y, in Fig. 4. 

Fig. 6 indicates the nature of variation of 7,,, Tj. and 
Ta, + Taz in the range of values of Xz of 5:8 to 6:7 ohms. 
The curve of Tz; + Tz) suggests the possibility of eliminating 
the negative damping by choosing a value of X R between 6:0 


[xg — RB) + w— 2X2X5) + R2(X2 — R2) + XA] 


D-8lws  [y°(X3 + RB) + W(— 2XAXs) + RAZ + RB) + X4 — DX2RSRaPe 


i 


and 6-180 ohms. The coefficient of coupling for X. R = 6:0 ohms 
is unity and for Xp = 6-180 ohms is 0-97. Fig. 6, taken 
together with eqns. (40) and (41), shows an interesting possibility. 
These equations show that Tz, is directly proportional to Rp 
and that 7 is directly proportional to Rs. Fig. 6 suggests 


DAMPING-TORQUE COEFFICIENT, KG-M PER MECHANICAL RAD/S 


Fig. 6.—Damping torque coefficients in the region of positive 
maximum for « = 0. 
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that, if the ordinates of the 7, curve are increased and/or the 
ordinates of the 7. curve are decreased in magnitude, then the 
point P at which the ordinate of the 7,,; + 7,2 curve is zero 
could be made to shift away from Xp = 6:0 ohms. In other 
words, stability could be achieved at a slightly lower coefficient 
of coupling by increasing rotor resistance and reducing stator 
resistance, thus making the design problem easier. Experiment 
has borne this point out, in that an originally unstable machine 
could be stabilized by introduction of external rotor resistance. 


(2.3) Elimination of Inherent Negative Damping 


To be of use to the designer of a double-synchronous-speed 
machine, the points noticed above need to be put in a more 
general form. 

Eqns. (40) and (41) give the damping-torque coefficients, 
T4z; and Ty>, due to the induction-motor torques. The total 
damping-torque coefficient in the region of no-load, which would 
be the worst condition for stability, is the algebraic sum of 
T,, and Ty». It is instructive to notice the effect of various 
parameters on the sign of Tz; + Ty, whens = — 1. An analysis 
developed below seems to possess just this advantage, as it 
clearly displays the effects of variations in any of the constants, 
Rs, Rr; Xs, XR and Ke : 

In eqns. (40) and (41) make the substitutions Rs/X5 = & 
Ppl|Xp =, and assume that V>/Vp=B and X5/Xr= 
Purther let X2/X;Xp =9<1. Dividing both numerator and 
“enominator by X4X3 
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(2 + 1) 
¢? + (1 — 0? — i | 
n= (egy [tem 


5-81w2Xs/ (Gxg2 | 
OO EE? p20 stg rao) 
(48) 

E A (MEI Vat ieee | 


{POE Ds nod + sv-+d — oa 
(49) 


since V2/Xs = V2/Xp, the sign of Ty, + Ty2 is determined by 
the sign of the expression 


le a ee Bee} 
|p ide By ata: »] - 


fet D 4 20dip + sy? +1 — ay} 


and 


3p?V 20 
jel a (ae) 
9-812. Xp 


(50) 


When s = — 1, both denominators are equal to 
[¢7@)? + 1) — 20¢% + # + (1 — OPP 
= [Pe +1) —26d¢+¢+(1 — OP 1) 


Hence the sign of 7 ,, + T,2 at s = — 1 is determined by the 
sign of 


Se Fee BA) area ad Cora ee 
ih? + (= 6) dA) ie 2) 
Sak aa) 2) a i ai 
— bf? + d3f?+ 63 — dx? (53) 
=(b + [— CU — 0? + #d? + ¢ — Wy] (54) 
and this is >0 if 


(1 — 0° < Yd? + (6 — fp)? . (55) 


i.e. if 
d-A<+v[l'd? +¢—#?] @s0<A<1) (56) 


Now if ¢ and ¢ are very small, this condition is approximately 


d—-A<¢—-¢% ifd>¢% (57) 

or a-A<%—-¢ if$s>¢ (58) 

i.e; 6>1-@G@-W if d>-% (59) 

or 6>1-(d—-—94) if ¢>¢ (60) 

In other words, 7; + Tz 1s positive if 

x2 Rot Ry Ree 

I> ot > lest if — > 61 

XsXp Ast eg As) AR we 

X2 Rei. Rs oo Rees . 

or 1S XoXn7 [ce Xp ay if ear Fe (62) 


This result is helpful in that, given X; and Xp, it not only gives 
the limits for X,, which would keep 7; + 7y2 positive but 
also shows how these limits could be widened by. manipulating 
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the stator and rotor resistances. Thus, in a case in which 
RrlXp > Rs|Xs, increase of the rotor resistance or decrease of 
the stator resistance gives a wider range for positive Tg; + Ty2, 
thus making a design with a smaller coefficient of coupling 
possible. A value of Rr which would give positive damping 
could be found for any given values of Xp, Xs and X,,. Thus, 
for the machine considered earlier, a value for Rp could be 
found which would stabilize it. This has been verified by 
stabilizing a machine, the constants of which have been used as 
an example, by inserting external resistance in the rotor phases. 

From the designer’s standpoint it is suggested that eqns. (61) 
and (62) could be put into a different form. To do this let it 
be assumed that all quantities are referred to the stator; then if 


Xv = Mutual reactance, 
Xs, Xp = Stator and rotor leakage reactances, 
rs, 'p = Stator and rotor resistances, 


eqns. (61) and (62) expressed together yield 


x2, <0 | rR Eis. 

ee Se — 62a 
(Xu t+ xs)(Xu + Xp) (Xu+xXr) (XutXs) oe. 

XZ r r | 
ie. 1— ae = a = 62b 
Snr ea on (ares)! ne 
az X5XR + Xy(%s5 + Xp) 2 | rR me Fea | (62c) 

(Xut+xs)\(Xumt+xXr) |Xu+xr) Xu t+ Xs) 


As xs and xp are very small relative to Xj, X5Xp can be neg- 
lected in comparison with Xy,(x%5 + xp) and also Xyy + Xs = Xp 
and Xm + XR — Xy- 

The condition will thus approximate to 


(Xs + Xp) < Irp — rs| sires 3 5 (62d) 


which means that, referred to the stator, the total leakage 
reactance per phase should be less than the difference between 
the stator and rotor resistances. This way of expressing the 
result shows that this requirement is not dependent on the 
coupling coefficient. 


(3) EXPERIMENTAL WORK 


In order to test the results obtained by mathematical analysis 
a series of measurements were made on a 7:5h.p. 3-phase 
induction motor, the rotor and stator of which were supplied 
from the same 50c/s busbars (Fig. 7). The machine had six 
poles and was operated with rotor and stator voltages, Vz and 
Vs, of 150 and 400 volts. These voltages were maintained 
constant by means of Variac transformers (not shown in the 


Fig. 7.—Diagram of connections used in experimental work. 


diagram). An adjustable phase-shifting transformer (A) con- 
nected in the rotor circuit was used to maintain the rotor and 
stator voltages in phase with each other, phase alignment being 
checked by means of a Lissajou figure. Three variable air-cored 
inductances (B) were connected between the transformer and 
the rotor terminals, and the phase sequences of rotor and stator 
were so arranged that the rotor would operate at a ‘synchronous’ 
speed of 2000r.p.m. 

The induction machine was connected mechanically through 
a rigid coupling to a direct-current machine (C) having a rating 
of 6-Sh.p. at 1000r.p.m. The field of this machine was 
separately excited, and its armature was supplied from a battery. 

The rotor cyclic self-reactance was measured as the ratio of 
rotor voltage to rotor current when the stator was on open- 
circuit and the rotor at rest. For this test the rotor was supplied 
at a line voltage of 150 volts. The stator cyclic self-reactance 
was measured in a similar manner with the stator supplied at a 
line voltage of 400 volts. The mutual reactance, measured 
3-phase, as the ratio of stator phase voltage to rotor phase 
current with a line voltage of 150 volts applied to the rotor was 
found to differ slightly from the value obtained when the stator 
was supplied at a line voltage of 400 volts, by taking the ratio 
of rotor phase voltage to stator phase current. For the purposes 
of calculation the mean of these two values was used. 

The rotor and stator resistances were measured by voltmeter 
and ammeter on direct current after the windings had been 
brought up to the operating temperature. No difficulty was 
encountered so far as the measurement of stator resistance was 
concerned, but it was found that the effective rotor resistance 
was a complicated function of the rotor current, and a series of 
readings had to be taken with the rotor driven at 2000r.p.m. 
by means of the d.c. motor over a range of values of the rotor 
current. This precaution was necessary as the damping torque 
is very sensitive to variations in rotor and stator resistance. 
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Fig. 8.—Variation of rotor circuit resistance with rotor current. 


The results of the measurements which have been described are 
given in Fig. 8. Typical values for the various quantities are: 


Resistance Total self- Mutual 
Stator “(QUE 4, [058 ORME Sys oearene Oe 
28-1 
Rotor oe .. 0°4-1-0 ohm 6:62 ohms is 


(3.1) Estimation of Negative Damping 


The method used, which has been described previously,!2 
depends on the ability of a d.c. machine to provide a positive 


: 
| 
) 
} 
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damping torque the values of which can be easily calculated. 
For such a machine operating with constant excitation on a 
controlled applied armature voltage, V, the generating armature 
current is given by 

lee Xo tae vl 


ea ae eee (63) 
a 


where w is the angular velocity of rotation, F is a constant 
defined as generated volts per radian per second, and R, is the 
total resistance in the armature circuit. The generating torque 
may be written as 


Fi, _ F(Fu — V) 


Peds & . 
foe oR, Se 
The damping torque is given by 
OMe F2 
eee | kg-m per mechanical rad/s (65) 


¢ Jw 9-81R, 


This is a positive damping torque as it represents a retarding 
torque acting in such a direction as to oppose any increase in 
angular velocity. The total damping torque provided by the 
d.c. machine is arrived at by adding the contribution made by 
the eddy-current loss in the core. It is assumed that the loss 


current at constant excitation can be written as 
ip = A+ Bw (66) 


where A and B are constants which can be determined by the 


Kapp test. The loss torque will therefore be 
F(A + Bw) 
| Wy a GE kg-m (67) 
and damping torque due to loss, 
OA ete ial a : 
Ta. = Fon ae CE kg-m per mechanical rad/s (68) 


For measurement of negative damping, the stator of the a.c. 
machine having been connected to the busbars, the rotor was 
brought up to 2000r.p.m. by the d.c. motor and synchronized 
to the supply by means of the switch (D) in the rotor circuit 
(Fig. 7). With the field current of the d.c. motor held constant 
the resistance (E) in the armature circuit of this machine was 
adjusted until a small phase-swinging oscillation of the two 
machines was just maintained. It was assumed that under these 
conditions the positive damping of the d.c. machine was equal 
and opposite to the negative damping inherent in the induction 
motor. This test was repeated for a number of values of the 
variable reactance (B) in the rotor circuit. When performing 
the tests the input of the d.c. machine was so adjusted, by control 
of its field current, that the angle « was very small, thus justifying 
the omission of terms in sin « when calculating the negative 
damping torque. The predicted curve and the experimental 
points are shown in Fig. 9. 

It was found impossible to prevent an increase in oscillation 
when the added reactance (B) was reduced to below 1 ohm, as 
the maximum positive damping which the d.c. machine could 
supply was less than 40 x 10~2kg-m per rad/s. 

In calculating the value for the a.c. machine it was assumed 
that the eddy-current loss was constant and independent of the 
swinging displacement. On this assumption the eddy-current loss 
cannot provide any damping. It may be justified in the following 
manner: the resistance voltages in the rotor and stator under 
conditions of test were small, being of the order of 1% of the 
‘erminal voltages, which were maintained constant; thus the 
»ate of change of flux linkages in the stator and rotor must have 
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Fig. 9.—Variation of inherent damping-torque coefficient with added 
rotor reactance. 
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been very nearly constant. The frequency of the supply was 
practically constant, and since this was applied to both rotor and 
stator, the velocity of the rotating field must have been the same 
with respect to each of these members. If the velocity and 
magnitude of this field were constant, the eddy-current loss 
must have been nearly constant also. 


2 
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Fig. 10.—Stabilization with additional resistance in rotor circuit. 
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(3.2) Stabilization with Added Resistance in Rotor 


The possibility of stabilizing a double- synchronous-speed 
machine by the addition of resistance in the rotor circuit, as 
suggested by eqns. (61) and (62), has been verified experimentally. 
For this test three variable resistances, one in series with each 
rotor phase, were introduced. 

The stator of the a.c. machine was fed from a 400-volt 3-phase 
50c/s supply, and the voltage applied to the rotor, kept in phase 
with the stator voltage with the help of the phase shifter, was 
maintained at such a value as to satisfy the condition V2/X5 = 
V2/Xp. The a.c. machine was excited on the stator aide, run 
up to speed with the help of the d.c. motor and then synchronized 
on the rotor side to the proper voltage. The supply to the d.c. 
machine was then switched off to ensure that no positive damping 
was contributed from that side. Finally, the series resistance 
on the rotor side was varied until the machine was just on the 
point of executing sustained oscillations. Repetition of this 
procedure with different total rotor reactances gave the resistance 
necessary in the rotor circuit for any given rotor-circuit reactance 
to ensure stable running. Fig. 10 shows the rotor-circuit 
resistances per phase necessary to provide stability for different 
reactances added in each rotor phase. 


(3.3) Comments on the Results 


Fig. 9 shows that the total negative-damping-torque coefficient 
for an added reactance of 1 ohm, is of the order of 40 x 10-3 
kg-m per mechanical rad/s, while for the same added reactance 
it can be seen from Fig. 10 that increasing the rotor resistance to 
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(6) APPENDIX: DERIVATION .OF TORQUE EXPRESSIONS 
Vs = (Rs + Jwsl ss, + j{MarsIpe7** | 
0 = jMws — w)e!Is; + [Re +j(ws — w) LeMay 
[Rr ti@s — o)Lp|Vs 


T = 


about 1-8 ohms per phase completely eliminates the inherent 
negative damping and stabilizes the machine. Fig. 10 also shows 
that a lower resistance can achieve a stabilizing result with a lower 
added series reactance. There is an increased rotor copper loss, 
but it should be borne in mind that there is also a doubled output 
in this type of machine for a given frame size. There is also the 
possibility of stabilizing with the help of series capacitors, a 
study of which may yield fruitful results, although it is perhaps 
doubtful if the extra cost is economically justifiable. 
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Tro = 


— LswsL ews — w) + Mws(ws — w)] + /[ReLsws + RsLe(ws — w)] * 


(69) 


(17) 
(18) 
(19) 
Putting 
Al RsRp — LswsLp(@s ay w) ae Mw (ws = w) 
i= Rplsayg + RsLrR(Ws =F w) 
and rationalizing, 
ide Vs[Re + j(ws — w)LR|(A — jB) 
S1 A a B2 
hhflanze 1 Weer 
Tz, = —jM@s — eA yp ey . (70) 
Ep, = e.m.f. induced in the rotor phase due to currents in the 
stator 
= —jM(ws — w)elTsy 
Therefore 
pis ALB ei a —jB 
RI JM (ws — we*Vs[ Re + j(ws — ‘nlames y eas -P 
qh 
whence of 
M(ws — 
ER = eae yatta —w)+jRe\(A+jB)e—™ (72) 


where * indicates the conjugate. 


Similarly 
0 = jM(wR + weg, + [Rs + i(@r + )L sls. (21) 
Va = (Re + jwgLp a2 + i Mwgl sre (22) 
[Rs +i(wp + w)Ls|Vp 
(24) 


[RsRe — Ls(wa + w)Lawe + MWe + wwe} + j[ReLs(wr + w) + (RsLrwp)] 
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Putting 
C= RsRz — Ls(wz + w)Lapwe + M*(we + W)WR 
D = RrLls(wr + w) + RsLawp 


and rationalizing, 


iD 
Tea = [Rs tir + OLWate ss. (3) 
Tso = [—j/M(we + w)eHV, paeie JD rely (74) 
RIC2 4 p2 


Ep = e.m.f. induced in the rotor phase due to currents in 


the stator. 

=> —jMwpe!Is> 

Therefore ny 
mage) 
Ep, = — jJMwpe[—jM(wr + we -2y,) 5 — IP C4 Dp? (75) 
whence C+ 5D 
, ui) 
ER = — M?wp(Wrp + OW Roa ps (76) 


where * indicates the conjugate. 
From the above values of Epi, Ipi, Ezy and Ip2, the four 
“ypothetical torques, in kilogramme-metres, can be derived thus: 


where 
a, = —(RsXp + RpXs)R2R2, 
a, = — (RsXp + RRX5)XARsRp 
a3 = — (RsXp + ReXs)(REXR + RZX2) 
a4 = — (RsXp + RaX5)X2RsRp 
as = — (RsXpz + ReXsl(X2 — XsXp)* 


by = RERR(RsRe — XsXp) 
by = 2R2R2X2 
by = {RsRal(X3 —XsXn)? — RsReXsXr] 
+ RsRe(XF — XsXp)(RsRp — X5Xp) 
+(RsXp + ReXs)"(RsRp + X2 — XsXp)} 
bg = (Xn — XsXp)2RsReXip 
bs = [(Xm — XsXp)? — (XR — XsXR)RsReX5Xp] 
d, = (R2R% + R4X2(R2RZB + R2X2) 
dy = 2RsRRX2(2R2RF + REXF + R2X2) 
dy =[4R2R2X4 + (X2 — X5Xp)(2R2R% + R2XZ + R2X2) 
+ R2X2(R2R% + R2XZ) + R2XAR2R2 + R2XD] 
dy = 2RsRRXP[2(X2 — XsXpR)* + (REXZ + RRXD] 
ds = [(X2 — XsX,)* + R2R2X2K3 
+ (X32 — XsXp)(R2X% + R2XQ)] 


3p , 3pVERRM*(wWs eS w) 
ty a @ ee eee * Ss) 2 
sel 9-81(ws i wy ERR 9-81(A2 ai B?) (77) 
3p 3pV~RsM (wr + w) 
% ~ 9-8lw wsiage E! nate 9-81(C?2 + D2) UP) 
| iar i: Wee 
ie O-Si(a, a RE 
3pMVV, : 
- sie BY CUEDD URsLalos — w) — RpLs(wr + w)|[(AC + BD) cos « — (AD — BC) sin a] 
+ [RsRr + LsL (ws — w)(we + w)][(AD — BC) cos « + (AC + BD) sin «]} (79) 
3p 3pMV5Vp - 
14 — 9-81@ T-Blag Pail Rl" 9-81(42 + B2)(C? + pls — w)(wg + w)|[(AD — BC) cos « + (AC + BD)sina]. . (80) 
and We = pees TeX ae Ii 


| For the double synchronous speed case, expressing these formulae in terms of slip s, and reactances, where 


Ws — WwW 


s=> 
Ws 


and noting that we = —ws; Xs = Lsws; 


A= RsRr AP s(X2 


Wrtw 


WR 


Xp = Lrws} Gr = Mos: 
— X5Xp) = € 


B= RrX5 + sRsXp and D= — R Xp — sRpXs 


and the formulae become 


ye 3pv2 SRRX im (81) 
9-Blws {(R2RZ -+ _RZX2) + s(2X2RsRp) + 8°[(XZ — XsXp)> + REXP|F 
[ee SRsXin . pits ae 
: 9:°8lws {(R2R2 + R2X2) + s(2XZRsRe) + 8°[ (XZ — XsXg)? + RAX2f 
(a, + ays + ays? + ays? + ass) cos w + (by + bos + b35? + bys? + bss‘) sin 4 3pMVsVR (83) 
i @ad T; ate 14 aa (d, a dys a d3s” a6 d4s3 + dss*) 9-81 


DISCUSSION ON 
‘THE MEASUREMENT AND PREDICTION OF INDUCTION MOTOR STRAY LOSS AT 


LARGE 


Mr. A. H. Maggs (communicated): The authors state that to 
minimize stray loss in induction motors the number of slots per 
pole should be as small as possible, and in support of this thesis 
refer to page 174 of P. L. Alger’s book, ‘The Nature of Polyphase 
Induction Machines’. It should be noted, however, that Alger 
is discussing the effect of varying the number of rotor slots in 
relation to a given number of stator slots, and he does not 
mention the question of varying the stator slots also and what 
effect this would have. 

In the writer’s experience, which includes a variety of types of 
induction machine, single- and 3-phase, with and without 
commutators, those with relatively large numbers of slots per 
pole are generally better from an all-round point of view than 
those with relatively small numbers. Since in a given size of 
machine the ampere-turns per pole are about the same whatever 
the number of slots per pole may be, it follows that for a small 
number the ampere-turns per slot must be large. Thus for a 
given length of air-gap the zigzag leakage flux density is also 
large, the tooth-tip saturation more pronounced and the magni- 
tude of the flux pulsations correspondingly large. One has only 
to visualize a machine, having a given air-gap, in which the 
numbers of slots, stator and rotor, are made increasingly large 
towards infinity to realize that, not only is the zigzag leakage flux 
density reduced inversely at some power greater than unity, but 
despite the increase in the frequency of flux pulsation the losses 
arising therefrom are progressively reduced. 

A relatively large number of slots per pole is particularly 
advantageous in single-phase machines of both commutator and 
non-commutator types, where a low leakage reactance is desirable 
in order to secure a high specific torque output. Also in these 
machines a large number of slots greatly reduces the risk of 
incurring that part of the double-frequency hum and vibration 
which is excited by the forces associated with the zigzag leakage 
flux and is most pronounced at high current loadings. The 
prominence of this noise or vibration also depends on the 
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uniformity of the air-gap, the bearing fit and the general mechani- 
cal design. It is most important to ensure that the critical speed 
of the rotor is not at or too close to twice line frequency; 
preferably it should be higher. 

Three-phase a.c. commutator motors, more particularly the 
shunt type with separate induction regulator, also yield appre- 
ciably better speed/torque characteristics when designed with 
relatively large numbers of slots per pole. In the shunt machine 
the leakage reactance, which includes the through reactance of 
the regulator, materially affects the characteristics. 

The arguments often advanced in favour of a small number of 
slots are better space factor and lower winding costs. The 
writer is of the opinion that other considerations, some of which 
have been enumerated above, outweigh these arguments. A less 
massive coil in a narrower slot ensures better transfer of heat 
from the coil to the core, from which heat is mainly dispersed. 
Concurrently a slightly smaller total amount of copper is required 
for a designed output. The difference in cost between the larger 


and smaller numbers of slots which are usual and practicable can | 


only be of second-order importance in the production of lamina- 
tions, and, in addition, the difference in winding costs, especially 
when the coils are wound in jointless groups, can only be very 
small, bearing in mind that the total numbers of turns are almost _ 
if not exactly equal for both numbers of coils. The reduction in - 
copper weight may even reverse the difference, since copper is a 
relatively expensive material. 

Dr. T. H. Barton and Mr. V. Ahmad (in reply): We are grateful 
for Mr. Magg’s remarks and agree with him that, contrary to 
our statement in the conclusion to our paper, the stray loss 
associated with the zigzag leakage flux will decrease as the 
number of slots is increased whilst keeping the ratio of rotor to 
stator slots constant. When writing the paper we were concerned | 
principally with the resultant increase in frequency, and, not 
being machine designers, omitted to consider the compensating 


effect of the reduced flux density. We would like to apologize — 


to Mr. Alger for any inconvenience which our incorrect reference 
to his book may have caused him. 
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